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trol pill have, on average, different blood pressure from the women who are not 
using the pill. That is, there is statistically significant evidence that the pill 
affects blood pressure of women. 

Because 95% of all normally distributed data points lie within 2 standard 
deviations of the mean, researchers at Bering Labs need to determine whether 
the sample mean x = 112.5 is more than 2 standard deviations from = 110. To 
determine how many standard deviations x = 112.5 is from wu = 110, they com- 
pute the z-score for x with the formula 
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rates. be 
; a/Vn 
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f a firm receives $30,000 in revenue during a 30-day month, its average rev- 
nue per day is $30,000/30 = $1000. This does not necessarily mean that the 
ctual revenue was $1000 on any one day, just that the average is $1000 per 
fay. Similarly, if a person drives a car 50 miles in an hour's time, the car’s aver- 
ge velocity is 50 miles per hour, but the driver could have gotten a speeding 
icket for traveling 70 miles per hour on this trip. When we say a car is moving 

t a velocity of 50 miles per hour, we are talking about the velocity of the car at 
n instant in time (the instantaneous velocity). We can use the average velocity 
o find the instantaneous velocity, as follows. 

/f a car travels in a straight line from position y, at time x, and arrives at 
osition y, at time x,, then it has traveled the distance y, — y, in the elapsed 
ime x, — X,. lf we represent the distance traveled by Ay and the elapsed time 
yy Ax, the average velocity is given by 


Ay 


Vev= Ay 


The smaller the time interval, the nearer the average velocity will be to the 
instantaneous velocity. For example, knowing that a car traveled 50 miles in an 
hour does not tell us much about its instantaneous velocity at any time during 
that hour. But knowing that it traveled 1 mile in 1 minute, or 50 feet in one sec- 
ond, tells us much more about the velocity at a given time. Continuing to 
decrease the length of the time interval (Ax) will get us closer and closer to the 
instantaneous velocity. 

Some police departments have equipment that measures how fast a car is 
traveling by measuring how much time elapses while the car travels between 
two sensors placed 60 inches apart on the road. This is not the instantaneous 
velocity of the car, but it is an excellent approximation. 

We define the instantaneous velocity to be the limit of Ay/Ax as Ax 
approaches 0. We write this as 
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OBJECTIVES 
® Jo use graphs and numerical 
tables to find limits of functions, 
when they exist 
= 70 find limits of polynomial 
functions 
® Jo find limits of rational functions 


Thus we may think of velocity as the instantaneous rate of change of distance 
with respect to time. 

This chapter is concerned with limits and rates of change. We will see that 
the derivative of a function can be used to determine the rate of change of the 
dependent variable with respect to the independent variable. In this chapter the 
derivative will be used to find the marginal profit, marginal cost, and marginal 
revenue, given the respective profit, total cost, and total revenue functions, and 
we will find other rates of change, such as rates of change of populations and 
velocity. We will also use the derivative to determine the slope of a tangent to a 
curve at a point on the curve. In the next chapter, more applications of the 
derivative will be discussed. For example, we will use differentiation to minimize 
average cost, maximize total revenue, maximize profit, and find the maximum 
dosage for certain medications. 


Limits 





We have used the notation f(c) to indicate the value of a function f(x) at x = c. 
If we need to discuss a value that f(x) approaches as x approaches c, we use the 
idea of a limit. For example, if 
x°-x-6 
Les HZ 

then we know that —2 is not in the domain of f(x) so that f(—2) does not exist. 
Figure 9.1 shows the graph of y = f(x) with an open circle where x = —2. Even 
though f(—2) is not defined, the figure shows that as x approaches —2 from 
either side of —2, the graph approaches the open circle at (—2, —5) and the 
values of f(x) approach —5. Thus —5 is the limit of f(x) as x approaches —2, 
and we write 


bm, f(x) = —S, or. f(%) => Soeease 








Figure 9.1 
TABLE 9.1 
Left of —2 
x7-x-6 
fe) = x+2 
—3.000 —6.000 
SDNY —5.500 
—2.100 —5.100 
—2.010 —5.010 
=O) E —5.001 
Right of —2 
=r es © 
is fe) = x+2 
— 1.000 —4.000 
—1.500 —4.500 
— 1.900 —4,.900 
— 1.990 —4.990 
—1.999 —4.999 





RELL OLR: 
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This conclusion is fairly obvious from the graph, but it is not so obvious from 
the equation for f(x). 

We can use the values near x = —2 in Table 9.1 to help verify that f(x) — —5 
as x — —2. Note that to the left of —2, the values of x increase from —3.000 
to —2.001 in small increments, and in the corresponding column for f(x), the 
values of the function f(x) increase from —6.000 to —5.001. To the right of —2, 
the values of x decrease from — 1.000 to —1.999 while the corresponding values 
of f(x) decrease from —4.000 to —4.999. Hence, Table 9.1 and Figure 9.1 indi- 
cate that the value of f(x) approaches —5 as x approaches —2 from both sides of 
x= -2. 

From our discussion of the graph in Figure 9.1 and Table 9.1, we see that as 
x approaches —2 from either side of —2, the limit of the function is the value L 
that the function approaches. This limit L is not necessarily the value of the 
function at x = —2. 


EXAMPLE 1 


Figure 9.2 shows three functions for which the limit exists as x approaches 2. 
Use this figure to find the following. 


(a) lim f(x) and f(2) (if it exists) 
(b) lim g(x) and g(2) (if it exists) 
(c) lim h(x) and A(2) (if it exists) 





(a) 
Figure 9.2 


(b) (c) 


626 Chapter 9 Derivatives 


. Solution 

(a) From the graph in Figure 9.2(a), we see that as x approaches 2 from both the 

left and the right, the graph approaches the point (2, 3). Thus f(x) approaches 
the single value 3. That is, 


lim f(z) =3 


The value of f(2) is the y-coordinate of the point on the graph at x = 2. Thus 
iD. . 

(b) Figure 9.2(b) shows that as x approaches 2 from both the left and the right, 
the graph approaches the open circle at (2, —1). Thus 


line (s) ad 
The figure also shows that at x = 2 there is no point on the graph. Thus g(2) 


is undefined. 
(c) Figure 9.2(c) shows that 


lim h(x) =] 


The figure also shows that at x = 2 there is a point on the graph at (2, 4). 
Thus (2) = 4, and we see that lim h(x) # h(2). 


As Example 1 shows, the limit of the function as x approaches c may or 
may not be the same as the value of the function at x = c. This leads to our intu- 
itive definition of limit. 





Let f(x) be a function defined on an open interval containing c, except perhaps 
at c. Then 





lim f(x) = L 


is read “the limit of f(x) as x approaches c equals L.” The number L exists if we 
can make values of f(x) as close to L as we desire by choosing values of x suffi- 
ciently close to c. When the values of f(x) do not approach a single finite value L 
as x approaches c, we say the limit does not exist. 


= 


As the definition states, a limit as x — c can exist only if the function 
approaches a single finite value as x approaches c from both the left and right of 
c. In the next example, we consider some cases where a limit does not exist. 


| EXAMPLE 2 


; Using the functions graphed in Figure 9.3, determine why the limit as x —> 2 
| does not exist for 


$ 
: 


i (a) Ff) (b) g(x) (c) AQ) 


Figure 9.3 


bo 

| q 

se 

to 
| 

{ 

i 

| 


| 
| 
| 
| 


(a) 


(b) 


(c) 
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h(x) = 4-2 ee 
7 y 2x—-lifx>2 





Solution 


) As x — 2 from the left side and the nght side of x = 2, f(x) increases with- 
out bound, which we denote by saying that f(x) approaches +© as x > 2. In 
this case, lim f(x) does not exist (briefly noted by DNE) because f(x) does 


not approach a finite value as x — 2. The graph has a vertical asymptote at 
x = 2. We say that this is an infinite limit. 

) As x — 2 from the left, g(x) approaches —©, and as x — 2 from the right, 
g(x) approaches +, so g(x) does not approach a finite value as x — 2. 
Therefore, the limit does not exist. The graph of y = g(x) has a vertical 
asymptote at x = 2. 

As x — 2 from the left (while x < 2, denoted by x — 2°), the graph 
approaches the point at (2, 0), so h(x) approaches the value 0, but as x — 2 
from the right (while x > 2, denoted by x — 2*), the graph approaches the 
open circle at (2, 3), so h(x) approaches the value 3. Because h(x) approaches 
two different numbers as x approaches 2, the limit does not exist. 


Examples 1 and 2 illustrate the following two important facts regarding limits. 


. The limit of a function as x approaches c is independent of the value of the 


function at c. When lim f(x) exists. the value of the function at ¢ may be 


Gi) the same as the limit, Gi) undefined, or (iii) defined but different from 
the limit (see Figure 9.2 and Example. 1). 


The limit is said to exist only if the following conditions are satisfied: 


he limit L Lisa finite value (real number). _- 
! is the limit as x 





Figure 9.3 and Example 2 illustrate cases where lim F(x) does not exist. 
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CHECKPOINT | 


cee eee, Le Can lim fi )yiexishit 7c) 1s undernned: 
2. Does lim f(x) exist if f(c) = 0? 
3. Does f(c) = 1 if lim f(x) = 1? 


4. If lim f(x) = 0, does lim f(x) exist? 
3 R=C Ka wiC, 


Ny 


Fact 1 regarding limits tells us that the value of the limit of a function as 
x — c will not always be the same as the value of the function at x = c. 
However, there are many functions for which the limit and the functional value 
agree [see Figure 9.2(a)], and for these functions we can easily evaluate limits. 
The following properties of limits allow us to identify certain classes or types of 
functions for which lim F(x) equals f(c). 





If f is a polynomial function, then Properties I-IV imply that lim f(x) 
xc 
can be found by evaluating f(c). Moreover, if h is a rational function whose 
denominator is not zero at x = c, then Property V implies that lim h(x) can be 
zee 


found by evaluating h(c). The following summarizes these observations and recalls 
the definitions of polynomial and rational functions. 
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| EXAMPLE 3 


| Find the following limits, if they exist. 


x° —4x 
= 2 





| (a) Jim, (@* — 2x) (b) lim 


: 
$B Be pba y 
» Sere 


(a) Note that f(x) = x? — 2x is a polynomial, so 
Jim, fle) = f(-1) = (-1)° = 2(-1) = 1 


Figure 9.4(a) shows the graph of f(x) = x? — 2x. 
(b) Note that this limit has the form 
xc g(x) 
where f(x) and g(x) are polynomials and g(c) # 0. Therefore, we have 
ee Aas AeA (4) _0 








: 
: i = =—= 
at eae 420-5 2a 
; x? — 4x 
Figure 9.4(b) shows the graph of g(x) = pao 4 
i 





Figure 9.4 (a) (b) 


We have seen that we can use Property V to find the limit of a rational func- 
tion f(x)/g(x) as long as the denominator is not zero. If the limit of the denomi- 
nator of f(x)/g(x) is zero, then there are two possible cases. 

I. Both lim g(x) = 0 and lim f(~) = 0, or 
Il. lim g(x) = 0 and lim f(x) #0. 
In case I we say that f(x)/g(x) has the form 0/0 at x = c. We call this the 0/0 


indeterminate form; the limit cannot be evaluated until x — c is factored from 
both f(x) and g(x) and the fraction is reduced. Example 4 will illustrate this case. 
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In case II, the limit has the form @/0, where a is a constant, a # 0. This 


expression is undefined, and the limit does not exist. Example 5 will illustrate 
this case. 


| EXAMPLE 4 


Evaluate the following limits, if they exist. 


Sis asannnmnmanginnanenn AAAS GAMRENASES 


_ (a) 


(b) 


 annnrewerennnennnniivnnsnSbSaoianioseocinainanininnwrennnnnenronaaahnsahassissssthissiiinirnninienmwivnninnannenss . 
nenasonsssseducwnshenanyrunevevnnneeenworarrearaahnbsasesesstihabasiaiwwihennninrwevienntnnanverasasssonansonssesassohnniininiwawansrnnnnnnnnWwnnnenanbhibhssiasniNiNMASGORaIAn MeYMnrriAnnenSS 


(b) im 


x1 x? — 





x*>—3x+2 


Sapetian 


We cannot find the limit by using Property V because the denominator is 
zero at x = 2. The numerator is also zero at x = 2, so the expression 


x-4 
eae 


has the 0/0 indeterminate form at x = 2. Thus we can factor x — 2 from both 
the numerator and the denominator and reduce the fraction. (We can divide 
by x — 2 because x — 2 # 0 while x — 2.) 


ca s 
lim 2 ae G2) xe 2) 


x92 X-2 x2 x-—2 





= lim (x + 2) =4 


Figure 9.5(a) shows the graph of f(x) = (x* — 4)/(x — 2). Note the open cir- 
cle at (2, 4). 


By substituting 1 for x in (x? — 3x + 2)/(x* — 1), we see that the expression 
has the 0/0 indeterminate form at x = 1, so x — 1 is a factor of both the 
numerator and the denominator. (We can then reduce the fraction because 





x — 1 #0 while x > 1.) < 
Xe oe EZ (ey eee) 
mi x? = 1 x1 (x — 1)(x+ 1) 
& ee 
zoixt 1 
bel se2 tot =a 


i217 ke 


Figure 9.5 | 
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Figure 9.5(b) shows the graph of g(x) = (x? — 3x + 2)/(x? — 1). Note the 
open circle at Cass) 





(a) (b) 


Note that although both problems in Example 4 had the 0/0 indeterminate 
form, they had different answers. 


| EXAMPLE 5 
: 2 
pnd ee ae é 


, if it exists. 
i x1 


Solution 

| Substituting 1 for x in the function results in 6/0, so this limit has the form a/0, 
with a # 0, and is like case II discussed previously. Hence the limit does not 
exist. Because the numerator is not zero when x = 1, we know that x — 1 is not 
a factor of the numerator, and we cannot divide numerator and denominator as 
| we did in Example 4. Table 9.2 confirms that this limit does not exist, because 
the values of the expression are unbounded near x = 1. 


Ta 








Left of x =1 Right of x = 1 

eee ‘ hegee 
pee at al 

0 -2 2 12 

| 0.5 = 1.5 17.5 

| 0.7 153 12 512 
0.9 55.1 1.4 65.1 
0.99 595.01 1.01 605.01 
0.999 —5,995.001 1.001  6,005.001 
| 0.9999 —59,999.0001 1.001  60,005.0001 
5 ak 

lim * +227? — lim 7422 F* = 40 





i x1 x 


i 
2 eas 
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The left-hand and right-hand limits are not finite, so they do not exist. Thus 
x? +3x+2 


- lim ———— does not exist. 
b xo] ae 


The results of Examples 4 and 5 can be summarized as follows: 








Rational : nnChones: Evaluating Type I. If him f(x) = 0 and lim g(x) = 0, then the fractional expression has the 
Limits of the Form lim a 0/0 indeterminate form at x = c. We can factor x — c from f(x) and g(x), 
F wee reduce the fraction, and then find the limit of the resulting expression, if it exists. 
where lim = 0 f( x) 
ake Type Il. If lim f(x) # 0 and lim g(x) = 0, then im coy does not exist. 


In Example 5, even though the left-hand and right-hand limits do not exist 
(see Table 9.2), knowledge that the functional values are unbounded (that is, that 
they become infinite) is helpful in graphing. The graph is shown in Figure 9.6. 
We see that x = 1 is a vertical asymptote. 


f(x) unbounded (f(x) > +29) 
as x > 1* 





Figure 9.6 


EXAMPLE 6 


| As mentioned in the Application Preview, USA Steel has shown that the cost C 
of removing p percent of the particulate pollution from the smokestack emis- 
sions at one of its plants is 


i 7300 
= eee 
C = C(p) i0o— 3 
To investigate the cost of removing as much of the pollution as possible, find: 
| (a) the cost of removing 50% of the pollution. 
(b) the cost of removing 90% of the pollution. 


(c) the cost of removing 99% of the pollution. 
| (d) the cost of removing 100% of the pollution. 





CHECKPOINT | 








, 5. Evaluate the following limits (if they Sie 
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Solution 

(a) The cost of removing 50% of the pollution is $7300 because 
7300(50) _ 365,000 
100-50 50 
(b) The cost of removing 90% of the pollution is $65,700 because 


7300(90) _ 657,000 
100-90 #10 





C50) = = 7300 





€(90) = = 65,700 


(c) The cost of removing 99% of the pollution is $722,700 because 


7300(99) _ 722,700 


oe 100-99 1 


= 722,/00 
(d) The cost of removing 100% of the pollution is undefined because the 
denominator of the function is 0 when p = 100. To see what the cost 
approaches as p approaches 100 from values smaller than 100, we evaluate 
lim sie This limit has the Type II form for rational functions. Thus 
7300 
x—>100° 100 — Dp 
pollution approaches infinity. (That is, it is impossible to remove 100% of 
the pollution.) 





= +, which means that the cost of removing 100% of the 


_ 2x? + 5x-3 —3x-—3 
(a) Jim, x?-9 o lim 5 a Xa 





; 4x 
(¢) pally Ale ae 8} 


_ Assume that f, g, and h are polynomials. 








6. Does lim f(x) = f(c)? 7. Does lim oe a 








SPAN a aa ina AKA A ANAS 


9. If g(c) # 0 and h(c) = 0, what can be said about lima ——_ and lim 


_ 8. If g(c) = 0 and h(c) = 0, can we be certain that 


g(x) 


(a) lim aH = 0? (b) lim 5G) exists? 
(x) A(x), 


SE a) oe Ba). 





As we noted in Section 2.4, “Special Functions and Their Graphs,” many 
applications are modeled by piecewise defined functions. To see how we evaluate 
a limit involving a piecewise defined function, consider the following example. 


EXAMPLE 7 
Find lim S(), lim f(x), and lim F(x), if they exist for 


lax Por x= 1 
FE 2 or 2 hOU tk 


634 Chapter 9 Derivatives 


Figure 9.7 


Solution 

We select values of x that approach 1 from the left and right and evaluate f at 
these values (see Table 9.3). For values of x less than 1, we use f(x) = x° + 1 to 
find the value of the function (see the left-hand side of the table). For values of x 
| that are greater than 1, we use f(x) = x + 2 to find the value of f (see the right- 
hand side of the table). 


3 
3 
3 
3 





| TABLE 9.3 ; 
Left of 1 Right of 1 
x fx=xr+1 x fx=x+2 
0.1 1.01 1.2 a2 
0.9 1.81 1.01 3.01 
0.99 1.98 1.001 3.001 
0.999 1.998 1.0001 3.0001 
0.9999 1.9998 1.00001 3.00001 





SOLES ELEN SOE EINE EEL ENT ES, 


In this case, we observe that f(x) appears to be approaching 2 as x approaches 

1 from the left, whereas f(x) appears to be approaching 3 as x approaches 1 from 

the right. Figure 9.7 shows the graph of f(x), with him f(x) = 2 and lim, F@) = 3, 
x x 1* 


as we determined from Table 9.3. We show this result algebraically as follows. 
Because f(x) is defined by x? + 1 when x < 1, 


jim f(x) = lim (x? + 1) =2. 


Because f(x) is defined by x + 2 when x > 1, 
lim f(x) = lim (x +2) =3 


x It 


2 = lim f(x) # lim f(x) = 3 


x71 


lim f(x) does not exist. 
x1 





i 
| 
| 
| 
: 
| 
| 
| And because 
| 


=2 -! 0 1 2 3 4 





Graphing Utilities 
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We have used graphical, numerical, and algebraic methods to understand and 
evaluate limits. Graphing utilities can be especially effective when we are 
exploring limits graphically or numerically. 





_ EXAMPLE 8 

: Consider the following limits. 

ee kay = 95 : 

| @) My x°-—6x+5 Diet aay 


: Investigate each limit by using the following methods. 


(i) Graphically: Graph the function with a graphing utility and trace near the 
| limiting x-value. 
_ (ii) Numerically: Use the table feature of a graphing utility to evaluate the func- 
tion very close to the limiting x-value. 
: (ui) Algebraically: Use properties of limits and algebraic techniques. 


solution 
2 
eR Leo S 
| @) ay x? —6x+5 


(i) Figure 9.8(a) on the next page shows the graph of y = (x? + 2x — 35)/ 
(x? — 6x + 5). Tracing near x = 5 shows y-values getting close to 3. 
(ii) Figure 9.8(b) on the next page shows a table from a graphing utility 
with y, = (x? + 2x — 35)/(x* — 6x + 5) and x-values approaching 5 
from both sides (note that the function is undefined at x = 5). Again, 
the y-values approach 3. 





: i oe 24 35 

. Both (i) and (11) strongly suggest iim AO ri ae 3 

(iti) Algebraic evaluation of this limit confirms what the graph and the table 

suggest. 

bree 2k BS ces ae a ee 

eae Ores Ges) oe 

(0) eels aia 

(1) Figure 9.9(a) on the next page shows the graph of y = 2x/(x + 1); it 
indicates that the graph is broken near x = —1. Tracing confirms that 
the break occurs at x = —1 and also suggests that the function becomes 


—1 from either side, the function is headed in different directions. All 
this suggests that the limit does not exist. 

(ii) Figure 9.9(b) shows a graphing utility table of values for y, = 2x/(x + 1) 
and with x-values approaching x = —1. The table reinforces our pre- 
liminary conclusions from the graph that the limit does not exist, 
because the function is unbounded near x = —1. 


i 

i 

5 

3 oe 

i unbounded near x = —1. In addition, we can see that as x approaches 
i 

i 

3 


(iii) Algebraically we see that this limit has the form —2/0. Thus lim —2~ 


x>-1x4+1 
DNE. 


636 


Chapter 9 Derivatives 


Figure 9.3 | 


CHECKPOINT 
SOLUTIONS | 





LNAI NHL OL LOCO MAAOSASASSIS Tt eOUmANtnnecCCCOOMNAINIYNoeboereseette 





6 


(a) 


> 
a 


f 


Spat 
BONITO STS SO OR IEE 


Bisa) 


3.4) semen wccestiroes| | 4 


i 


pxand 05 


| 
> 
Gy 





on 
& 


We could also use the graphing and table features of spreadsheets to explore limits. 


1. Yes. For ae Figure 9.1 on page 625 and Table 9.1 show that this is possible 


oe 5 z2 . Remember that lim 1 f(x) does not depend on f(c). 


2. Not necessarily. Figure 9.3(c) on page 627 shows the graph of y = h(x) with 
h(2) = 0, but lim h(x) does not exist. 


for g(x) = 


3. Not necessarily. Figure 9.2(c) on page 625 shows the graph of y = h(x) with 


lim F(x) = 1 but A(2) = 


4. Not necessarily. For example, Figure 9.3(c) on page 627 shows the graph of 
y = A(®) with jim h(x) = 0, but with im, h(x) = 2, so the limit doesn’t exist. 





Recall that if lim rae = jim f@M=L ue lim a f(x) = = 
Vie 227 Seek (2x = 1)(x+3) 2x = re Te 
Sls) oe Os (E23) @— 3) ae, x-3 -6 6 


Oy — ox 3 oe 
(by ay gra ea 5 





(c) Substituting x = —3/4 gives —3/0,so lim does not exist. 


4x 
x> —3/4 4x+3 
6. Yes, Properties I-IV yield this result. 


7. Not necessarily. If h(c) # 0, then this is true. Otherwise, it is not true. 
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8. For both (a) and (b), g(x)/h(x) has the 0/0 indeterminate form at x = c. In this case 
we can make no general conclusion about the limit. It is possible for the limit to 


exist (and be zero or nonzero) or not to exist. Consider the following 0/0 indeter- 
minate forms. 


eT x(a 1) 


(i) tim os lim x =0 (ii) lim rear a lim + 1)=1 
x= x cP +> 
(iii) lim 4 = lim 2 which does not exist 
x30 X x0 X 


_ g(x) ~ a h(x) 
9. lim —— does not exist and lim —— = 0 
x>¢ h(x) xX—>c g(x) 


EXERCISE 9.1 





In Problems 1-8, a graph of y = f(x) is shown and a c- ae 
value is given. For each problem, use the graph to find the 
following, whenever they exist. 


(a) fle) and (6) lim f(x) 
l.c=2 2.c=2 


¥ x 





In Problems 9-12, use the graph of y = f(x) and the given 
c-value to find the following, whenever they exist. 





(a) lim f() (b) lim f(x) 
(c) lim f(x) (d) f(c) 
3. c=4 4.c=6 9. e=e10 10.c=2 
y y y) 





5. c = 20 6.c=-10 ll. c= —4} 
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In Problems 13-18, complete each table and predict the 
limit, if it exists. 


13. fa) = => 


b. 


i 


xt+4x- 12 2 el 
2G 





14, f(x) = x? — 25 


lim f(x) = ? 


lim f(x) = ? 








Sx) x Pex) 

1.9 4.9 
1.99 4.99 
1.999 4.999 
L _ 4 L 
2 2 5 ? 
i L t i 
2.001 5.001 
2.01 5.01 
Del Sail 

a xe 2 2xet 
ear oe 16. IX) tages 


lim f(x) =? 


f(x) 








—0.51 
—0.501 
—0.5001 
v 
—0.5 
‘i 
—0.4999 
—0.499 
1.1 —0.49 
Sie for x< | 
tes . —2x—x? forx=1 
lim f(@) a 
f(x) 
0.9 
0.99 
0.999 
v L 
1 2 
co T 
1.001 


18. f(x) = { 


4 — x? 


lim, fla) = ? 





forx = —2 
x*+2x forx>—2 


In Problems 19-40, use properties of limits and algebraic 
methods to find the limits, if they exist. 




















19, iim, (34 + x) 20. him, (S262) 
oie lim, (4x3 — 2x? +2) 22. lim (2x3 — 12x? + 5x +3) 
; 4y—2 ; eno 
ee eal 4x7 +] oe pe 9x? + J 
-) x? =—9 cee = 16 
25. dim x-—3 26. jim x+4 
. x7 -8x+7 x7 + 8x4 15 
at iim x*—6x—-—7 28. x>-5  x* + 5x 
. x7 +4x44 a B2— 8x — 20 
a9. fim, x7+3x+2 30. iim, x*-— 11x+ 10 
; we) 10 = 25 Sore 3 
aL Hoy f), where $2) = hae for x => 3 
: gels eae On fore <5 
ee ee { 25 forx=5 
»,4 
x*+- forx=—-1 
33. lim, f(x), where f(x) = z 
: 3x3-—x-1 forx>-1 
ge 
= a forx=2 
34. lim f(x), where f(x) = ¥7 3, 
Z fOr 
x 
2 Die 
35. lim ~ Or F9 36. lim 6x + 8 
El. Se KD Ss tS 
24 2 —_ 
37. lim 2 eh ies re 
>t ata x3 x-—3 
x+hp—x3 2(x + h)? — 2x? 
30. tim CINE TES Big jy Se ee 
h—>0 h h—0 - kh 


m/ In Problems 41-46, graph each function with a graphing 
utility and use TRACE to predict the limit. Check your 
work either by using the table feature of the graphing util- 
ity or by finding the limit algebraically. 

ol 


Z 





xe—4x ; 
Osh 2e —x3 et 
i — 19> 90 xt + 3x3 
—- lin = Bates eee? te Ox 182? 
3 
sae ‘rues ix 10 
- penie 1x?>+2x+1 Pa 2 10x 25 


§%/ In Problems 47-52, use the table feature of a graphing 


utility to predict each limit. Check your work by using 
either a graphical or an algebraic eRr 
Set oe x — 6x7 — 27x 


4 lim 33 + 2x — 48 SE ee Oy 
Ea — 4x? u xe + 4x? 
a7 jim 2x7+ 8x+12 50. a Te 


5 
wax for x=4 
Sk lim f(x), where f(x) = 


x=—7 “for. x>4 
52: lim f(x), 
x Ps Q24x-x forx=7 
where f(x) = 93. Ox forx>7 


53. Use values 0.1, 0.01, 0.001, 0.0001, and 0.00001 with 
your calculator to approximate 


lim (1 + a)" 


to three decimal places. This limit equals the special 
number e that is discussed in Section 5.1, “Exponential 
Functions,” and Section 6.2, “Compound Interest; 
Geometric Sequences.” 

54. If lim [f(x) + g(x)] = 5 and lim g(x) = 11, find 


(a) lim fx) 


(b) lim (L/P - B@?} 
38 (x) 
© 7G) ~ 8@) 
ao: If lim f(x) = 4 and lim g(x) = —2, find 
(a) lim (f(a) + g@)]_ ) lim Lf) - g@0] 
(c) lim (f(x) g@)]_ (@) lim = = 


56. (a) If lim, f(x) =5, jim Fae = 5, and f(2) = 0, find 
lim f(x), if it exists. Explain your conclusions. 
x2 

(b) If lim, f(x») = 3, jim f(x) = 0, and f(0) = 0, find 


lim f(x), if it exists. Explain your conclusions. 
x—0 
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i ® ae 
PEER eet EEG EES 





St 


58. 


39. 


60. 


61. 


62. 


Revenue The total revenue for a product is given by 
R(x) = 1600x — x? 


where x is the number of units sold. What is Jim) Rx)? 


Profit If the profit function for a product is given by 
P(x) = 92x.— x? = 1760 
find lim P(x). 
x40 


Sales and training The average monthly sales vol- 
ume (in thousands of dollars) for a firm depends on 
the number of hours x of training of its sales staff, 
according to 

S(x) = 


+ +30+%, 4=x = 100 


(a) Find him, S(x). (b) Find lim SOx): 
Sales and training During the first 4 months of 
employment, the monthly sales S (in thousands of 
dollars) for a new salesperson depends on the number 
of hours x of training, as follows: 

S = S(x) = 


2+10+4 x24 


(a) Find jim, Su). (b) Find im S(x). 


Advertising and sales Suppose that the daily sales § 
(in dollars) ¢ days after the end of an advertising cam- 


paign is 
2400 
[a ee 


(b) Find lim S(t). 


S = S(t) = 400 + —— 


(a) Find S(0). 
(c) Find jim S(t). 


Advertising and sales Sales y (in thousands of dol- 
lars) are related to advertising expenses x (in thou- 
sands of dollars) according to 


200x 
eee ia 





(a) Find lim y(x). (b) Find lim, y(x). 
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66. 
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Productivity During an 8-hour shift, the rate of 
change of productivity (in units per hour) of children’s 
phonographs assembled after ¢ hours on the job is 
E28 6t) 
Mt) = G+ 6r4 18)" 


(b) Find lim r(2). 


O=ts8 


(a) Find lim r(¢). 
(c) Is the rate of productivity higher near the lunch 
break (at t = 4) or near quitting tume (at t = 8)? 


. Revenue If the revenue for a product is R(x) = 100x 


— 0.1x?, and the average revenue per unit is 





= R 
R(x) = — x>0 
R 
Find) ig, SZ? and © Jig “2 


Cost-benefit Suppose that the cost C of obtaining 

water that contains p percent impurities is given by 

120,000 _ 
P 


C(p) = 1200 


(a) Find him C(p), if it exists. Interpret this result. 
P 


—> 1 


(b) Find him, C(p), if it exists. 
p> 
(c) Is complete purity possible? Explain. 


Cost-benefit Suppose that the cost C of removing p 
percent of the particulate pollution from the smoke- 
stacks of an industrial plant is given by 


_ 730,000 _ 
CP) = T99 = p ~ 7300 


(a) Find lim C(p). 
p> f 

(b) Find lim_ C(p), if it exists. 
p— 100 


(c) Can 100% of the particulate pollution be 
removed? Explain. 


Federal income tax Use the following tax rate 
schedule for single taxpayers, and create a table of 
values that could be used to find the following limits, 
if they exist. Let x represent the amount on Form 
1040, line 37, and let 7(x) represent the tax due 
(entered on Form 1040, line 38). 

(a) lim 7(x) (b) lim , 7x) 


x 24,6507 x—>24,650* 


(c) lim T(x) 


x—>24,650 


Schedule X—Use if your filing stat 





If the amount 





on Form Enter on of the 
1040, line 37, But not Form 1040, amount 
is: Over— over— line 38 over— 
$0 $24,650 —15% $0 
24,650 59,750 $3,697.50 + 28% 24,650 
59,750 124,650 13,525:50 + 31% 59,750 
124,650 271,050 33,644.50 + 36% 124,650 
271,050 — 86,348.50 + 39.6% 271,050 





Source: eternal Revenue Service, 1997 Form 1040 Instructions 


68. Parking costs The Ace Parking Garage charges 
$2.00 for parking for 2 hours or less, and 50 cents for 
each extra hour or part of an hour after the 2-hour 
minimum. The parking charges for the first 5 hours 
could be written as a function of the time as follows: 


$2.00 
$2.50 
$3.00 
$3.50 


(a) Find lim F(t), if it exists. 
(b) Find lim F(t), if it exists. 


if0<r<2 
th <a = 3 
tf 3a 4 
if4<t<5 


i) = 


69. Municipal water rates The Beaver, Pennsylvania, 
Borough Municipal Authority has the following rates 
per 1000 gallons of water used. 


Cost per 1000 Gallons 
Usage (x) (C(@)) 
First 100,000 gallons 57) 
Next 900,000 gallons 1.040 
Over 1,000,000 gallons 0.689 


Write a function C = C(x) that models the charges, 
and find im. C(x) (that is, as usage approaches 


1,000,000 gallons). 


70. Telephone charges A direct-dial call from Savannah, 
Georgia, to Atlanta, Georgia, costs $0.28 for the first 
minute and $0.24 for each additional minute or part 
of a minute. If C = C(t) is the charge for a call last- 
ing t minutes, create a table of charges for calls last- 
ing close to 1 minute and use it to find the following 
limits, if they exist. 


(a) imc@) —&b) jim CC) (c) lim C(@) 


Dow Jones average The graph in the figure shows the 
Dow Jones Industrial Average (DJIA) at 5-minute inter- 
vals for Monday, October 5, 1998. Use the graph for 
Problems 71 and 72, with ¢ as the time of day and D(t) as 
the DJIA at time ¢. 

71. Estimate om. D(2), if it exists. Explain what this 


limit corresponds to. 
72. Estimate lim  D(0), if it exists. Explain what this 
t>4:00PM— 


limit corresponds to. 


DJIA at 5-minute intervals yesterday 





9:3010 11 12 1 2) 3 4 
Sourcss: Telerate, WSJ Statistics 
Source: Wall Street Journal, October 6, 1998 


Farm workers The percentage of U.S. workers in farm 
occupations during certain years is shown in the table. 





Year Percent Year Percent 
1820 71.8 1950 11.6 
1850 63.7 1960 6.1 
1870 53 1970 3.6 
1900 3tS) 1980 Pai 
1920 i 1985 2.8 
1930 Die, 1990 2.4 
1940 17.4 


Source: The World Almanac and Book of Facts, 1993 
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Assume that the percentage of U.S. workers in farm occu- 
pations can be modeled with the function 


— 8.0912t + 1558.9 


Tit) 1000 poster © inn aa 21472.6 


where ¢ is the number of years past 1800. (A graph of f(t) 
along with the data in the table is shown in the figure.) 
Use the table and equation in Problems 73 and 74. 


f() 





350 100 150 200 


73. (a) Find im, FO, if it exists. 


(b) What does this limit predict? 
(c) Is the equation accurate as t > 200? Explain. 
74, (a) Find im, S(O, if it exists. 


(b) What does this limit predict? 
(c) Is the equation accurate as t > 1007 Explain. 
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9.2 Continuous Functions; Limits at Infinity 









nS SaELERnW PEE 
OBJECTIVES 

= Jo determine whether a function Seiike that a friend of yours and her husband have a taxable income of 

is continuous or discontinuous $99,600, and she tells you that she doesn’t want to make any more money 

because that would put them in a higher tax bracket. She makes this state- 

ment because the tax rate schedule for married taxpayers filing a jomt return 

- in the table) appears to have a jump in taxes for taxable income at 


= Jo determine where a function Is 
discontinuous 
= fo find iimits at infinity 










99,600 
151,750 
271,050 





Es 50 + 36% 
81,646.50 + 39.6% 





whether the couple’s taxes would j Jump te to some hietee eet we 

ves incon ed taxpayers as a 

m is continuous. That 
6 ote even ae the 





~ function of taxable income and show that the fea | 
is, we e will see = the tax - does not une at $9 





will ex bon to deacunite hele: a fox etic | 
investigate some different types of discontinuous Funct 


We have found that f(c) is the same as the limit as x — c for any polynomial 
function f(x) and any real number c. Any function for which this special property 
holds is called a continuous function. The graphs of such functions can be 
drawn without lifting the pencil from the paper, and graphs of others may have 
holes, vertical asymptotes, or jumps that make it impossible to draw them with- 
out lifting the pencil. Even though a function may not be continuous every- 
where, it is likely to have some points where the limit of the function as x > c is 
the same as f(c). In general, we define continuity, of a function at the value x = c 
as follows: 


9.2 Continuous Functions; Limits at Infinity 643 


Continuity at a Point The function f is continuous at x = c if all of the following conditions are 
satisfied. 


y 1. f(c) exists Ze lim f(x) exists a) Lima f(x) = fic) 


If one or more of the conditions above do not hold, we say the function is dis- 
continuous at x = c. Figure 9.10 shows graphs of some functions that are dis- 
continuous at x = 2. 





AM PODS A ASLO ERY ASAEASERESSEA ASANTE EASY P NCOP LOBEONTO AA AA SCEETESSAN SESE ARENT AEEROSESEO OICSSBOIOCA LOL ALLEY OPS O/ St eta OCEREPOSAASSasanerans(i ast aeedeerbeesdnaartmnergpioasasse 





SD ye 
(a) fy = LE Of 
x-2 x-—2 
him f(x) and f(2) do not exist. F(2) does not exist. 





el lone ss -1 1 Dagens 
a 4-x ifx#+2 d ie 1/(x — 2)2 itexeee 
(c) f(x) {§ Fle (d) f@) {) es 
lim eee As) lim f(x) does not exist. 
Figure 9.10 ea #2) x32 


In the previous section, we saw that if fis a polynomial function, then lim fx) = 


f(c) for every real number c, and also that tim h(x) = h(c) if h(x) = a isa 


rational function and g(c) # 0. Thus, by definition, we have the following. 





Every polynomial function is continuous for all real numbers. 


Every rational function is continuous at all values of x except those that make 
the denominator 0. 


rata ert SDB ReerPABMMAAA Sahat KAMEU/AIEIS 2 BAOSLE NS AASSIA ORIEL SOASGOPC GELS NOR /BEAALELEACL EE! TERIA NAAR AEE TONSA CAFC AAIRE SAHIN EROELESAEERSSOON NORA EOP EEE DENCE 4588 AOAA A AACE CON LAmONbSaahUrnDAann as SAO SdASDORORTERMERNNEHE 
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EXAMPLE 1 





j 3x +2 5 
For what values of x, if any, is the function h(x) = . ae continuous? 


Solution 

This is a rational function, so it is continuous for all values of x except for those 
that make the denominator, 4x — 6, equal to 0. Because 4x — 6 = O atx = Bi 
h(x) is continuous for all real numbers except x = 3/2. 


| EXAMPLE 2 

For what values of x, if any, is the function discontinuous if 
z 

i 2 

i eke ke 

i f(x) “ x = 4 


Solution 
This is a rational function, so it is continuous everywhere except where the 
denominator is 0. To find the zeros of the denominator, we factor x* — 4. 


sagan 


x—x-2. x?-x-2 
| Fa) Te ea (es Dye) 


Because the denominator is 0 for x = 2 and for x = —2, f(2) and f(—2) do not 
exist (recall that division by 0 is undefined). Thus the function is discontinuous 
| atx = 2 and x = —2. The graph of this function (see Figure 9.11) shows a hole 
at x = 2 and a vertical asymptote at x = —2. 











CHECKPOINT | 
. 1. Find any x-values where the following functions are discontinuous. 
i 3 
QO Fc ed as le careers aay 


If the pieces of a piecewise defined function are polynomials, the only 
values of x where the function might be discontinuous are those at which the 
definition of the function changes. 


Figure 9.12 


-renneneevevevnemnnnnnsencanennnsesncicenontinnisnssiustiyssesre nessnanssnnascasnnnrverrennnnienniontnaineunnneeoitoreiis 
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EXAMPLE 3 
Determine the values of x, if any, for which the following functions are discon- 
| tinuous. 
Gti GH 2) Pit = — 1 (ufc Aa Sie 2 

. 3 ifx>-1 a Ne ihe ee 
Sofution 
(a) g(x) is a piecewise defined function in which each part is a polynomial. 


(b) 





Thus, to see whether a discontinuity exists, we need only check the value of 
x for which the definition of the function changes—that is, at x = —1l. 
Because x = —1 satisfies x = —1, 9(—1) = (-1 + 2)? + 1 = 2. Evaluating 
the left- and right-hand limits gives 


lim_ g(x) = Jim. [a#+2)? +1] = (-14+2)?+1=2 


x17 
and 


lim, g(x) = lim 3=3 


x17 asl 
Because the left- and right-hand limits differ, lim, g(x) does not exist, so 


g(x) is discontinuous at x = —1. This result is confirmed by examining the 
graph of g, shown in Figure 9.12. 


nee lifx <1 


ifx >-1 


As with g(x), f(x) is continuous everywhere except perhaps at x = 2, where 
the definition of f(x) changes. Because x = 2 satisfies x = 2, f(2) = 2 — 2 = 0. 
The left- and right-hand limits are 


lim f(x) = bmn x) = 4 — 2° 0 


and 


lim, f(x) = lim (x — 2) = 2-2=0 


x—>2 


Because the right- and left-hand limits are equal, we conclude that lim 0 f(x) 
= (). The limit is equal to the functional value 


lim f(x) = f(2) 
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Figure 9.13 


so we conclude that f is continuous at x = 2 and thus f is continuous for all 
values of x. This result is confirmed by the graph of f shown in Figure 9.13. 


f@)= (48 (lipreee 










Xie te eae 


We now consider the problem posed in the Application Preview. 


| EXAMPLE 4 

The tax rate schedule for married taxpayers filing a joint return (shown in the 
| table) appears to have a jump in taxes for taxable income at $99,600. 

i 


| Schedule Y-1—Use if your filing status is Married filing 
jointly or Qualifying widow(er) 





| If the amount 


271,050 81,646.50 + 39.6% 2713050 


| on Form 1040, Enter on of the 

line 37, is: But not Form 1040, amount 

over— over— line 38 over— 

$0 $41,200 15% $0 

41,200 99,600 $6180.00 + 28% 41,200 

i 99,600 151,750 22,532.00 + 31% 99,600 

151,750 271,050 38,698.50 + 36% 151,750 
| 


; Source: Internal Revenue Service, 1997 Form 1040 Instructions haan 
i 


(a) Use the table and write the function that gives income tax for married tax- 
| payers as a function of taxable income, and graph the function. 

| (b) Is the function in (a) continuous at x = 99,600? 

| (c) A married friend of yours and her ‘husband have a taxable income of 
$99,600, and she tells you that she doesn’t want to make any more money 
| 





because doing so would put her in a higher tax bracket. What would you tell 
her to do if she is offered a raise? 


Figure 9.14 


CHECKPOINT | AG) 
a. 2. If f(x) and g(x) are polynomials, h(x) = { 
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GPF exe pthc 
| aROPLETIOHT 


_ (a) The function that gives the tax due for married taxpayers is 


O13x- if 0=x = 41,200 

6180 + 0.28(x— 41,200) if  41,200<x< 99,600 
T(x) = 22532 +,0.31(%:-= 99.600) if 59199600 <2 S151,750 
38,698.50 + 0.36(2 = 151,750) if 151,750 7 = 2050 
81,646.50 + 0.396(x — 271,050) if xX > 271,050 


(b) This function is continuous at x = 99,600, because 

(i) 7(99,600) = 22,532, so T(99,600) exists. 

(ii) Because the function is piecewise defined near 99,600, we evaluate 

lim _ 7(x) by evaluating lim T7(x)and lim _, T(x). 

x— 99,600 x—»99,600 x—> 99,600 

lim T(x) = lim __ [6180 + 0.28(x — 41,200) ] = 22,532 

x— 99,600 x— 99,600 

lim  7(x) = lim _, [22,532 + 0.31(x — 99,600) ] = 22,532 
x—>99,600 x— 99,600 
Because these limits are the same, lim T(x) = 22,532, and so the 
limit exists. a 
(ii) Because 7(99,600) = Do T(x) = 22,532, the function is continuous 
at 99,600. 

(c) If your friend earned more than $99,600, she and her husband would pay 
taxes at a higher rate on the money earned above the $99,600, but it would 
not increase the tax rate on any income up to $99,600. Thus she should take 
any raise that’s offered. 


ia is continuous eve 
gio itxa = 


where except perhaps at 


We noted earlier (in Chapter 2, “Special Functions”) that the graph of y = 1/x has 
a vertical asymptote at x = 0 [shown in Figure 9.14(a)]. By graphing y = I/x 
with a large x-range or by using TRACE to let x get very large, we can see that 
y = 1/x never becomes negative for positive x-values regardless of how large the 
x-value is. Although no value of x makes 1/x equal to 0, it is easy to see that 1/x 
approaches 0 as x gets very large. This is denoted by 
lim 1s 0 
x—>+00 X 

We say that y = 0 (the x-axis) is a horizontal asymptote for y = 1/x. We also see 
that y = 1/x approaches 0 as x decreases without bound, and we denote this by 
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(b) 


Figure 9.14 (continued) 


These limits can also be established with numerical tables. 


x, fo) = Ix x F(x) = 1x 
100 0.01 = 100 —0.01 
100,000 0.00001 — 100,000 —0.00001 
100,000,000 0.00000001 — 100,000,000 —0.00000001 
v L L zy 
+00 0 —oo z 0 
eal 1 
lim —=0 —-=0 
x>t+o0 X x7-co X 


From Figure 9.14(b), we also see that 


iin = 0 and lm +=0 
x— +00 X x—>-co X 


By using graphs and/or tables of values, we can generalize the results for the 
functions shown in Figure 9.14 and conclude the following. 





Limits at Infinity 


If c is any constant, then 
ihe lim c = cand lim c=Cc. 
2. lim = 0, where p > 0. 


X—>+00 x? 


Capel tier oe = 0, where n > 0 is any integer. 


XI —-CO 





In order to use these properties for finding the limits of rational functions as 
x approaches + or —, we first divide each term of the numerator and denomi- 
nator by the highest power of x present and then determine the limit of the 
resulting expression. 








EXAMPLE 5 
Find each of the following limits, if they exist. 
nen2xes reas ~ 
(a) m x+2 uh ei x 
Solution 


(a) The highest power of x present is x!, so we divide each term in the numera- 
tor and denominator by x and then use the properties for limits at infinity. 











| | 


To 2. (by Properties 1 and 2) 


Dae 1 
(inlay? afficngyuatg Teg 3 Sa 
im, x+2 Flt s z = in. 2 
*44 1+= 
i x x 
; 
i 





Figure 9.15 
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Figure 9.15(a) shows the graph of this function with the y-coordinates of the 
graph approaching 2 as x approaches + and as x approaches —°. That is, 
y = 2is a horizontal asymptote. Note also that there is a discontinuity (verti- 
cal asymptote) where x = —2. 


We divide each term in the numerator and denominator by x* and then use 
the properties. 











Z 
x 5) 3 
2+3 xe ite 
lim =. lin, —————— = lim = +a 
x>-co 1—x 2-00 Te f--cont 
ge st ¥ OR 





This limit is +: because the numerator approaches | and the denominator 
approaches 0 through positive values. Thus 


2 





lim 


x—>—-00 —_—+*+ 


does not exist 


The graph of this function, shown in Figure 9.15(b), has y-coordinates that 
increase without bound as x approaches —© and that decrease without 
bound as x approaches +. (There is no horizontal asymptote.) Note also 
that there is a vertical asymptote at x = 1. 


2 
lm 2212 Sues 





| 
i 
a 
i 
3 
i 
; 
i 
: 
é 
$ 
: 
j 
i 
i 
3 
i 
3 
j 


(a) (b) 


CHECKPOINT | en 





Graphing Utilities 





3. Evaluate im eT 


We can use the graphing and table features of a graphing utility to help locate and 
investigate discontinuities. The utility can be used to focus our attention on a pos- 
sible discontinuity and to support or suggest appropriate algebraic calculations. 
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Figure 9.16 |: 


_ EXAMPLE 6 
| Use a graphing utility to investigate the continuity of the following functions. 
tee ble ger? Se) 
@ fay a melee vo 
ree 2 
i 
@m=Ft @ m=}. 
¢) ho) == x)= 
sel a 


| Solution 
“(@) Figure 9.16(a) shows that f(x) has a discontinuity (vertical asymptote) near 


( 
( 


b 


) 


c) 


d 


) 


x = —1. Because f(—1) DNE, we know that f(x) is not continuous at x = —1. 
Figure 9.16(b) shows that g(x) is discontinuous (vertical asymptote) near 
= 1, and this looks like the only discontinuity. However, the denominator 
of g(x) is zero at x = 1 and x = —1, so g(x) must have discontinuities at 
both of these x-values. Tracing, evaluating, or using the table feature con- 
firms that x = —1 is a discontinuity (a hole, or missing point). 
Figure 9.16(c) shows a discontinuity jump) at x = —1. We also see that 
h(—1) DNE, which confirms the observations from the graph. 
The graph in Figure 9.16(d) appears to be continuous. The only “suspicious” 
x-value is x = —1, where the formula for k(x) changes. Evaluating k(—1) 
and tracing or examining a table near x = —1 indicates that k(x) is continu- 
ous there. Algebraic evaluation of the two one-sided limits confirms this. 





Summary 
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The following information is useful in discussing continuity of functions. 


A. A polynomial function is continuous everywhere. 


F(x) 


B. A rational function is a function of the form ——, where f(x) and g(x) are 


polynomials. 


g(x) 


1. If g(x) # 0 at any value of x, the function is continuous everywhere. 
2. If g(c) = 0, the function is discontinuous at x = c. 
(a) If g(c) = 0 and f(c) # 0, then there is a vertical asymptote at x = c. 


F(x) 


(b) If g(c) = 0 and lim eG) = L, then the graph has an open circle at x = c. 


C. A piecewise defined function may have a discontinuity at any x-value where 
the function changes its formula. One-sided limits must be used to see 
whether the limit exists. 


The following steps are useful when we are evaluating limits at infinity for a 
rational function f(x) = p(x)/q(x). 


1. Divide both p(x) and q(x) by the highest power of x found in either polynomial. 
2. Use the properties of limits at infinity to complete the evaluation. 


1. (a) This is a polynomial function, so it is continuous at all values of x (discontin- 


(b) This is a rational function. It is discontinuous at x = 1 and x = —2 because 
these values make its denominator 0. 


CHECKPOINT 
SOLUTIONS | 
uous at none). 
2k — a) 3. lim 
EXERCISE 9.2 


— 





ux’ = dye lim eel 
2x? —7 I> +00 9 Th 20 


Xx 





Problems 1 and 2 refer to the figure below. For each given 
x-value, use the figure to determine whether the function 
is continuous or discontinuous at that x-value. If the func- 
tion is discontinuous, state which of the three conditions 
that define continuity is not satisfied. 





1. (a) x=—S5 (6) =A (c) x=3 (d) x=0 
2. (a) x=2 (b) x=—-4 (c) x=-2 (d) x=5 


In Problems 3-14, determine whether each function is 
continuous or discontinuous at the given x-value. Examine 
the three conditions in the definition of continuity. 

3. f= — Se =O 

4, {@)=3e- ox p= 











Beg sa 
3: fae ie 2 
pte ty 
O- ase x=3 
Pak 
7.y=% 2 y= 3 


On 
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8. fx) == x=2 9. = 256 =] 
10. y= AS ya 

Deira oe a! 

f= Vie tes? 77? 
eo ee as 

I= eae eo? 77? 


In Problems 15-22, determine whether the given function 
is continuous. If it is not, identify where it is discontinu- 
ous and which condition fails to hold. You can verify your 
conclusions by graphing each function with a graphing 
utility, if one is available. 








15. f(x) = ve 1 16. y= ox —= 2% 

17. a(x) = tte 18. ae 
By ase 

mete ier 


/ In Problems 23-26, use the trace and table features of a 
graphing utility to investigate whether each of the follow- 
ing functions has any discontinuities. 


x? — 5x-6 _ x? -—5x+4 
ee te | ae ee aed 
24s it y= 3 
ey feat 3 
244 ifx #1 
ee ee 


Each of Problems 27-30 contains a function and its 
graph. For each problem, answer (a) and (b). 
(a) Use the graph to determine, as well as you can, 


(i) vertical asymptotes, (ii) lim f(x), (iii) lim f(x) 
(b) Check your conclusions in (a) by using the func- 
tions to determine items (i){iii) analytically. 


2 fa) = —— 5 : 3 


2 





3 
2 





28. f(x) = = 


2(x + 1)3(x + 5) 
29. $0) = aye OF 





Use analytic methods to evaluate the limits in Problems 
31-38. You can verify your conclusions by graphing the 
functions with a graphing utility, if one is available. 











3 : 4 
31. x>to x+ 1] 32. jim. x? —2x 
bse eo axe re? 
38 Minos, Saas 
5x? — 4x 4x? + 5x 
290 nt a eartO| 36. Te eae 
2 307 
37. x oe 2 


x+>t+o 6x+ 1 X%—>—CO 4x? + 5x 





gx/ In Problems 39 and 40, use a graphing utility to complete 
(a) and (b). 

(a) Graph each function in the window 0 < x < 300 
and —2 = y S 2. What does the graph indicate 
about im. Ff)? 

(b) Use the table feature with x-values larger than 
10,000 to investigate im f(x). Does the table 


support your conclusions in (a)? 





ee 5x3 —7 
39. FQ) ad aa axe 40. Ff) = ae 


In Problems 41 and 42, complete (a)-(c). Use analytic 
methods to locate (a) any points of discontinuity and (b) 
any horizontal asymptotes. (c) Then explain why, for 
these functions, a graphing utility is better as a support 
tool for the analytic methods than as the primary tool for 
investigation. 


_ 1000x — 1000 _ _ 3000x 
41 {QOS SG esTog0 42. £@) = 4350 — 2x 
Appiications 


43. Sales volume Suppose that the weekly sales volume 
(in thousands of units) for a product is given by 


PEAS ESO 
rene 


where p is the price in dollars per unit. Is this function 
continuous 

(a) for all values of p? 

(b) at p = 24? 

(c) for all p = 0? 

(d) What is the domain for this application? 


44. Worker productivity Suppose that the average num- 
ber of minutes M that it takes a new employee to 
assemble one unit of a product is given by 


ae 40 + 30t 
2t-+ 1 


where ft is the number of days on the job. Is this func- 
tion continuous 

(a) for all values of t? 

(b) att = 14? 

(c) for all t= 0? 

(d) What is the domain for this application? 


45. Demand Suppose that the demand for a product is 
defined by the equation 


_ 200,000 
Pi (q+1/P 


where p is the price and q is the quantity demanded. 

(a) Is this function discontinuous at any value of qg? 
What value? 

(b) Because g represents quantity, we know that 
q = 0. Is this function continuous for gq = 0? 


46. Advertising and sales The sales volume y (in thou- 
sands of dollars) is related to advertising expenditures 
x (in thousands of dollars) according to 


res 200x 
7 +10 
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47. 


48. 


49. 


50. 


Slt 
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(a) Is this function discontinuous at any points? 
(b) Advertising expenditures x must be nonnegative. 
Is this function continuous for these values of x? 


Annuities If an annuity makes an infinite series of 
equal payments at the end of the interest periods, it is 
called a perpetuity. If a lump sum investment of A, is 
needed to result in n periodic payments of R when the 
interest rate per period is i, then 

1- (1 +i) “| 


| 
L 


(a) Evaluate lim A, to find a formula for the lump 


sum payment for a perpetuity. 

(b) Find the lump sum investment needed to make 
payments of $100 per month in perpetuity if 
interest is 12%, compounded monthly. 


Response to adrenalin Experimental evidence sug- 
gests that the response y of the body to the concentra- 
tion x of injected adrenalin is given by 


x 
a+ bx 





VS 


where a and b are experimental constants. 

(a) Is this function continuous for all x? 

(b) On the basis of your conclusion in (a) and the 
fact that in reality x = 0 and y = 0, must a and b 
be both positive, be both negative, or have oppo- 
site signs? 


Cost-benefit Suppose that the cost C of removing p 
percent of the impurities from the waste water in a 
manufacturing process is given by 


9800p 
CE laser. 





Is this function continuous for all those p-values for 
which the problem makes sense? 


Cost-benefit Suppose that the cost C of removing p 
percent of the particulate pollution from the exhaust 
gases at an industrial site is given by 


8100p 
CP) = 700 = p 





Describe any discontinuities for C(p). Explain what 
each discontinuity means. 


Cost-benefit The percentage p of particulate pollu- 
tion that can be removed from the smokestacks of an 
industrial plant by spending C dollars is given by 
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ee ONG 
P= PAG. 


Find the percentage of the pollution that could be 
removed if spending C were allowed to increase with- 
out bound. Can 100% of the pollution be removed? 
Explain. 

52. Cost-benefit The percentage p of impurities that 
can be removed from the waste water of a manufac- 
turing process at a cost of C dollars is given by 


© 100 
ee S100 AC 


Find the percentage of the impurities that could be 
removed if cost were no object (that is, if cost were 
allowed to increase without bound). Can 100% of the 
impurities be removed? Explain. 


53. Federal income tax The tax owed by a married 
couple filing jointly and their tax rates can be found 
in the following tax rate schedule. 


Schedule Y-1—Use if your filing status is Married 
filing jointly or Qualifying widow(er) 





eens 


Tf the amount 
on Form Enter on of the 
1040, line 37,  Butnot Form 1040, amount 
is: over— over— line 38 over— 
$0 $41,200 15% $0 
41,200 99,600 $6180 + 28% 41,200 
99,600 151,750 22,532 + 31% 99,600 
151,750 271,050 38,698.50 + 36% 151,750 
271,050 — 


81,646.50 + 39.6% 271,050 





ee 





eee OES s 


Source: Internal Revenue Service, 1997 Form 1040 Instructions 


From this schedule, the tax rate R(x) is a function of 
income x (the amount on Form 1040, line 37) as 


follows. 
OsSae ik 0 =x = 41,200 
0.28 if 41,200<x= 99,600 
R(x) =4 0.31 i 99,600 < x = 151,750 


if 
0.36 if 151,750<x= 271,050 
0.396 if 271,050<x 


Identify any discontinuities in R(x). 


54. Calories and temperature Suppose that the number 
of calories of heat required to raise 1 gram of water 
(or ice) from —40°C to x°C is given by 
f(x) = 7x +20 if -405x<0 
x 100 “ifs, 


(a) What can be said about the continuity of the 
function f(x)? ‘ 


(b) What accounts for the behavior of the function at 
0°C? 


55. Electrical usage costs The monthly charge in dol- 
lars for x kilowatt hours (kWh) of electricity used 
by a residential consumer of Excelsior Electric 
Membership Corporation from November through 
June is given by the function 


10 + .094x if O<x<100 
19.40 + .075(x— 100) if 100<x<500 
49.40 + .05(x— 500) if x > 500 


C(x) = 


(a) What is the monthly charge if 1100 kWh of elec- 
tricity is consumed in a month? 


(b) Find im, C(x) and lim) C(x), if the limits exist. 


(c) Is C continuous at x = 100 and at x = 500? 


56. Postage costs First-class postage is 33 cents for the 
first ounce or part of an ounce that a letter weighs and 
is an additional 22 cents for each additional ounce or 
part of an ounce above 1 ounce. Use the table or 


graph of the postage function, f(x), to determine the 
following. 


(a) lim fle) (b) f(2.5) 
(c) Is f(x) continuous at 2.5? 


(4) lim fx) (e) f(4) 


(f) Is f(x) continuous at 4? 


Weight x Postage f(x) 
O<xs1 $0.33 
1<x=<2 0.55 
2 Se) 0.77 
3<xs4 0.99 
4<x<5 121 


Postage Function 


Ff) 


M2 


0.99 


0.77 


0.55 


0.33 





B& 57. Public debt of the United States The interest paid 


on the public debt of the United States of America as 
a percentage of federal expenditures for selected years 
is shown in the following table. 


Interest Paid as a 


Percentage of Federal Point Coordinates 
Year Expenditures if t = 0 in 1900 
1930 0 (30, 0) 
1940 10.5 (40, 10.5) 
1950 13.4 (50, 13.4) 
1955 9.4 (55, 9.4) 
1960 10.0 (60, 10.0) 
1965 9.6 (65, 9.6) 
1970 9.9 (70, 9.9) 
1975 9.8 (75, 9.8) 
1980 12.7 (80, 12.7) 
1985 18.9 (85, 18.9) 
1990 2h (90, 21.1) 
1995 22.0 (95, 22.0) 


Source: Bureau of Public Debt, Department of the Treasury 


If t is the number of years past 1900, use the table to 

complete the following. 

(a) Use the data in the table to find a cubic and a 
fourth-degree function that model the percentage 
of federal expenditures devoted to payment of 
interest on the public debt. Let d(t) be the one 
that better fits the data. 

(b) Use d(t) to predict the percentage of federal 
expenditures devoted to payment of interest in 
2005. 
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. Postal rates 
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(c) Calculate lim d(t). 


(d) Can d(t) be used to predict the percentage of fed- 
eral expenditures devoted to payment of interest 
on the public debt for large values of t? Explain. 

(e) For what years can you guarantee that d(t) cannot 
be used to predict the percentage of federal 
expenditures devoted to payment of interest on 
the public debt? Explain. 


The following graphic shows the his- 

tory of postal rates from 1890 to 1995. Use the figure 

to answer the following. 

(a) If P(t) represents first-class postage in year ¢, is 
P(t) continuous? 

(b) Identify the longest period of years after World 
War I when P(t) was continuous. 

(c) If P(t) were modeled by a continuous curve, do 
you think the best model would be linear, expo- 
nential, or logarithmic? Explain. 


First-Class Postage Rates 


Jan. 1995 
35¢ 32¢ 


30 


A A A A 


1890 1910 1930 1950 1970 1990 





Source: Oil City Derrick, Oil City, PA, December 1, 1994. 
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9.3 


OBJECTIVES 


8 Jo define the derivative as a rate 
of change 

= Jo use the definition of derivative 
to find derivatives of functions 


= 7o use derivatives to find slopes 
of tangents to curves 


Figure 9.17 


The Derivative: Rates of Change; 
Tangent to a Curve 





We will begin our study of rates of change (that is, derivatives) by investigating a 
common rate of change, velocity. 

Suppose a ball is thrown straight upward at 64 feet per second from a spot 
96 feet above ground level. The equation that describes the height y of the ball 
after x seconds is 


y = f(x) = 96 + 64x — 16x? 


Figure 9.17 shows the graph of this function for 0 = x = 5. The average 
velocity of the ball over a given time interval is the change in the height divided 
by the length of time that has passed. Table 9.4 shows some average velocities 
over time intervals beginning at x = 1. 


96 + 64x — 16x2 . 





TABLES.4 Average Velocities 


Beginning 


1 


1 
1 
1 


Time 


Ending 


2 
5 
i 


1.01 





1 
0.5 
0.1 
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Height 





Change (Ax) Beginning Ending Change (Ay) Average Velocity (Ay/Ax) 
144 160 16 16/1 = 16 
144 156 12 12/0.5 = 24 
144 147.04 3.04 3.04/01 = 30.4 
144 144.3184 0.3184 0.3184/0.01 = 31.84 


0.01 


Carnsenensoeotenoouuaianotetedoatononeshonsaasaseantenarvewinninterwevenimnninierwri iii iniseissasanop osssstacensasaneerentyermnmnnnaewyywasrvonnoinbniorainsoiinttts 








In Table 9.4, the smaller the time interval, the more closely the average 
velocity approximates the instantaneous velocity at x = 1. Thus the instanta- 
neous velocity at x = 1 is closer to 31.84 ft/s than to 30.4 ft/s. 

If we represent the change in time by h, then the average velocity from 
x = 1 to x = 1 + A approaches the instantaneous velocity at x = 1 ash 
approaches 0. This is illustrated in the following example. 


EXAMPLE 1 
Suppose a ball is thrown straight upward so that its height f(x) (in feet) is given 
by the equation 
f(x) = 96 + 64x — 16x? 
where x is time (in seconds). 


(a) Find the average velocity from x = ltox=1+h. 
(b) Find the instantaneous velocity at x = 1. 


Solution 
(a) Let h represent the change in x (time) from 1 to 1 + h. Then the correspond- 
ing change in f(x) (height) is 
fi + h) — fC) = [96 + 64(1 + h) — 16(1 + h)?] — [96 + 64 — 16] 
= 96 + 64 + 64h — 16(1 + 2h + h?) — 144 
= 16 + 64h — 16 — 32h — 16h? 
= 32h — 16h? 
‘The average velocity V,, is the change in height divided by the change in 
time. 


V, 


av 


afG ee hy) 
h 


sah 16h: 
h 
= 32 — 16h 
(b) The instantaneous velocity V is the limit of the average velocity as h 
approaches 0. 
V= limV,, = lim (32 — 16h) 
h—0 h-0 
= 32 ft/s 
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Velocity 


a 


Derivative 








Note that average velocity is found over a time interval. Instantaneous 
velocity is usually called velocity, and it can be found at any time x, as follows: 


Suppose that an object moving in a straight line has its position y at time x given 
by y = f(x). Then the velocity of the object at time x is 


= in E+ =f) 


h-0 1 ‘ 


provided that this limit exists. 





The instantaneous rate of change of any function (commonly called rate of 
change) can be found in the same way we find velocity. The function that gives 
this instantaneous rate of change of a function fis called the derivative of f 


LESSEE SES: 





If f is a function defined by y = f(x), then the derivative of f(x) at any value x, 
denoted f’(x), is 





f'(x) = im 


h-0 


f(x + h) ~f(*) 
h 


if this limit exists. If f’(c) exists, we say that fis differentiable at c. 





The following procedure illustrates how to find the derivative of a function 
y = f(x) at any value x. 
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Note that in the previous example, we could have found the derivative of the 
function f(x) = 4x? at a particular value of x, say x = 3, by evaluating the deriva- 
tive formula at that value: 


f(x) = 8x so f'(3) = 8(3) = 24 
In addition to f’(x), the derivative at any point x may be denoted by 


a, a: 
Pe ate) Diye—ot. D_f(x) 


We can, of course, use variables other than x and y to represent functions and 
their derivatives. For example, we can represent the derivative of the function 
defined by p = 2q? — 1 by dp/dg. 


CHECKPOINT 
Sito a pitats POuthe function) = f(x) =a" — x <1 find 


h)- 
(a) fix + h) — f@) (b) fees 


| __ f(z+h) ~ f(z) 
i h 


(c) f'@) = lim (d) f'(2) 


In Section 1.6, “Applications of Functions in Business and Economics,” we 
defined the marginal revenue for a product as the rate of change of the total 
revenue function for the product. If the total revenue function for a product is not 
linear, we define the marginal revenue for the product as the instantaneous rate 
of change, or the derivative, of the revenue function. 





a OLE EEL IEE ELE TLE ER SOO LONE SEE ELE BONE is natant 
Marginal Revenue Suppose that the total revenue mie for a et is given by R = R(a), 
where x is the number of units sold. Then the marginal revenue at x units is 
=e Sree ht) ek. 
MRR Co estan ee ee) 
h-0 h 


provided that the limit exists. 


Note that the marginal revenue (derivative of the revenue function) can be 
found by using the steps in the Procedure/Example above. These steps can also be 
combined, as they are in Example 2, which is the Application Preview problem. 


EXAMPLE 2 
Suppose that an oil company’s revenue (in thousands of dollars) is given by the 
equation 
R = R(x) = 100x — x*, x=0 
where x is the number of thousands of barrels of oil sold each day. 


(a) Find the function that gives the marginal revenue at any value of x. 
(b) Find the marginal revenue when 20,000 barrels are sold (that is, at x = 20). 
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Figure 9.18 


| 
| 





Solution 
(a) The marginal revenue function is found by evaluating 


R(x + h) — R(x) 








RY(x) = ae h 

_ [100(x + h) — (x + h)?] — (100x — x7) 

= lim 
h—->0 h 
— 100x + 100A — (x? + 2xh + h?) — 100x + x? 

= lim = 
AO h 

= tin eee ee i100: — 2 =) = 100 
h—>0 h h—>0 


(b) The marginal revenue function found in (a) gives the marginal revenue at 
any value of x. To find the marginal revenue when 20 units are sold, we 
evaluate R’(20). 


R’(20) = 100 — 2(20) = 60 


Hence the marginal revenue at x = 20 is $60,000. Because the marginal rev- 
enue is used to approximate the revenue from the sale of one additional unit, 
we interpret R’(20) = 60 to mean that the expected revenue from the sale of 
the next thousand barrels (after 20,000) will be approximately $60,000. 
[Note: The actual revenue from this sale is R(21) — R(20) = 1659 — 1600 
= 59 (thousand dollars).] 


As mentioned earlier, the rate of change of revenue (the marginal revenue) 
for a linear revenue function is given by the slope of the line. In fact, the slope of 
the revenue curve gives us the marginal revenue even if the revenue function is 
not linear. We will show that the slope of the graph of a function at any point is 
the same as the derivative at that point. In order to show this, we must define the 
slope of a curve at a point on the curve. We will define the slope of a curve at a 
point as the slope of the line tangent to the curve at the point. 

In geometry, a tangent to a circle is defined as a line that has one point in 
common with the circle. [See Figure 9.18(a).] This definition does not apply to 
all curves, as Figure 9.18(b) shows. Many lines can be drawn through the point 
A that touch the curve only at A. One of the lines, line /, looks like it is tangent to 
the curve. 





(a) (b) 
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Figure 9.19 Figure 9.20 


We can use secant lines (lines that intersect the curve at two points) to 
determine the tangent to a curve at a point. In Figure 9.19, we have a set of 
secant lines 51> 55, 5,, and s, that pass through a point A on the curve and points 
Q,, Q,, Q,, and Q, on the curve near A. The line / represents the tangent line to 
the curve at point A. We can get a secant line as close as we wish to the tangent 
line / by choosing a “second point” Q sufficiently close to point A. 

As we choose points on the curve closer and closer to A, the limiting posi- 
tion of the secant lines that pass through A is the tangent line to the curve at 
point A, and the slopes of those secant lines approach the slope of the tangent 
line at A. Thus we can find the slope of the tangent line by finding the slope of a 
secant line and taking the limit of this slope as the “second point” Q approaches 
A. To find the slope of the tangent to the graph of y = f(x) at A (x,, f(x,)), we 
first draw a secant line from point A to a second point Q (x, + A, f(x, + h)) on 
the curve (see Figure 9.20). 

The slope of this secant line is 


2 f(% +h) — f(a) 


As Q approaches A, we see that the difference between the x-coordinates of 
these two points decreases, so h approaches 0. Thus the slope of the tangent is 
given by the following. 





TTS: 





ASUS 





tits 





BB ee geen 


Slope of the Tangent The slope of the tangent to the graph of y = f(x) at point A(x,, f(x,)) is 
ees +h) —f(*1) 


h-0 h 


if this limit exists. That is, m = f’(x,). 
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| EXAMPLE 3 
| Find the slope of y = f(x) = x’ at the point A (2, 4). 
Solution 


| The formula for the slope of the tangent to y = f(x) at (2, 4) is 
| fetish) 


| eae) = am h 
| Thus for f(x) = x’, we have : 
n= (2) ST er ea 


h—0 h 


| Taking the limit immediately would result in both the numerator and the denom- 
inator approaching 0. To avoid this, we simplify the fraction before taking the 
| limit. 
i 
5 2 <D eo 2 
m= Vien 2 en en 
h—>0 h Pe h—>0 





| Thus the slope of the tangent to y = x? at (2, 4) is 4 (see Figure 9.21). 


y 





( 





Figure 9.21 | 


The statement “the slope of the tangent to the curve at (2, 4) is 4” is fre- 
quently simplified to the statement “the slope of the curve at (2, 4) is 4.” 
Knowledge that the slope is a positive number on an interval tells us that the 
function is increasing on that interval, which means that a.point moving along 
the graph of the function rises as it moves to the right on that interval. If the 
derivative (and thus the slope) is negative on an interval, the curve is decreasing 
on the interval; that is, a point moving along the graph falls as it moves to the 
right on that interval. 


EXAMPLE 4 
Given y = f(x) = 3x? + 2x, find 
(a) the derivative of f(x) at any point (x, f(x)). 
| (b) the slope of the curve at (1, 5). 
| (c) the equation of the line tangent to y = 3x? + 2x at (1, 5). 
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Solution 


(a) The derivative of f(x) at any value x is denoted by f’(x) and is 


| yo = f(x) ee) 





; h>0 h 

| _ [3(a +h)? + 2(x + h)] — (3x? + 2x) 

i = lim 

| h—0 h 

| - 3(x? + 2xh +h?) + 2x + 2h — 3x? — 2x 
a foot h 

i 2 

iat 6xh + 3h* + 2h 

: h—0 h 


= lim (6x + 3h + 2) 


=6x+2 


(b) The derivative is f’(x) = 6x + 2, so the slope of the tangent to the curve at 
i (1, 5) is f’(1) = 6(1) + 2 = 8. 
(c) The equation of the tangent line uses the given point (1, 5) and the slope 
m = 8.Itisy — 5 = 8(x — 1), ory = 8x — 3. 





echnology Note Note in Figure 9.21 that near the point of tangency at (2, 4), the tangent line and 
ste ane the function look coincident. In fact, if we graphed both with a graphing utility 
and repeatedly zoomed in near the point (2, 4), the two graphs would eventually 

appear as one. Thus the derivative of f(x) at the point where x = a can be 

approximated by finding the slope between (a, f(a)) and a second point that is 


nearby. 

In addition, we know that the slope of the tangent to f(x) at x = a is 
defined by 

ppmproay and (a salt) = F(a) 
if (a) a lim h 
Hence we could also estimate f’(a)—that is, the slope of the tangent at x = a— 
by evaluating 
hy 
eee) ee) when h ~ 0 
h 

EXAMPLE 5 








and two values of to make esti- 


| (a) Let f(x) = 3x? + 2x. Use oe 


mates of the slope of the tangent to f(x) at x = 3 on opposite sides of x = 3. 
(b) Use the following table of values of x and g(x) to estimate g’(3). 


DOS 2999 3 SUZ ont 
10.8 10513 105 10474 10.18 6 —-5 


ae 
11.4 


1.9 
g(x) 116 4.3 
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5 








(a) Not differentiable 
atic 


Figure 9.22 


| Solution 

The table feature of a graphing utility can facilitate the following calculations. 
; 
| (a) We can use h = 0.0001 and h = —0.0001 as follows: 


With h = 0.0001: f'(3) ~ £(3 + 0.0001) — f(3) 


0.0001 
_ f(3.0001) = (3) _ i 
SOMO a 7 00 = 20 
With h=—0.0001: f"(3) © Se) 
ed ease 2 
a pO = 19.9997 F 20 


(b) We use the given table and measure the slope between (3, 10.5) and another 
point that is nearby (the closer, the better). Using (2.999, 10.513), we obtain 
yay 10O eto le’ 2 OOS es 


GOS ae A) wrsgie TCO 


Most graphing utilities have a feature called the numerical derivative (usually 
denoted by nDer or nDeriv) that can approximate the derivative of a function at a 
point. On most utilities this feature uses a calculation similar to our method in 
Example 5(a). The numerical derivative of f(x) = 3x? + 2x with respect to x at 
x = 3 can be found as follows on many graphing utilities: 


nDeriv(3x? + 2x, x, 3) = 20 


The discussion in this section indicates that the derivative of a function can 
be used to accomplish the following. 


1. Find the velocity of an object moving in a straight line. 

2. Find the instantaneous rate of change of a function. 

3. Find the marginal revenue function for a given revenue function. 
4. Find the slope of the tangent to the graph of a function. 


So far we have talked about how the derivative is defined, what it represents, and 
how to find it. However, there are functions for which derivatives do not exist at 
every value of x. Figure 9.22 shows some common cases where f’(c) does not 
exist but where f’(x) exists for all other values of x. These cases occur where 
there is a discontinuity, a comer, or a vertical tangent line. - 


y J y 


(b) Not differentiable (c) Not differentiable (d) Not differentiable 
atx=Cc atx=c atx=c 
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From Figure 9.22 we see that a function may be continuous at x = c even 
though f’(c) does not exist. Thus continuity does not imply differentiability at a 
point. However, differentiability does imply continuity. 








Differentiability lmplies If a function fis differentiable at x = c, then fis continuous at x = c. 
Continuity semaine inet tema 
| EXAMPLE 6 
| The monthly charge for water in a small town is given by 


| Bye [de if0<x<20 
y O.ix+16 ifx>20 


(a) Is this function continuous at x = 20? 
_ (b) Is this function differentiable at x = 20? 


i 
| Solution 
(a) We must check the three properties for continuity. 


. lim f(x) = lim 18=18 
cree ace => lim, f(x) =e 
him, f(x) = lim, (0.1x + 16) = 18 


i 
j 


| 1. f(x) = 18 for x = 20, so (20) = 18 
| 
3. lim f@) = f(20) 


(b) Because the function is defined differently on either side of x = 20, we need 


| Thus f(x) is continuous at x = 20. 
| to test to see whether f’(20) exists by evaluating both 


f(20 + h) — f(20) f(20 + h) — f(20) 
h 


| oR and Gi) im 
{ and determining whether they are equal. 
i 
| sof (20 st.b) Ff (20) is a 18 18 
@) fats h oe au h 
= lim 0=0 
i h-0 
i oe SU eR) 720} ~~ 10:1(20 + h).+ 16) —=18 
Gg Me ro eee 
h—0* h—0t h 
| és 0.1h 
i hot hh 
= lim 0.1. = 0.1 
h—0* 
| Because these limits are not equal, the derivative does not exist. 


CHECKPOINT | 
. 2. Which of the following are given by f’(c)? 
_ (a) The slope of the tangent when x = c 
(b) The y-coordinate of the point where x = c 
(c) The instantaneous rate of change of f(x) at x = c 
(d) The marginal revenue at x = c, if f(x) is the revenue function 


3. Must a graph that has no discontinuity, corner, or cusp at x = c be differentiable 
i atx=c? 
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| EXAMPLE 7 
_ If the point (a, b) lies on the graph of y = x*, then the equation of the secant line 
| toy = x? from (1, 1) to (a, b) has the equation 


b=1 esa 
ey eed). OLS ears 








(a) Write the equation of the secant line from (1, 1) to (5, 25) and graph y = x 
i and this secant line. : 

| (b) Write the equation of the secant line from (1, 1) to (3, 9) and graph y = x? 
| and this secant line. 

| (c) Write the equation of the secant line from (1, 1) to (1.01, 1.0201) and graph 
y = x? and this secant line. 

| (d) Which secant line appears as if it might be closest to the tangent line at (1, 1)? 
| (e) Express the slope of the secant line from (1, 1) to (a, b) in terms of a and 


find the limit of this slope as a — 1. Is this limit the slope of the tangent line 








cae ae ae toy = x?at (1, 1)? 

| \ | a Solution 

| \ | at | (a) The equation of the secant line from (1, 1) toa = 5, b = 25 is 
| is as i A. 

| ie eye: or y= 6x—5 





The graph of y = x? and the secant line are shown in Figure 9.23(a). 


| (b) The equation of the secant line from (1, 1) toa = 3,b = Qis 


sDicsaly (92. F588 pp or y=4x-3 


-5 
(a) 
ay Se 
| j f) The graph of y = x? and the secant line are shown in Figure 9.23(b). 
3 
: 
| 








(c) The equation of the secant line from (1, 1) toa = 1.01, b = 1.0201 is 


ep O20 Lae lay ee oo 
2 Pade Saat (ey Ee ror ye 200s tL 





The graph of y = x? and the secant line are shown in Figure 9.23(c). 

(d) The secant line from (1, 1) to (1.01, 1.0201) is closest to the tangent line at 
CL, 0: 

(e) The slope of the secant line from (1, 1) to (a, b) is 


Data | 


a-1 a-l 


The limit of this slope as a approaches 1, the x-value of the point (1, 1), is 








eS 74s 
lim 2 ti a 1 


aa imap im (a + 1) 





This limit, 2, is the slope of the tangent line at (1, 1). That is, the derivative 
of y = x? at (1, 1) is 2. [Note that a’ graphing utility’s calculation of the 
numerical derivative of f(x) = x with respect to x at x = 1 gives f’(1) = 2.] 


Figure 9.23 
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CHECKPOINT 
SOLUTIONS 
ye (1. @) fe +h) — fe) = (@ + he - +h) t+ I - G2 41) 
i =x? +2xh+h?-x-h+1—-x4+x-1 
= 2xh +h? —h 
F(x+h)—f(x) _ 2xht+h?-h 
(b) h ¥e h 
= 2c al 
ath 
() f'@) = a ee lim (2x + h — 1) 
aerial 
| d) f'@) = 2x - 1, sof'(2) = 3. 
2. Parts (a), (c), and (d) are given by f’(c). The y-coordinate where x = c is given by 
flo). 
3. No. Figure 9.22(c) shows such an example. 


EXERCISE 9.3 





1. In the Procedure/Example table in this section we 
were given f(x) = 4x? and found f’(x) = 8x. Find 
(a) the instantaneous rate of change of f(x) at x = 4. 
(b) the slope of the tangent to the graph of y = f(x) 
atx = 4. 
(c) the point on the graph of y = f(x) at x = 4. 
2. In Example 4 of this section we were given f(x) = 
3x? + 2x and found f’(x) = 6x + 2. Find 
(a) the instantaneous rate of change of f(x) at x = 6. 
(b) the slope of the tangent to the graph of y = f(x) 
at x = 6. 
(c) the point on the graph of y = f(x) at x = 6. 
3. Let) = 2x2. 
(a) Use the Procedure/Example in this section to ver- 
ify that f’(x) = 4x — 1. 
(b) Find the instantaneous rate of change of f(x) at 
sol 
(c) Find the slope of the tangent to the graph of 
y=f(x) atx = —-1. 
(d) Find the point on the graph of y = f(x) atx = —1. 


4. Let f(x) = 9 - st 

(a) Use the Procedure/Example in this section to ver- 
ify that f’(x) = —x. 

(b) Find the instantaneous rate of change of f(x) at 
x=2. 

(c) Find the slope of the tangent to the graph of 
y = f(x) atx = 2. 

(d) Find the point on the graph of y = f(x) at x = 2. 


In Problems 5-8, the tangent line to the graph of f(x) at 

x = 1 is shown. On the tangent line, P is the point of tan- 

gency and A is another point on the line. 

(a) Find the coordinates of the points P and A. 

(b) Use the coordinates of P and A to find the slope of the 
tangent line. 

(c) Find f’(1). 

(d) Find the instantaneous rate of change of f(x) at P 


) y 6. y 








For each function in Problems 9-14, find 

(a) the derivative, by using the definition. 

(b) the instantaneous rate of change of the function at any 
value and at the given value. 

(c) the slope of the tangent at the given value. 
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9. f(x) =1-—6x%; x= 20 

WO. fe) =4—5x; x= —8 

i. f@) = 4 — 244 12 x S38 
12. f@) = 160? — 47-523 ox =i 
13. p(q)=q*+4q¢+1; @=5 
14. p(q) = 2qg?-4q¢+5; q=2 


7 For each function in Problems 15-18, approximate f’(a) 


in the following ways. 
(a) Use the numerical derivative feature of a graphing 
utility. 
+ aaa 
(b) Use Mee with h = 0.0001. 


(c) Graph the function on a graphing utility. Then zoom 
in near the point until the graph appears straight, pick 
two points, and find the slope of the line you see. 

iSef 2) 100 f= oxi ie 5 

16371) for fG@) = 212 —11xi+ 9 

17. f'(4)  forf(x) = (2x — 1)° 

; mero tel 

18. f'(3) forf(x) = = 

In Problems 19 and 20, use the given tables to approxi- 

mate f’(a) as accurately as you can. 


1o ex 12.0 12.99 Bets i a= 13 
f(x) Ale LAL. lsh a 22 84 

20S See a i Tek a=—-7.5 
tix) DER 235 ae 122.38 AND 

In Problems 21 and 22, a point (a, b) on the graph of 

y = f(x) is given, and the equation of the line tangent to 

the graph of f(x) at (a, b) is given. In each case, find f’(a) 

and f(a). 

2h (3 0) eek y= 3 

22. (1, 63x Oy = 59 

23. If the instantaneous rate of change of f(x) at (1, —1) 
is 3, write the equation of the line tangent to the 
graph of f(x) at x = 1. 

24. If the instantaneous rate of change of g(x) at (—1, —2) 
is 1/2, write the equation of the line tangent to the 
graph of g(x) atx = —1. 


Because the derivative of a function represents both the 
slope of the tangent to the curve and the instantaneous rate 
of change of the function, it is possible to use information 
about one to gain information about the other. In Problems 
25 and 26, use the graph of the function y = f(x) given in 
Figure 9.24. 





Figure 9.24 


25. (a) Over what interval(s) (a) through (d) is the rate 
of change of f(x) positive? 
(b) Over what interval(s) (a) through (d) is the rate 
of change of f(x) negative? 
(c) At what point(s) A through E is the rate of 
change of f(x) equal to zero? 
26. (a) At what point(s) A through E does the rate of 
change of f(x) change from positive to negative? 
(b) At what point(s) A through E does the rate of 
change of f(x) change from negative to positive? 
27. Given the graph of y = f(x) in Figure 9.25, determine 
for which x-values A, B, C, D, or E the function is 
(a) continuous. 
(b) differentiable. 
28. Given the graph of y = f(x) in Figure 9.25, determine 
for which x-values F G, H, I, or J the function is 
(a) continuous. 
(b) differentiable. 





Figure 9.25 


In Problems 29-32, (a) find the slope of the tangent to the 
graph of f(x) at any point, (b) find the slope of the tangent 
at the given x-value, (c) write the equation of the line tan- 
gent to the graph of f(x) at the given point, and (d) graph 
both f(x) and its tangent line (use a graphing utility if one 
is available). 


29. 


31: 


(b) x=2 


9.3 The Derivative: Rates of Change; Tangent to a Curve 


(a) f@# =x? +x 30. (a) f@) =x? + 3x 
(b) x= -1 
(6)" (4. = 2) 

32. (a) f@) = 5x°.+ 2 
(D)ee— 1 
(Get. 3) 


(c) (2, 6) 
(a) fx%)=x3 +3 
(De 1 
(c) (1, 4) 


Applications 


33: 


34. 


35. 


36. 


Si: 


38. 


Average velocity When a ball is dropped from a 
height of 256 feet, its position (height above the 
ground) after x seconds is given by 


S(x) = 256 — 16x? 


(a) What is the average velocity in the first 2 seconds 
of the fall? 

(b) What does the negative average velocity in (a) 
mean? 


Average velocity If an object is thrown upward at 
64 ft/s from a height of 20 feet, its height S after x 
seconds is given by 


S(x) = 20 + 64x — 16x? 


What is the average velocity in the 
(a) first 2 seconds after it is thrown? 
(b) next 2 seconds? 


Demand _{f the demand for a product is given by 


Dip) = ye 


what is the average rate of change of demand when p 
increases from 

(a) 1 to 25? 

(b) 25 to 100? 


Revenue [If the total revenue function for a blender is 


R(x) = 36x — 0.01x? 


1 


where x is the number of units sold, what is the aver- 
age rate of change in revenue R(x) as x increases from 
10 to 20 units? 


Speed limit enforcement If 0.05 second elapses 
while a car on a road travels over two sensors that are 
5 feet apart, what is the average velocity (in miles per 
hour) of the car as it travels between the sensors (88 
feet per second is equivalent to 60 miles per hour)? 


Speed limit enforcement One speed-check system 
used by local police measures the elasped time 
between two marks 0.1 mile apart. If 5.85 seconds 
elapse while a car on the highway travels between the 
two marks, find the average velocity of the car (in 
miles per hour) as it travels between the two marks. 


39. 


40. 


41. 


42. 
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Marginal revenue Say the revenue function for a 
stereo system is 


R(x) = 300x — x? 


where x denotes the number of units sold. 

(a) What is the function that gives marginal revenue? 

(b) What is the marginal revenue if 50 units are sold 
and what does it mean? 

(c) What is the marginal revenue if 200 units are 
sold and what does it mean? 

(d) What is the marginal revenue if 150 units are 
sold and what does it mean? 

(e) As the number of units sold passes through 150, 
what happens to revenue? 


Marginal revenue Suppose the total revenue func- 
tion for a blender is 


R(x) = 36x — 0.01x? 


where x is the number of units sold. 

(a) What function gives the marginal revenue? 

(b) What is the marginal revenue when 600 units are 
sold and what does it mean? 

(c) What is the marginal revenue when 2000 units 
are sold and what does it mean? 

(d) What is the marginal revenue when 1800 units 
are sold and what does it mean? 


Labor force and output The monthly output at the 
Olek Carpet Mill is 


Q(x) = 15,000 + 2x? units, (40 <x < 60) 


where x is the number of workers employed at the 
mill. If there are currently 50 workers, find the instan- 
taneous rate of change of monthly output with respect 
to the number of workers. That is, find Q’(50). 


Consumer expenditure Suppose that the demand x 
for a product is 


x = 10,000 — 100p 


where p dollars is the price per unit. Then the con- 
sumer expenditure for the product is 


E(p) = px = p(10,000 — 100p) 
= 10,000p — 100p? 
What is the instantaneous rate of change of consumer 


expenditure with respect to price at 


(a) any price p? (2 =. (c) p = 20? 


f/ In Problems 43-46, find derivatives with the numerical 


derivative feature of a graphing utility. 


43. Profit Suppose that the profit function for the 


monthly sales of a car by a dealership is 


4S. 


47. 
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POs) = 500 Gx" ==100 


where x is the number of cars sold. What is the instan- 
taneous rate of change of profit when 

(a) 200 cars are sold? Explain its meaning. 

(b) 300 cars are sold? Explain its meaning. 


. Profit If the total revenue function for a toy is 


R(x) = 2x 
and the total cost function is 
CG) = 100° 02x07 + x 


what is the instantaneous rate of change of profit if 10 
units are produced and sold? Explain its meaning. 


Heat index The highest recorded temperature in the 
state of Alaska was 100°F and occurred on June 27, 
1915, at Fort Yukon. The heat index is the apparent 
temperature of the air at a given temperature and 
humidity level. If x denotes the relative humidity (in 
percent), then the heat index (in degrees Fahrenheit) 
for an air temperature of 100°F can be approximated 
with the function 


f(x) = 0.009x? + 0.139x + 91.875 


(a) At what rate is the heat index changing when the 
humidity is 50%? 

(b) Write a sentence that explains the meaning of 
your answer in (a). 


. Recepiivity In learning theory, receptivity is defined 


as the ability of students to understand a complex 
concept. Receptivity is highest when the topic is 
introduced and tends to decrease as time passes in a 
lecture. Suppose that the receptivity of a group of stu- 
dents in a mathematics class is given by 


g(t) = —0.2t? + 3.12 + 32 


where f is minutes after the lecture begins. 

(a) At what rate is receptivity changing 10 minutes 
after the lecture begins? 

(b) Write a sentence that explains the meaning of 
your answer in (a). 


HIV infections The figure shows the number of 
world HIV infections since AIDS was discovered in 
1981. The data are accurate through 1992, but are 
estimated beyond that time. 


(a) Find the average rate of change in world HIV 
infections from 1981 to 1992. 

(b) Find the average rates of change in world HIV 
infections from 1995 to 2000, using first the low 
estimate and then the high estimate. 





5 
(High estimate) 
120 million 






1981 '83 ‘85 '87 '89 ‘91 "93 95 97 "99 2001 
Source: World Health Organization and the 

Global AIDS Policy Coalition, as reported in 
the El Paso Times, December 6, 1992. 


48. Mutual funds The figure shows the history of the 


growth of mutual funds. 

(a) Find the average annual rate of change in the 
number of funds from 1950 to 1960. 

(b) Find the average rate of change in the number of 
funds from 1980 to 1990. 


Mutual Fund Growth History 












1980 
Number of funds 


1970 





1940 1950 1960 


Money market funds not included 
Source: Investment Company Institute 









Published in Investment Digest of Valic Co., Vol. 5, No. ae 
Summer, 1992. 
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9.4 Derivative Formulas 


OBJECTIVES 
a fo find derivatives of powers of x 
= To find derivatives of constant 
functions 
® To find derivatives of functions 
involving constant coefficients 


= Jo find derivatives of sums and 
differences of functions 





APPLICATION PREVIEW : 


The killer bees red in South America have entered the United States in 
of efforts: to halt their spread. u = bees were — entering 





We can use the definition of derivative to show the following: 

If f(x) = x?, then f’(x) = 2x. 

If f(x) = x°, then f’(x) = 3x°. 

If f(x) = x*, then f'(x) = 4x3. 

If f(x) = x°, then f’(x) = 5x*. 
Do you recognize a pattern that could be used to find the derivative of f(x) = x°? 
What is the derivative of f(x) = x”? If you said that the derivative of f(x) = x° is 
f' (x) = 6x9 and the derivative of f(x) = x” is f’(x) = nx"", you’re right. We can 
use the definition of derivative to show this. If 7 is a positive integer, then 


f(x +h) f(x) 


f'(x) = lim h 
+h)" —x" 
Serene diese [eae 

h-0 h 


Because we are assuming that n is a positive integer, we can use the binomial 
formula to expand (x + h)”. You may recall from Section 8.3 that this formula is 


stated as follows: 
n(n PS 1) n—-2,,2 n 
7) a” “b-+:::+b 


(a+ b)"=a"+na"™'b+ 
Thus replacing a with x and b with h gives 


ae nx" 'h + mad) 1) a 2n?+-- dees 


lim h 


=! 
= lim | nx”” ped i Do. hy? 
h-0 2 


f'(x) = 
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Now, each term after nx”~' contains / as a factor, so all terms except nx" will 
approach 0 as h — 0. Thus 


f(x) = nx! 


Even though we proved this derivative rule only for the case when n is a positive 
integer, the rule applies for any real number 7. 






Powers of x Rule If f(x) = x”, where n is a real number, then f'(x) = rae oan 





| EXAMPLE 1 

Find the derivatives of the following functions. 
| (a) a) =x = (0) f@) = x? 

| (c) y= x" (d) y= x” 

| Solution 


(a) If g(x) = x°, then g’(x) = 6x°! = 62°. 
(b) The Powers of x Rule applies for all real values. Thus for f(x) = x”, we 





have 
’ aa =a] ee iy oe 
Fie ar kanes Hie oe ee 
olelin= x*, then dy/dx = 4x47! = 4x3, 
| (d) The Powers of x Rule applies to y = x'?. 
Dy Ree 1 
As 


In Example 1 we took the derivative with respect to x of both sides of each 
equation. We denote the operation “take the derivative with respect to x” by 


a EA 
be Thus for y = x*, in (c), 


£0) = f(x") gives “ = 4,3 
Similarly, for f(x) = x~?, in (b), 
<(Fx)]=£0) gives f'(x) = - 20 
The differentiation rules are stated and proved for the independent variable x, but 


they also apply to other independent variables. The following examples illustrate 
differentiation with variables other than x. 


| EXAMPLE 2 
| Find the derivatives of the following functions. 





@ us)=s* O)p=q8 O}CH=Vi @s=—- 
Vi 


Figure 9.26 
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| Solution 

| (a) If u(s) = 5°, then u’(s) = 858-! = 857. 

(b) If p = q*®, then 

apt i's, g 2 
ee i Sie 


(c) Writing Vi in its equivalent form, t'’*, permits us to use the derivative 
formula. 





C'(t) 25H ee 


Writing the derivative in radical form gives 

1 Ne lg poe 
C Oat ane oj; 
(d) Writing 1/Vt as a power of f gives 


Writing the derivative in a form similar to that of the original function gives 


a eels 
dt 27 ww 


Find the slope of the tangent to the curve y = x? atx = 1. 

Solution 

Finding the slope of the tangent line to y = x? at x = 1 involves two steps. 
1. Find the derivative of y = x°. 

y’ = 3x? 

2. Evaluate the derivative at x = 1. 

mee pay i= 30) = 3 


The graph of y = x? and the tangent line to the graph at x = 1, y = 1° = 1 are 
shown in Figure 9.26. 


i 
i 
EXAMPLE 3 


y 
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A function of the form y = f(x) = c, where c is a constant, is called a con- 
stant function. We can show that the derivative of a constant function is 0, as 
follows: 

+h) = — 
5/6 tag Leable) oe ences <= lim 0 = 0 


h0 h h->0 h—0 


We can state this rule formally. 






Constant Function Rule If f(x) = c, where c is a constant, then f’(x) 








EXAMPLE 4 
Find the derivative of the function defined by y = 4. 


Sefution 


d 
Because 4 is a constant, ee = 0. 
Recall that the function defined by y = 4 has a horizontal line as its graph. Thus 
the slope of the line (and the derivative of the function) is 0. 


We now can take derivatives of constant functions and powers of x. But we 
do not yet have a rule for taking derivatives of functions of the form f(x) = 4x° 
or g(t) = 3t?. The following rule provides a method for handling functions of 
this type. 





LEER EES IE IIE EEA EOS GO ES LRU See ten ent cece esse sete 


Coefficient Rule If f(x) = c - u(x), where c is a constant and u(x) is a differentiable function of x, 
then f’(x) = c- u’(x). 





The above formula says that the derivative of a constant times a function is 
the constant times the derivative of the function. 


We can use the fact that 
limc- g(h) = c- lim g(h) 


which was discussed in the section “Limits,” to verify the coefficient rule. If 
f(x) = c+ u(x), then 


: flat h) ~ F(a) _ | cule th) —c- u(x) 


f'(x) = lim h h—0 h 
= fim c pe ee ee 


so f'(x) =c-u'(x) 
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EXAMPLE 5 
Find the derivatives of the following functions. 


@) f(x) = 0) f)=5 © p= 2 


ge 


: | Solution 
@) po) = aos = 20x" (b) g'(t) = 3(21) = 
| (c) Des we ss Sq. 12, so 





S\§ 


Lees 5 
=s(-5 =) = 
q a 2V¢q 


In Example 4 of Section 9.3, “The Derivative: Rates of Change; Tangent to 
a Curve,” we found the derivative of f(x) = 3x? + 2x to be f’(x) = 6x + 2. This 
result, along with the results of several of the derivatives calculated in the exer- 
cise for that section, suggest that we can find the derivative of a function by find- 
ing the derivatives of its terms and combining them. The following rules state 
this formally. 


LEER OLE LOGS LOE SASS 
see 


aoe Rule If f(x) Fes + i where u and v are differentiable functions of va nes 
f') = u'(x) + v'@). 





We can prove this rule as follows. If f(x) = u(x) + v(x), then 





5¢0) = tig 228) =FO0) 
i lim [u(x + h) + v(x + - = (u(x) + y(2)| 
eg u(x + 4) Gs) 4 Ue 1h) Ve) 
h—0 h 
soo. ele ins eta xy ve (x th) ct) 
Pes h es h 
= u'(x) + v’(x) 





I 2 ERLE OBL eR tts EOS OS TT 


Difference Rule If f(x) = a — v(x), where u od v are differentiable eae 2 x ee 


f'(%) = uw’) — v’'Q). 
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} 
3 


EXAMPLE 6 
Find the derivatives of the following functions. 
@y="+3, © p=q=—4¢ | Oye et> 


Solution 
). = et Oe 2X 
(b) dp/dq=2-q-—4:1=2q—4 


(©) y-= 37 Ts+0=3 . 


In Example 6(c) we saw that the derivative of y = 3x + 5 is 3. Because the 
slope of a line is the same at all points on the line, it is reasonable that the deriv- 
ative of a linear equation is a constant. In particular, the slope of the graph of 
the equation y = mx + b is m at all points on its graph because the derivative of 
y=mx+ bisy’ =f'(x) =m. 

The rules regarding the derivatives of sums and differences of two functions 
also apply if more than two functions are involved. For example, the derivative 
of f(x) = 4x3 — 2x? + 5x — 3 is f’(x) = 12x — 4x + 5. We may think of the 
functions that are added and subtracted as terms of the function f: Then it would 
be correct to say that we may take the derivative of a function term by term. 


EXAMPLE 7 
Find the derivatives of the following functions. 


(a) y = 3x? — 4x? 

(b) p = 39° + 2q? — 3 
(c) u(x) = 5x* + x'4 
(d) y= 4x3 + Vx 


(ec) s= 58 —- 5 
Solution 
(a) y’ = 3(3x?) — 4(2x) = 9x? — 8x 
d, 
(0) 7, 7 389") + 22g) - 0= @ + 4g 


(c) u'(x) = 5(4x3) + 3x73 = 203 + =n 


(d) We may write the function as 
y = 4x3 + x1? 


so 
= 4(3x4) +27? = 122+ 1 
y 2 el 


1 


= 12x7+—— 
2Vx 
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(e) We may write s = S5t° — 1/t? as 


i 
i 


Se 5fo — 2 
so 
dS 2 5 = 5 =3 
dt Mot 2s) ree Ze 
2 
j = 5 ee 
30r + B 
EXAMPLE 8 


Find the slope of the tangent to f(x) = 5x2 + 5x at each of the following. 
(a) x=2 (b) x = —5 

Solution 

The derivative of f(x) = 3x? + 5xisf’(x) =x+ 5. 


(a) Atx = 2, the slope is f’(2) =2+5=7. 
(b) At x = —5, the slope is f’(—5) = —5 + 5 = 0. Thus when x = —S, the tan- 
gent to the curve is a horizontal line. 


| 
| 
| 
| 
| 


3 


True or false: The derivative of a constant times a function is equal to the constant 
times the derivative of the function. 


CHECKPOINT | 
Se ieee ae 


2. True or false: The derivative of the sum of two functions is equal to the sum of the 
derivatives of the two functions. 


3. True or false: The derivative of the difference of two functions is equal to the dif- 
ference of the derivatives of the two functions. 


4. Does the Coefficient Rule apply to f(x) = x”/c, where c is a constant? Explain. 
5. Find the derivative of each of the following functions. 


Gy fH 10. 4S 0) s=5- 10 +1 


6. Find the slope of the line tangent to f(x) = x3 — 4x7 + latx = —1. 


EXAMPLE 9 
Find all points on the graph of f(x) = x? + 3x? — 45x + 4 where the tangent line 
is horizontal. 


Solution 
A horizontal line has slope equal to 0. Thus, to find the desired points, we solve 
f'@w=0. 
f' (x) = 3x? + 6x — 45 
We solve 3x* + 6x — 45 = O as follows: 
3x? + 6x — 45 =0 
3(x2 + 2x — 15) = 0 
i 3(x + 5)\(x — 3) =0 


678 


Chapter 9 Derivatives 


Figure 9.27 


sarvorennanenasrnsivcncnisitiiamrensonanannen Ve Ntntaee sii Oicanionennanninnrnnen Manian sees RiitinebMACAnannnntenMAtenarnset PabI SCIEN htnnAlCCOCCERERtNCHtONBOneOANSMNARS CHD ADNI Rett NCO UANNAL ROSES 


Solving 3(x + 5)(x — 3) = 0 gives x = —5 and x = 3. The y-coordinates for 
these x-values come from f(x). The desired points are (—5, f(—5)) = (—5, 179) 
and (3, f(3)) = (3, —77). Figure 9.27 shows the graph of y = f(x) with these 
points and the tangent lines at them indicated. 


y | f(x) = x3 + 3x2 - 45x4+4 





The marginal revenue R’(x) is used to estimate the change in revenue caused 
by the sale of one additional unit. 


EXAMPLE 10 


Suppose that a manufacturer of a product knows that because of the demand for 
this product, his revenue is given by 


R(x) = 1500x — 0.02x?, 0<=x = 1000 
where x is the number of units sold and R(x) is in dollars. 


(a) Find the marginal revenue at x = 500. 

(b) Find the change in revenue caused by the increase in sales from 500 to 501 
units. 

(c) Find the difference between the marginal revenue found in (a) and the 
change in revenue found in (b). 


Solution 
(a) The marginal revenue for any value of x is 


R’(x) = 1500 — 0.04x 
The marginal revenue at x = 500 is 
R’(500) = 1500 — 20 = 1480 (dollars) 


We can interpret this to mean that the approximate revenue from the sale of 
the 501st unit will be $1480. 
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(b) The revenue at x = 500 is R(500) = 745,000, and the revenue at x = 501 is 
| R(501) = 746,479.98, so the change in revenue is 
i 


R(501) — R(500) = 746,479.98 — 745,000 = 1479.98 (dollars) 


(c) The difference is 1480 — 1479.98 = 0.02. Thus we see that the marginal 
revenue at x = 500 is a good estimate of the revenue from the 501st unit. 


EXAMPLE 11 


Suppose that the killer bees mentioned in the Application Preview enter a county 
in Texas and that the bee population in that county grows over a 6-week period, 
| with the number of bees given by the equation 


P(t) = 2t2 + 10t + 1 
where t¢ is the number of weeks since the first bee is discovered. Find the rate of 
growth of the bee population 2 weeks after the first bee is discovered. 


solution 
| The rate of growth of the bees is given by P’(t) = 4¢ + 10, so the rate of growth 
; 2 weeks after the first bee is discovered is P’(2) = 18 bees per week. 






Graphing Utilities We have mentioned that graphing utilities have a numerical derivative feature 
that can be used to estimate the derivative of a function at a specific value of x. 
This feature can also be used to check the derivative of a function that has been 
computed with a formula. We graph both the derivative calculated with a for- 
mula and the numerical derivative. If the two graphs lie on top of one another, 
the computed derivative agrees with the numerical derivative. Figure 9.28 illus- 
trates this idea for the derivative of f(x) = 4x? — 2x? + 4. Figure 9.28(a) shows 
f'(x) = x? — 4x as y, and the calculator’s numerical derivative of f(x) as y,. 
Figure 9.28(b) shows the graphs of both y, and y, (the graphs are coincident). 


Y¥«Bx2-4% 

Vigne riv¢xa3/3- 
2X%246, XX? | 
Ys: 
Yee 
Yss 
(Yo= 
iY7= 


e/ 






Figure 9.28 (a) (b) 


| EXAMPLE 12 
| (a) Graph f(x) = x? — 3x + 3 and its derivative f’(x) on the same set of axes so 
that all values of x that make f’(x) = 0 are in the x-range. 
(b) Investigate the graph of y = f(x) near values of x where f’(x) = 0. Does the 
graph of y = f(x) appear to turn at values where f’(x) = 
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(c) Compare the interval of x values where f’(x) < 0 with the interval where the 
graph of y = f(x) is decreasing from left to right. 

(d) What is the relationship between the intervals where f’(x) > 0 and where 
the graph of y = f(x) is increasing from left to right? 


| Soiuuon 

(a) The graphs of f(x) = x3 — 3x + 3 and f’(x) = 3x? — 3 are shown in Figure 
i 9.29. 

| (b) The values where f’(x) = 0 are the x-intercepts, x‘= —1 and x = 1. The 
i graph of y = x° — 3x + 3 appears to turn at both these values. 

(c) f'(x) < 0 where the graph of y = f’(x) is below the x-axis, for -1 <x <1. 
The graph of y = f(x) appears to be decreasing on this interval. 


| (d) They appear to be the same intervals. 
| 






f(x) = x3 -3x4+3 


i 
i 
| 











Figure 9.29 a 
CHECKPOINT 
SOLUTIONS | 
1. True, by the Coefficient Rule. 
2. True, by the Sum Rule. 
| 3. True, by the Difference Rule. 
4. Yes, f(x) = x"/c = (I/c)x", so the coefficient is (1/c). 
|S. (a) f'(x) = 10x? — 10 
(b) Note that s = t~> — 10’ + 1 and that 10’ and 1 are constants. 
| CRE ina) 
dic a kee oe 
6. The slope of the tangent at x = —1 is f’(—1). 
f'(x) = 3x2 — 8x f'(-l) = 3(- 1D? — &(-1) = 11 
EXERCISE 9.4 
Find the derivatives of the functions in Problems 1-10. 9. g(x) = 10x? — 5x5 + 7x3 + 5x -—6 
fives 2. f(s) =6 10. h(x) = 12x? + 8x!0 — 2x7 + 17x —9 
3. y=x 4.s=2? aa é 
5. f(x) = 2x3 — x5 6. fx) = 3x4 — x? In Problems 11-14, at the indicated points, find 


(a) the slope of the tangent to the curve, and 


fea Ok 0t4 ec . 
(b) the instantaneous rate of change of the function. 


Boy = oe = Se — oe S 


ll. y=4°+3x x=2 
12 Ce) 3475, (G22) 
13. P(x) = x? — 4x,- (2, =4) 


14. Rx) = l6x+ x24, x=1 


In Problems 15—22, find the derivative of each function. 
15. y=x5+x°8-3 

16. y= x5) x? +13 

17. y= 3x8 — 2x74 — x12 41 Q 

LS. cy SS gOS) 5 

19: fey = 5x49 + 2x-*8 

20. F(x) = 6x78 — x728 


21. a) = 3+ 54505 
jo 
Des h(x) = 7 — a + 8Vx 


In Problems 23-26, write the equations of the tangent 
lines to the curves at the indicated points. 

23. y=x?— 3x7 +5 atx=1 

24. y=x*-— 46-2 atx=2 


25. f(x) =4y—4 atx = 5 
26. f= -3 atx = —-1 


In Problems 27—30, find the coordinates of points where 
the graph of f(x) has horizontal tangents. 
27. fx) = —x> + 9x? — 15x + 6 


28. f(x) = ix — 3x2 — 16x + 8 


29. f(x) =x4- 4349 
30. {@) S395 4.2 


7 In Problems 31 and 32, find each derivative at the given x- 
value (a) by finding the derivative with the appropriate 
rule and (b) with the numerical derivative feature of a 
graphing utility. 

31. y=5—2Vx atx=4 
32. yh ort ate = 8 





7 In Problems 33-36, complete the following. 
(a) Calculate the derivative of each function with the 
appropriate formula. | 
(b) Check your result from (a) by graphing your calcu- 
lated derivative and the numerical derivative of the 
given function with respect to x evaluated at x. 
33 ft) = 2x + 5x — 1 + 8 
34, f(x = 3x? — 8+ 27'= 20 
10 








35. ae aid 
5 4 
36. g(x) = s09 + ie 
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B/ The tangent line to a curve at a point closely approximates 
the curve near the point. In fact, for x-values close enough 
to the point of tangency, the function and its tangent line 
are virtually indistinguishable. Problems 37 and 38 
explore this relationship. Use each given function and the 
indicated point to complete the following. 

(a) Write the equation of the tangent line to the curve at 
the indicated point. 

(b) Use a graphing utility to graph both the function and 
its tangent line. Be sure your graph shows the point 
of tangency. 

(c) Repeatedly zoom on the point of tangency until the 
function and the tangent line cannot be distinguished. 
Identify the x- and y-ranges in this window. 

37. f@) = 3x2: +/2x Mate =A 

38. f@) = 4x — x? “atx =5 


= / For each function in Problems 39-42, do the following. 

(a) Find f’(x). 

(b) Graph both f(x) and f’(x) with a graphing utility. 

(c) Use the graph of f’(x) to identify x-values where 
Sf’) = 0, f'(x) > 0, and f’(x) < 0. 

(d) Use the graph of f(x) to identify x-values where f(x) 
has a maximum or minimum point, where the graph 
of f(x) is rising, and where the graph of f(x) is falling. 

39. fe) = Bi 2 ee 

40. f(x) = x2 + 4x -— 12 

41. fiji les 


3 
AD SGN = ome mai 


Applications 


43. Revenue Suppose that a wholesaler expects that his 
monthly revenue for small television sets will be 


R(x) = 100x — 0.1x?7, 0=x = 800 


where x is the number of units sold. Find his marginal 
revenue and interpret it when the quantity sold is 
(a) x = 300 (b) x = 600 


. Revenue The total revenue for a commodity is 
described by the function 


R = 300x — 0.02x? 


(a) What is the marginal revenue when 40 units are 
sold? 
(b) Interpret your answer to (a). 


Boze 


45. 


46. 


47. 


48. 


49. 
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Workers and output The weekly output of a certain 
product is 


Q(x) = 200x + 6x? 


where x is the number of workers on the assembly 

line. There are presently 60 workers on the line. 

(a) Find Q’(x) and estimate the change in the weekly 
output caused by the addition of one worker. 

(b) Calculate 0(61) — Q(60) to see the actual change 
in the weekly output. 


Capital investment and output The monthly output 
of a certain product is 


Q(x) = 800x5? 


where x is the capital investment in millions of dol- 
lars. Find dQ/dx, which can be used to estimate the 
effect on the output if an additional capital investment 
of $1 million is made. 


Demand The demand g for a product depends on 
the price p (in dollars) according to 


a 100, 
Gust Vp 
Find and explain the meaning of the instantaneous 
rate of change of demand with respect to price when 
the price is 
(a) $25 (b) $100 
Demand Suppose that the demand for a product 
depends on the price p according to 
50, OW 1 
D(p) = > 
where p is in dollars. Find and explain the meaning of 
the instantaneous rate of change of demand with 


respect to price when 
(a) p= 50 (b) p= 


Cost and average cost Suppose that the total cost 
function for the production of x units of a product is 
given by 


for p >0 





p>o 


C(x) = 4000 + 55x + 0.1x? 


Then the average cost of producing x items is 


(a) Find the instantaneous rate of change of average 
cost with respect to the number of units pro- 
duced, at any level of production. 

(b) Find the level of production at which this rate of 
change equals zero. 


ss Oe 


50. 


51: 


D2. 


33. 


Cost and average cost Suppose that the total cost 
function for a certain commodity is given by 


C(x) = 40,500 + 190x + 0.2x? 


where x is the number of units produced. 
(a) Find the instantaneous rate of change of the aver- 
age cost 


ae 200 » 190 + 0.22 


for any level of production. 
(b) Find the level of production where this rate of 
change equals zero. 


Cost-benefit Suppose that for a certain city the cost 
C of obtaining drinking water that contains p percent 
impurities (by volume) is given by 


oe 120,000 Son 


(a) Find the rate of change of cost with respect to p 
when impurities account for 1% (by volume). 

(b) Write a sentence that explains the meaning of 
your answer in (a). 


Cost-benefit Suppose that the cost C of processing 
the exhaust gases at an industrial site to ensure that 
only p percent of the particulate pollution escapes is 
given by 


oe ee —p) 


(a) Find the rate of change of cost C with respect to 
the percentage of particulate pollution that 
escapes when p = 2 (percent). 

(b) Write a sentence interpreting your answer to (a). 


Wind chill One form of the formula that meteorolo- 
gists use to calculate wind chill temperature (WC) is 


WC = 48.064 + 0.474t —.0.020ts — 1.855 
+ 0.304tVs — 27.745 


where s is the wind speed in mph and t is the actual 

air temperature in degrees Fahrenheit. Suppose tem- 

perature is constant at 15°. 

(a) Express wind chill WC as a function of wind 
speed s. 

(b) Find the rate of change of wind chill with respect 
to wind speed when the wind speed is 25 mph. 

(c) Interpret your answer to (b). 


54. Allometric relationships—crabs 


AG 55. 


For fiddler crabs, 
data gathered by Thompson* show that the allometric 
relationship between the weight C of the claw and the 
weight W of the body is given by 


C=0.11w'* 


Find the function that gives the rate of change of claw 
weight with respect to body weight. 


Union participation The following table shows the 
percentage of U.S. workers who belonged to unions 
for selected years from 1930 to 1996. 


Year Percentage 
1930 11.6 
1940 26.9 
1950 315 
1960 31.4 
1970 2F.35 
1975 253 
1980 21.9 
1985 18 
1990 16.1 
1993 15.8 
1994 155 
1995 14.9 
1996 14.5 


Source: World Almanac, 1998 


Model these data with a cubic function, u(x), 
where x is the number of years past 1900. 

For the period from 1980 to 1985, use the data 
points to find the average rate of change of the 
percentage of U.S. workers who belonged to 
unions. 

Find the instantaneous rate of change of the mod- 
eling function u(x) for the year 1980. 


(a) 
(b) 


(c) 


8@ 56. Population below poverty level The table below 


shows the number of millions of people in the United 
States who lived below the poverty level for selected 
years between 1960 and 1996. 


*q’Arcy Thompson, On Growth and Form (Cambridge, England: 
Cambridge University Press, 1961). 


BQ 57. 
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Persons Living Below the 


Poverty Level 
Year (millions) 
1960 39.9 
1965 53.2 
1970 25.4 
1975 25.9 
1980 29:3 
1986 32.4 
1990 33.6 
1993 39.3 
1994 38.1 
1995 36.4 
1996 36.5 


Source: The World Almanac and 
Book of Facts, 1998 


(a) Model these data with a cubic function p = p(t), 
where p is the number of millions of people and t 
represents the number of years since 1900. 

Find the rate of growth in the number of persons 
living below the poverty level in 1980. 

Interpret your answer to (b). 


(b) 


(c) 


Inflation rate The annual change in the consumer 
price index (CPI) for a 10-year period is shown in the 
table below. Assume that the annual change in the 
CPI can be modeled with a cubic function, f(t), where 
t is the number of years past 1900. 


Annual Percent 
Year Change in the CPI 
1987 3.6 
1988 4.1 
1989 4.8 
1990 5.4 
1991 4.2 
1992 3.0 
1993 3.0 
1994 2.6 
1995 2.8 
1996 3.0 


Source: The World Almanac 
and Book of Facts, 1998 


Find the function, f(#), that models the data. 

Find the function that models the instantaneous 
rate of change of the CPI. 

Use the model found in (b) to find the instanta- 
neous rate of change in 1989 and 1994. 

Interpret the two rates of change in (c). 


(a) 
(b) 


(c) 
(d) 
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Assume that consumer debt as a percentage of dispos- 

able income can be modeled with a fourth-degree 

function, d(t), where t is the number of years past 

1900. 

(a) Find the function d(t) that models the data. 

(b) Find the function that models the instantaneous 
rate of change of consumer debt as a percentage 
of disposable income. 


f& 58. Consumer debt The percentage of disposable 
income spent on consumer debt during certain years 
is shown in the table below. 


Consumer Debt as Consumer Debt as a 


a Percentage of a Percentage of 
Year Disposable Income Year Disposable Income 
ee aaa elie NE Ee Es ee ee a ee ee eS 


1980 18.2 1990 20.0 (c) Use the model found ir (b) to find the instanta- 
1982 16.9 1991 18.9 neous rate of change in 1985 and in 1995. 

1983 177 1994 19.7 (d) Interpret the two rates of change found in (c). 
1985 20.8 1995 Dies 

1986 21.4 1996 PEST 

1988 21.0 


Source: Federal Reserve System 


9.5 Product and Quotient Rules 


OBJECTIVES 
= Jo use the Product Rule to find 
the derivative of certain functions 
= Jo use the Quotient Rule to find 
the derivative of certain functions 





We have simple formulas for finding the derivatives of the sums and differences 
of functions. But we are not so lucky with products. The derivative of a product 
is not the product of the derivatives. To see this, we consider the function f(x) = 
x + x. Because this function is f(x) = x’, its derivative is f’(x) = 2x. But the prod- 
uct of the derivatives of x and x would give 1 - 1 = 1 # 2x. Thus we need a dif- 
ferent formula to find the derivative of a product. This formula is given by the 
Product Rule. 





RR 


Product Rule _ If f(x) = u(x) - v(x), where u and y are differentiable functions of x, then 
f'() = ue) - v'@) + (x) < u'@) 


srs RAR SE SS 8 SS SS se cn een neers, 


LOE SES SS GSES ES ES ERI a es ee ree ener 


*Source: Thrall, R. M., et al., Some Mathematical Models in Biology, U.S. Department of 
Commerce, 1967. E 
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Thus the derivative of a product of two functions is the first function times 
the derivative of the second plus the second function times the derivative of the 
first. 

We can prove the Product Rule as follows. If f(x) = u(x) - v(x), then 


tin £0 A) =F) =e Tie u(x + h)-v(x + h) — u(x)-v(x) 


h—0 h h0 h 





Subtracting and adding u(x + h) - v(x) in the numerator gives 


u(x + h)-v(x+h) — u(x +h)-v(x) + u(x + h)-v(x) — u(x)-v(x) 





ee pn h , 
- lim (u(x [a= a ) - (0) 4 ee “))) 
Properties III and IV of limits give 


u(x +h) — u(x) 
h 


Because u is differentiable and hence continuous, it follows that lim u(x + h) 
= u(x), So we have f’(x) = u(x) - v'(x) + v(x): u'(x). 


Fee ge Vet A) RV) ne, 
f'(x) = kim u(x + h)- lim h + lim v(x) - lim 


h-0 


EXAMPLE 1 
Use the Product Rule to find the derivative of f(x) = x? - x. 
Solution 
Using the formula with u(x) = x, v(x) = x, we have 
f'(x) = ux) + v'(x) + v(x) + u'(x) 
= x?-1 + x(2x) 
= 2x" 


= 3x7 


Note that we could have found the same result by multiplying the factors 
and finding the derivative of f(x) = x3. But we will soon see how valuable the 
Product Rule is. 


EXAMPLE 2 
Find dy/dx if y = (2x3 + 3x + 1)(x? + 4). 


Solution 
Using the Product Rule with u(x) = 2x? + 3x + 1 and v(x) = x? + 4, we have 


@ = (ax! + 3x + 1)(2x) + (x? +4)(6 +3) 


= Axe 6x 2x Ox 3x dee 1D 
= 10x? + 33x27 + 2x + 12 
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We could, of course, avoid using the Product Rule by multiplying the two 
factors before taking the derivative. But multiplying the factors first may involve 
more work than using the Product Rule. 


EXAMPLE 3 
Given f(x) = (4x3 + 5x? — 6x + 5)(x3 — 4x? + 1), find the slope of the tangent 
to the graph of y = f(x) atx = 1. 


Soiution 
f'(x) = (4x3 + 5x? — 6x + 5)(3x? — 8x) + (3 — 4x? + 1)(12x? + 10x — 6) 


i 
i 
If we substitute x = 1 into f’(x), we find that the slope of the curve at x = [ is 
» f’() = 8(—5) + (—2)(16) = —72. 


The rule for finding the derivative of a function that is the quotient of two 
functions requires a new formula. 





en BRM a8 SER ee east 
Quotient Rule If f(x) = u(x)/v(x), where u and v are differentiable functions of x, with v(x) # 0, 
then 


segy = YOe) uta) = w(x) = 9"(2) 
ee col 


The preceding formula says that the derivative of a quotient is the denomi- 
nator times the derivative of the numerator minus the numerator times the deriv- 
ative of the denominator, all divided by the square of the denominator. 

To see that this rule is reasonable, consider the function f(x) = x3/x, x # 0. 
Using the Quotient Rule, with u(x) = x? and v(x) = x, we get 

pa Oe rare OU eh ie Oe 
oes x ae Fe 
Because f(x) = x3/x = x? if x # 0, we see that f’(x) = 2x is the correct deriva- 
tive. The proof of the Quotient Rule is left for the student in Problem 41 of the 
exercises in this section. 


EXAMPLE 4 


If f(x) = x i e find f'(x). 





Solution 
Using the Quotient Rule with u(x) = x? — 4x and v(x) = x + 5, we get 


(e+ 5)(2%— 4). — (47 —4x)(1) 








| Be @+5) 

| _ 2x° + 6x — 20 — x? + 4x 
| (x +5)? 

| _ x? + 10x — 20 


(x +5)/ 


| 
| 
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EXAMPLE 5 


If fx) = eat? , find f’(x). 


| Solution 


i 
: 


| 
| 
| 


\oansaatantnanasoansaransonssossssensnniabn tases sssoaninnnisiiiinwnwnonainenwvewerivundnnennnnwwnanennnianranaanasaunsiihitennecny 





CHECKPOINT | 
| 





| Using the Quotient Rule with u(x) = x° — 3x7 + 2 and v(x) = x? — 4, we get 


in (eS OR ae = 3 P22) 
f'(x) = (x? — 4p? 
Cx Or se) (r= Or 4s) 
(4) 





x= 12x* + 20x 
ay 


EXAMPLE 6 
Use the Quotient Rule to find the derivative of y = 1/x?. 


Solution 


Letting u(x) = 1 and v(x) = x°, we get 

ore (0) = Loe) 
Gay 
a 
ie 
3 


x4 


| Note that we could have found the derivative more easily by writing 


y= 1Pe=x? 


y= —3x74= aah 


es 
oN 


Recall that we proved the Powers of x Rule for positive integer powers and 
assumed that it was true for all real number powers. In Problem 42 of the exer- 
cises in this section, you will be asked to use the Quotient Rule to show that the 
Powers of x Rule applies to negative integers. 

It is not necessary to use the Quotient Rule when the denominator of 
the function in question contains only a constant. For example, the function 

= (x3 — 3x)/3 can be written y = 3(x? — 3x), so the derivative is y’ = 3(3x? — 3) 
Se oe 


1. True or false: The derivative of the product of two functions is equal to the prod- 
uct of the derivatives of the two functions. 


2. True or false: The derivative of the quotient of two functions is equal to the quo- 


i 
i 
i 


tient of the derivatives of the two functions. 
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| 3. Find f’(x) for each of the following. 
(a) f(x) = (x2 + 8x9 — (10x? — 4x + 19) Do not simplify. 


QS pee 
| (0) fo) = 3445 Simplify. 
4. If y = $(x? + 3x — 4), does finding y’ require the Product Rule? Explain. 


5. If y = f(x)/c, where c is a constant, does finding y’ require the Quotient Rule? 
| Explain. 


‘\ 








EXAMPLE 7 
| Suppose that the revenue function for a product is given by 
SS 100x 
R(x) = 10x + Fea 


where x is the number of units sold and R is in dollars. 


3 


¢ 


| (a) Find the marginal revenue function. 
(b) Find the marginal revenue when x = 15. 





Solution 
(a) We must use the Quotient Rule to find the marginal revenue (the derivative). 


_ (Gx +5)(100) = 100x(3) 


g 


MR = R'(x) = 10 


(3x +5)? 
ek are ea fe sy 
(b) The marginal revenue when x = 15 is R’(15). 
| R'(15) = 10+ Tayrigy pape = 19+ cegy 
= 10+ 2% = 10.20 


Recall that R’(15) estimates the revenue from the sale of the 16th item. 


We now consider the problem posed in the Application Preview. 


EXAMPLE 8 


When medicine is administered, reaction (measured in change of blood pressure 
or temperature) can be modeled by 


| rom (5-8) 
| 


where c is a positive constant and m is the amount of medicine absorbed into the 
blood. The rate of change of R with respect to m is the sensitivity of the body to 
medicine. Find an expression for sensitivity s as a function of m. 
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Soution 
The sensitivity is the rate of change of R with respect to m, or the derivative 


EXAMPLE 9 





(a) Graph f(x) = oy and its derivative on the same set of axes over an inter- 


val that contains the x-values where f’(x) = 0. 

(b) Determine the values of x where f’(x) = 0 and the intervals where f’(x) > 0 
and where f’(x) < 0. 

(c) What is the relationship between the derivative f’(x) being positive or nega- 
tive and the graph of y = f(x) increasing (rising) or decreasing (falling)? 


Solution 
We find the derivative of f(x) by using the Quotient Rule. 


_ (x? + 4)(8) — (8x)(2x) 


I) (x? “a 4) 
_ 32-8¢ 
“(ray 


(a) The graphs of f(x) = ay and f’(x) = a are shown in Figure 9.30. 


(b) We can use TRACE or one of the solution features to find that f’(x) = 0 at 
x = —2 and x = 2. In the interval —2 < x < 2, the graph of y = f’(x) is above 
the x-axis, so f’(x) is positive for -2 < x < 2. In the intervals x < —2 and 
x > 2, the graph of y = f’(x) is below the x-axis, so f’(x) is negative there. 

(c) The graph of y = f(x) appears to turn at x = —2, and at x = 2, where 
f'(x) = 0. The graph of y = f(x) is increasing where f’(x) > 0 and decreas- 

Figure 9.30 ing where f’(x) < 0. 





CHECKPOINT 

SOLUTIONS | 
; 1. False. The derivative of a product is equal to the first function times the derivative 
_ of the second plus the second function times the derivative of the first. That is, 


d d 
f (fe) =p Ese -F 








2. False. The derivative of a quotient is equal to the denominator times the derivative 
of the numerator minus the numerator times the derivative of the denominator, all 
divided by the square of the denominator. That is, 
| ad Sie PONE EY aif eg" 

dx \g c- 
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1 3. (a) f'@) = 2 + 8x5 — 7(70x5 = 4) + (10x? — 4x + 19)(12x" + 40x4) 


(3x4 + 2)(8x) — (2x4 + 3)(12x) 





(b) f'@) = 





(3x4 +2) 
eA Gre 2a ON 20s 
2: (3x*+ 2)? (3x* +2)? 


4. No; y’ can be found with the Coefficient Rule: 


y=FQr+3) 5 


5. No; y’ can be found with the Coefficient Rule: 


EXERCISE 9.5 





— 


. Find y’ if y = (x + 3)? — 2x). 
2. Find f'(x) if f(x) = Bx — IG + 1. 


d 
a Find 77 ifp = (3q — 1)(q? + 2). 


4. Find © if s = (t4 + 1)(3 - 1). 
5. If f(x) = (x2 + 3x4 + 4)(4x? — 1), find f’(). 
d 

6. If y = (3x7 + 4)(8x° — 6x* — 9), find 2 
In Problems 7-10, find the derivative, but do not simplify 
your answer. 

Toy xe — 5x + 2 — 14a tox) = 5x7 6 3x) 

8. y = (9x9 — 7x7 — 6x)(3x° — 4x* + 3x3 — 8) 

9. y=(x2 +x + 1x — 2Vx + 5) 

10. y= (Wx — 2Vx + 1)? — 5x — 7) 


In Problems 11 and 12, at each indicated point find 
(a) the slope of the tangent line, and 

(b) the instantaneous rate of change of the function. 
11. y= (@? + 1)G2 — 4x) at (—2, 0) 

12. y= (2 — 3)? — 4x + 1) at @, —15) 


In Problems 13-24, find the indicated derivatives. 


13. y’ fory = ST 


x2 
14. f’(x) for f(x) = aes 


a Tega! 
dq ee sq 

24 
16. C'(x) for ce) = 274 
dy 1 — 2x? 


ee es 


iD: 








yr @lze 


18. a fors = a 
19. for: = x2 + = 
20. ® tory S 200% = we 
21. a for p = va 
ode 2 tory = a 
23. y' fory = Seas 
(eee Ee) 


x? +1. 


In Problems 25 and 26, at the indicated point for each 
function, find 

(a) the slope of the tangent line, and 

(b) the instantaneous rate of change of the function. 


2 
= 
25. y= 2 at (2, 1) 


x? — Ax 1 
26. y= PE mn ax at 2-5 


In Problems 27—30, write the equation of the tangent line 
to the graph of the function at the indicated point. 

27. y = (9x? — 6x +1)1+2x) atx=1 

28. y = (4x7 + 4x + 1)(7- 2x) atx=0 








3x4 -2x-1 
29. a gs Tac teal atx = 1 
_ x4 
30. Yee atx =2 


/ In Problems 31-34, use the numerical derivative feature 


of a graphing utility to find the derivative of each function 
at the given x-value. 


= (4ve+3)(3e- 5-25) atx = 1 
x x 
Sr ae a ee ee i a I 
oN x 
—4 

53) f= fe atx =1 

ee i 
34. f(x) = oy atx = —l 


/ In Problems 35-38, complete the following. 


(a) Find the derivative of each function, and check your 
work by graphing both your calculated derivative and 
the numerical derivative of the function. 

(b) Use your graph of the derivative to find points where 
the original function has horizontal tangent lines. 

(c) Use a graphing utility to graph the function and indi- 
cate the points found in (b) on the graph. 








35, fie) = Go 4x 4) 7) 
36. f(x) = (x? — 14x + 49)(2x + 1) 

2 ~ xs 7 
gers 38. y= = 


7 In Problems 39 and 40, 


(a) find f’(). 

(b) graph both f(x) and f’(x) with a graphing utility. 

(c) identify the x-values where f(x) = 0, f’(x) > 0, and 
7 @) <0: 

(d) identify x-values where f(x) has a maximum point or 
a minimum point, where f(x) is increasing, and where 
f(x) is decreasing. 


2 aa 
39. fz) = 40. fx) = = 


41. Prove the Quotient Rule for differentiation. (Hint: 
Add [—u(x) - w(x) + u(x) - vW(x)] to the expanded 
numerator and use steps similar to those used to 
prove the Product Rule.) 

42. Use the Quotient Rule to show that the Powers of x 
Rule applies to negative integer powers. That is, show 
that (d/dx)x" = nx""' whenn = —k, k > 0, by find- 
ing the derivative of f(x) = x"). 


2 


Applications 


43. Cost-benefit If the cost C of removing p percent of 
the particulate pollution from the exhaust gases at an 


industrial site is given by 


C(p) = 


find the rate of change of C with respect to p. 


8100p _ 
100 — p 


45. 


47. 


48. 


49. 
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. Cost-benefit If the cost C of removing p percent of 


the impurities from the waste water in a manufactur- 
ing process is given by 


9800 
Cop) 
Oe LOS 


find the rate of change of C with respect to p. 


Revenue Suppose the revenue function for a prod- 
uct is given by 
_ 60x? + 74x 
ROS ie 


Find the marginal revenue when 49 units are sold. 
Interpret your result. 





. Revenue The revenue from the sale of x units of a 
product is given by 
— 3000 7 
R(x) = ax eg + 80x 1500 


Find the marginal revenue when 149 units are sold. 
Interpret your result. 


Revenue A travel agency will plan a group tour for 
groups of size 25 or larger. If the group contains 
exactly 25 people, the cost is $300 per person. If each 
person’s cost is reduced by $10 for each additional 
person above the 25, then the revenue is given by 


R(x) = (25 + x)(300 — 10x) 


where x is the number of additional people above 25. 
Find the marginal revenue if the group contains 30 
people. Interpret your result. 


Revenue McRobert’s TV Shop sells 200 sets per 
month at a price of $400 per unit. Market research 
indicates that the shop can sell one additional set for 
each $1 it reduces the price, and in this case the total 
revenue is 


R(x) = (200 + x)(400 — x) 


where x is the number of additional sets beyond the 
200. If the shop sells a total of 250 sets, find the mar- 
ginal revenue. Interpret your result. 


Response to a drug The reaction R to an injection 
of a drug is related to the dosage x according to 


R(x) = (500 - 2) 


where 1000 mg is the maximum dosage. If the rate of 
reaction with respect to the dosage defines the sensi- 
tivity to the drug, find the sensitivity. 
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50. 


Oils 


OZ. 


53. 


54. 
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Nerve response The number of action potentials 
produced by a nerve, ¢ seconds after a stimulus, is 
given by 





4 
Find the rate at which the action potentials are pro- 
duced by the nerve. 


Test reliability If a test having reliability r is length- 
ened by a factor n, the reliability of the new test is 


given by 


nr 


Se a <= 
1+ (n= 1)r O Shee 


R 


Find the rate at which R changes with respect to n. 


Advertising and sales The sales of a product s (in 
thousands of dollars) are related to advertising 
expenses (in thousands of dollars) by 


200x 


Sone 310) 


Find and interpret the meaning of the rate of change je 


of sales with respect to advertising expenses when 
(a) x= 10 (b) x = 20 


Candidate recognition Suppose that the proportion 
P of voters who recognize a candidate’s name t 
months after the start of the campaign is given by 


13t 


+100 7°" 


P(t) = 
(a) Find the rate of change of P when t = 6 and 
explain its meaning. 
(b) Find the rate of change of P when t = 12 and 
explain its meaning. 
(c) One month prior to the election, is it better for 
P’(£) to be positive or negative? 


Endangered species population It is determined 
that a wildlife refuge can support a group of up to 
120 of a certain endangered species. If 75 are intro- 
duced onto the refuge and their population after ¢ 
years is given by 


4t 
p(t) =75 (1 te a 


find the rate of population growth after ¢ years. Find 
the rate after each of the first 7 years. 


Do: 


56. 





Wind chill According to the National Climatic Data 
Center, during 1991, the lowest temperature recorded 
in Indianapolis, Indiana, was O°F. If x is the wind 
speed in miles per hour and x = 5, then the wind chill 
(in degrees Fahrenheit) for an air temperature of O°F 
can be approximated by the function 


289i DS 
Pata 


f(x) = 


(a) At what rate is the wind chill changing when the 
wind speed is 20 mph? 
(b) Explain the meaning of your answer to (a). 


Response to injected adrenalin Experimental evi- 
dence has shown that the concentration of injected 
adrenaline x is related to the response y of a muscle 
according to the equation 


Ey 
a+bx 





Ve 


where a and D are constants. Find the rate of change 
of response with respect to the concentration. 


. Social Security America’s 45 million Social Security 


recipients got a 2.6% cost-of-living increase in 1994. - 
That was the second-smallest increase in nearly 20 
years, a reflection of the low inflation rate. The fol- 
lowing data show the percent increases for selected 
years. (We will assume that t = 0 in 1985.) 


Percent Increase 
Year in Cost of Living 
1989 4.0 
1990 4.9 
1991 2.1 
1992 4.1 
1993 3.5 
1994 2.6 


Source: Social Security Administration 


Assume these data can be modeled by the equation 
C(t) = (¢ + 5)(—0.218t + 3.57) — 20.13 


(a) Find the rate of change of the cost-of-living 
increase as predicted by the model for 1990. 

(b) Interpret your answer to (a). 

(c) Graph both the data and the model using a graph- 
ing utility. 

(d) From the graph in (c), identify t-values for which 
the model must be invalid. 


who have tried hallucinogens is shown in the table 
below for selected years. 


Year of 

Graduation Hallucinogens 
1975 16.3 
1978 14.3 
1980 13.3 
1983 11.9 
1984 10.7 
1985 10.3 
1986 9.7 
1987 10.3 
1988 8.9 
1989 9.4 
1990 9.4 
199] 9.6 

Source: National Institute on Drug 

Abuse 


The data from the table indicate that the percentage of 
high school seniors who have tried hallucinogens can 
be modeled with the function 


fF, = 216.074 — (t + 70)(2.782 — 0.02421) 


where t is the number of years past 1970. 

(a) Find the function that models the instantaneous 
rate of change, with respect to time, of the per- 
centage of seniors who have tried hallucinogens. 

(b) Use the model in (a) to find the instantaneous 
rate of change in 1978 and in 1988. 

(c) Interpret each rate of change found in (b). 
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Ry 58. Drug use The percentage of high school seniors §/ 59. Farm workers The percentage of U.S. workers in 


farm occupations during certain years is shown in the 
table. 


Percent of All Workers 
Year in Farm Occupations 
1820 eS 
1850 63.7 
1870 pie, 
1900 STD 
1920 27 
1930 212 
1940 17.4 
1950 11.6 
1960 6.1 
1970 3.6 
1980 2.1 
1985 2.8 
1990 2.4 


Source: The World Almanac and 
Book of Facts, 1993 


Assume that the percentage of U.S. workers in farm 
occupations can be modeled with the function 


— 8.0912t + 1558.9 
1.098161? — 122.183t + 21472.6 





f(t) = 1000 - 


where f is the number of years past 1800. 

(a) Find the function that models the instantaneous 
rate of change of the percentage of U.S. workers 
in farm occupations. 

(b) Use the model in (a) to find the instantaneous 
rate of change in 1870 and in 1970. 

(c) Interpret each of the rates of change in (b). 


9.6 The Chain Rule and Power Rule 


OBJECTIVES 
@ Jo use the Chain Rule to 
differentiate functions 
= Jo use the Power Rule to 
differentiate functions 
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Recall from Section 1.2, “Functions,” that if f and g are functions, then the 
composite functions g of f (denoted g ° f). and f of g (denoted f° g) are defined as 


follows: 
(g°f)(x) = g(f(x)) and (f° g)(x) = f(g) 
EXAMPLE 1 
If f(x) = 3x? and g(x) = 2x — 1, find F(x) = f(g(x)). 
Sofution 


Substituting g(x) = 2x — 1 for x in f(x) gives 
Fe@)) = fer — l= 307 — 1 
Thus F(x) = 3(2x — 1)?. 


We could find the derivative of the function F(x) = 3(2x — 1)* by multiply- 
ing out the expression 3(2x — 1)*. Then 


F(x) = 3(4x? — 44 + 1) = 12x? — 12x +3 


so F’(x) = 24x — 12. But we can also use a very powerful rule, called the Chain 
Rule, to find derivatives of functions of this type. If we write the composite 
function y = f(g(x)) in the form y = f(u), where u = g(x), we state the Chain 
Rule as follows: 


RE NET EARN ESTAR IR TT OSS I IE SRE NILE EINE IS OO ENOL EOE OI 
Chain Rule If f and g are differentiable functions with y = f(u) and u = g(x), then y is a dif- 
ferentiable function of x, and 


a7 fw) Le) 


or, written another way, 


es 
BIS 


|= 





Note that dy/du represents the derivative of y = f(u) with respect to u 
and du/dx represents the derivative of u = g(x) with respect to x. For example, if 
y = 3(2x — 1)*, we may write y = f(u) = 3u?, where u = 2x — 1. Then the 
derivative is 


ae 
dx du 


5/5 


=6u-2=12u 
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To write this derivative in terms of x, we substitute 2x — 1 for u. Thus 


dy 
7s 12(2x— 1) = 24% — 12 
Note that we get the same result by using the Chain Rule as we did by multiply- 
ing out f(x) = 3(2x — 1)?. The Chain Rule is important because it is not always 
_possible to rewrite the function as a polynomial. Consider the following example. 


EXAMPLE 2 

| ify = V2 —1, find 2, 
dx 
| Solution 


If we write this function as y = f(u) = Vu, when u = x? — 1, we can find the 
| derivative. 

dy _ dy du_ 1 ~1/2 ee.) _ 1 ae 
Temmdonsdd ghee a Ag mee 

To write this derivative in terms of x alone, we substitute x2 — 1 for u. Then 


ssh ennrereveraneni 


Note that we could not find the derivative of a function like that of Example 
2 by the methods learned previously. 


| EXAMPLE 3 
eee dy 
ears Ge tant iye i a: 


| Solution 
| If we let u = x? + 3x + 1, we can write y = f(u) =<5 or y = u-. Then 


: eee 
| Substituting for u gives 

| dy —4x-6 

i 


dx (2 +3x+1) 


EXAMPLE 4 
| The relationship between the length L (in meters) and weight W (in kilograms) 
| of a species of fish in the Pacific Ocean is given by W = 10.375L°. The rate of 


growth in length is given by & = 0.36 — 0.18L, where t is measured in years. 


i 
| (a) Determine a formula for the rate of growth in weight a in terms of L. 


(b) Ifa fish weighs 30 kilograms, approximate its rate of growth in weight using 
the formula found in (a). 
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| Solution 

i : 

| (a) The rate of change uses the Chain Rule, as follows: 
dw _ dw aL 


<= 2(0,36 — 0.18L) = 11.205L? — 5.6025L’ 
| Sp a or (C20, OSE) ee 5 


| (b) From W = 10.375L3, we have 





: ee WwW. 
| 2 N0375 
If W = 30 kilograms, L = Vi0 ‘Ol oy mr = 1.4247 meters, so the rate of growth 


in weight is 


am = 120514240) = 5.6025(1.4247)? = 6.542 kilograms/year 


soenesnsnsnsoosbreoenenyeiearabtnsisinseeberwithroneneWeW NSO PhS 


The Chain Rule is very useful and will be extremely important with func- 
tions that we will study later, but a special case of the Chain Rule, called the 
Power Rule, is useful for the algebraic functions we have studied so far. 





LEE LEL LEE 


ace Rule If y = uw”, where u is a differentiable Aeon are % en 














dy — nu” x du 
dx dx 
| EXAMPLE 5 
If y = (x? — 4x)*, find e 
Solution 
The right side of the equation is in the form u", with u = x* — 4x. Thus, by the 
Power Rule, 





Gyre a eae 
Fete ‘ Fe 7 OU (2x — 4) 
Substituting for u gives 
d 
& = 6(x? ~ 4x)5(2x — 4) 


= (12x — 24) (x? - 4x)? 


| EXAMPLE 6 


If y =3V x2 —3x+ 1, findy’. 


CHECKPOINT | 
mwa os pad (A) MG) = 
| — (b) Iff@) = 


(c) If f(x) = 


| 


i 
3 


poison ane-aneostonnanenceneervpentnnansit fe 





sree anernoreonorionceonnnnsnntrenenninnsed 


| 
| 


Prenton 


Solution 
Because y = 
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3(x? — 3x + 1)!*, we can make use of the Power Rule with 


u=x*-—3x4+ 1. 


EXAMPLE if 


p= 


Soltstion 


3q27 +1 aa 


= (x? — 3x + 1)7-79(2x — 3) 
ae 
Or ore 


dp 


find — aa 


We can use the Power Rule to find dp/dq if we write the equation in the form 


Then 


Pea aye 


dp _ 2 ao 
dg = 41-14? + 1) (69) = (3q? + 17 


The derivative of the function in Example 7 can also be found by using the 
Quotient Rule, but the Power Rule provides a more efficient method. 


| EXAMPLE 8 


1 


Find the derivative of g(x) = Vet 
is 


Solution 


Writing g(x) as a power gives 


Then 


2. @) Iffa) 


; 
i 


(b) Iff(@) = 


ie) = (rete 


g'(x) = -3 (2? + 1) (2x) = -32- Geena 


= She 


(3x4 + 1)!9, does f’(x) = 10(3x4 + 1)? 

(2x + 1)5, does f’(x) = 10(2x + 1)4? 

[u(x) ]" _ ntu(x)}?: u'(x), 
G 


, where c is a constant, does f’(x) =i 


Sere find f’(x) by using the Power Rule (not the Quotient Rule). 


Maa 
3 


, find f’(x) by using the Power Rule (not the Quotient Rule). 
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| EXAM 


i 
i 
i 


PLE 9 


| The demand x for a product is given by 


x = 98(2p + 1)? -1 


where p is the price per unit. Find the rate of change of the demand with respect 


| 
i 
3 
j 
2 





| to price when p = 24. 


_ Solution 
| The rate of change of demand with respect to price is 





| dep oak Sey «tle eee 
| i °8| 7 (2P + 1) @| 98(2p + 1) 
| When p = 24, the rate of change is 
| dk =— —3/2 — ° | 
| dp | p=. 98(48 + 1) 98 4932 
: vi; 
| = —98 343 
pour 
i oh 
CHECKPOINT 
SOLUTIONS | 
7 ji. (a) No, f’(x) = 10(3x* + 1)9(12x?). (b) Yes (c) Yes 
| 2. (@) fz) = 12@x7 — 1) 
i 2 -2 seni ASS, 
if (x) = Sax an 1) (4x) — (27 = 1) 
| @) ye) =464- 9" 
Pp kas 27 e Ne x 
fi) = E68 — 1°24) = 
2Vx-1 
EXERCISE 9.6 





In Problems 1-4, find the indicated derivatives. 


if ® tory = wand u =x? + 1 
d 
2: &P for p = u4 and u = q? + 4q 
4 
3: cyfory = ut andu = 4x? —x+8 
4, @ for r = ul and u = s? + 5s 


Differentiate the functions in Problems 5-20. 


ae 
9: 


tt 
12. 


13: 
15: 


De 


ee 
©. BRS ced 
8. p=(qge+1)> 


i 1 
f(x) aes (x? ae Dye 
g(x) = (x? + 4x) 


c(x) = (x2 + 3x+4)3 10. y = (x? — 8x)*8 
S 1 
8%) = 43x + 5) 
3 1 
Y* Gx + 4x + 1)? 
y=Vxe4+4xt5 14. y= VP 43x 
s=4V3x— x? 16. y=3W(x—1) 


8(x? — 3)5 Vi-x 
paren Bah 18, y= 2 VE 
eb 
19. wos ) 3x 
_ V2x~-1- Vx 
Ue eee ee 


At the indicated point, for each function in Problems 
21-24, find 

(a) the slope of the tangent line, and 

(b) the instantaneous rate of change of the function. 


A graphing utility’s numerical derivative feature can be 
used to check your work. 

21. y = (x? + 2x)* atx = 2 

22. y= V5x? + 2x atx = 1 

23. y= Vx + 1 at (2, 3) 


24. y = (4x3 — 5x + 1)3 at (1, 0) 


In Problems 25-28, write the equation of the line tangent 
to the graph of each function at the indicated point. 

25. Y(x* = 3x 3) eo ahd) 

26. y=? + 1)°.. at (2,125) 

27. y= V3x*-2 atx=3 


1 3 
ee =2 
28. y (= :) at x 





7 In Problems 29 and 30, complete the following for each 


function. 

(a) Find f'(x). 

(b) Check your result in (a) by graphing both it and the 
numerical derivative of the function. 

(c) Find x-values for which the slope of the tangent is 0. 

(d) Find points (x, y) where the slope of the tangent is 0. 

(e) Use a graphing utility to graph the function and locate 
the points found in (d). 

29 fia 4) 2 

30. f(x) = 10 —- @? — 2x — 8 


B/ In Problems 31 and 32, do the following for each function 


F(x). 

(a) Find f’(x), 

(b) Graph both f(x) and f’(x) with a graphing utility, 

(c) Determine x-values where f’(x) = 0, f’(x) > 0, 
f'@® <0. 

(d) Determine x-values for which f(x) has a maximum or 
minimum point, where the graph is increasing, and 
where it is decreasing. 

31..f@)= 5 -— 30. -—x2)” 


32. f@) = 3+ ae — 4x) 
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In Problems 33 and 34, find the derivative of each function. 
3 





33. @ y= (b) y= 325 
(C) ye a (d) y= ae 
as ) y= 3 
(c) y= = @y= os 
Applications 


35. Ballistics Ballistics experts are able to identify the 
weapon that fired a certain bullet by studying the 
markings on the bullet. Tests are conducted by firing 
into a bale of paper. If the distance s, in inches, that 
the bullet travels into the paper is given by 


S= 27 CO —40ry 


for 0 < t = 0.3 second, find the velocity of the bullet 
one-tenth of a second after it hits the paper. 


36. Population of microorganisms Suppose that the 
population of a certain microorganism at time t¢ (in 
minutes) is given by 


P = 1000 — 1000(¢ + 10)7! 
Find the rate of change of population. 


37. Revenue The revenue from the sale of x units of a 
product is 


R= 1500x.+ 3000(2x + 3)~' — 1000 


where x is the number of units sold. Find the marginal 
revenue when 100 units are sold. Interpret your result. 


38. Revenue The revenue from the sale of x units of a 
product is 


R = 15(3x + 1)7' + 50x — 15 
Find the marginal revenue when 40 units are sold. 


Interpret your result. 


39. Pricing and sales Suppose that the weekly sales 
volume y (in thousands of units sold) depends on the 
price per unit of the product according to 


y= 3206p + l)s-> op 0 


where p is in dollars. 

(a) What is the rate of change in sales volume when 
the price is $21? 

(b) Interpret your answer to (a). 
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Pricing and sales A chain of auto service stations 
has found that its monthly sales volume y (in thou- 
sands of dollars) is related to the price p (in dollars) 
of an oil change according to 


90 
, = ——,, P = 10 
” Wp S 
(a) What is the rate of change of sales volume when 
the price is $20? 
(b) Interpret your answer to (a). 


Demand Suppose that the demand for a product is 
described by 
_ 200,000 
Sand ele 


(a) What is the rate of change of price with respect 
to the quantity demanded when g = 49? 
(b) Interpret your answer to (a). 


Stimulus-response The relation between the magnitude 
of a sensation y and the magnitude of the stimulus x is 
given by 


y=kax— x,)” 


where k is a constant, x, is the threshold of effective stim- 
ulus, and n depends on the type of stimulus. Find the rate 
of change of sensation with respect to the amount of stim- 
ulus for each of Problems 42-44. 


42. 
43. 
44. 


45. 


46. 


For the stimulus of visual brightness y = k(x — x,)'? 
For the stimulus of warmth y = k(x — x,)®° 

For the stimulus of electrical stimulation 

y = Kx — x)” 

Demand If the demand for a product is described 
by the equation 


HE TOO 


e V2qee 1 
find the rate of change of p with respect to g. 


Advertising and sales The daily sales S (in thou- 
sands of dollars) attributed to an advertising cam- 
paign are given by 


— Se 


fae 
where ¢ is the number of weeks the campaign runs. 
What is the rate of change of sales at 
(a) t= 8? (b) t= 10? 
(c) Should the campaign be continued after the 10th 
week? Explain. 


47. 


48. 


49. 


50. 


By 51. 


Body-heat loss The description of body-heat loss 
due to convection involves a coefficient of convec- 
tion, K,, which depends on wind velocity according 
to the following equation. 


K.=4V4v+1 


Find the rate of change of the coefficient with respect 
to the wind velocity. 


Typing speed The typing speed (in words per 
minute) of a secretarial student is 


S = 10V0.8x+4, O0=sx= 100 


where x is the number of hours of training he has had. 
What is the rate at which his speed is changing and 
what does this rate mean when he has had 

(a) 15 hours of training? 

(b) 40 hours of training? 


Investments If an IRA is a variable-rate investment 
for 20 years at rate r percent per year, compounded 
monthly, then the future value S that accumulates 
from an initial investment of $1000 is 


0.01r |7° 
12 





= 1000) 1 + 


What is the rate of change of S with respect to r 
and what does it tell us if the interest rate is (a) 6%? 
(b) 12%? 


Concentration of body substances The concentra- 
tion C of a substance in the body depends on the 
quantity of the substance Q and the volume V through 
which it is distributed. For a static substance this is 
given by 


For a situation like that in the kidneys, where the flu- 

ids are moving, the concentration is the ratio of the 

rate of change of quantity with respect to time and the 

rate of change of volume with respect to time. 

(a) Formulate the equation for concentration of a 
moving substance. 

(b) Show that this is equal to the rate of change of 
quantity with respect to volume. 


Public debt of the United States The interest paid 
on the public debt of the United States of America, as 
a percentage Of federal expenditures for selected 
years, is shown in the table. 

Assume that the percentage of federal expendi- 
tures devoted to payment of interest can be modeled 
with the function 


Be 52. 


d(t) = —0.1543(0.1t + 3)4 + 4.2743(0.11 + 3)3 
—42.1504(0.12 + 3)? + 175.805(0.1t + 3) 
—251.334 


where ¢t is the number of years past 1930. Use this 
model to determine and interpret the instantaneous 
rate of change of the percentage of federal expendi- 
tures devoted to payment of interest on the public 
debt in 1960 and in 1990. 


Interest Paid as a 
Percentage of Federal 


Year Expenditures 
1930 0 

1940 10.5 
1950 13.4 
1955 9.4 
1960 10.0 
1965 9.6 
1970 9.9 
1975 9.8 
1980 ey: 
1985 18.9 
1990 ie 
1995 22.0 
Source: Bureau of Public Debt, 
Department of the Treasury 


Union membership The table shows the percentage 
of U.S. workers who belonged to unions for selected 


years from 1930 to 1996. 


Union Membership as 
a Percentage of the 
Year Labor Force 
1930 11.6 
1935 13.2 
1940 26.9 
1945 35.0 
1950 31.5 
1955 33.2 
1960 31.4 
1965 28.4 
1970 27.3. 
1975 25.5 
1980 21.9 
1985 18.0 
1990 16.1 
1993 15.8 
1994 15:5 
1995 14.9 
1996 14.5 


Source: Bureau of Labor Statistics, 
Department of Labor 


By 53. 
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Assume that the percentage of the labor force that 
belongs to unions can be modeled with the function 


f() = 0.471100.1f + 2)3 — 10.653(0.1¢ + 2)? 
+ 73.874(0.1t + 2) — 129.237 


where ¢ is the number of years past 1920. Use the 
model to find and interpret the instantaneous rate of 
change of union membership in 1940 and in 1990. 


Persons living below the poverty level The table 
below shows the number of millions of people in the 
United States who lived below the poverty level for 
selected years between 1960 and 1996. 


Persons Living Below 
the Poverty Level 
Year (in Millions) 
1960 39.9 
1965 33:2 
1970 25.4 
1975 25.9 
1980 29.3 
1986 32.4 
1990 33.6 
1993 $93 
1994 38.1 
1995 36.4 
1996 36.5 


Source: The World Almanac and 
Book of Facts, 1998 


Assume that the number of persons below the poverty 
level can be modeled by 


p(t) = —0.001773(t + 60)? + 0.4506(t + 60)? 
—37.44(t + 60) + 1047.8 
where ¢ is the number of years past 1960. Use the 
model to find and interpret the instantaneous rate of 


change of the number of persons below the poverty 
level in 1970 and in 1990. 
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Consumer Price 


By 54. Inflation rate The annual change in the consumer 
Index Annual 


price index (CPI) during certain years is shown in the 


table. Assume that the annual change in the CPI can Year Percent Change 

be modeled with the function 1987 26 
f(t) = 0.0308469(¢ + 87)3 — 8.4978(t + 87)° oe ae 
+ 779.66(t + 87) — 23.820.3 1990 5. A 
where ¢ is the number of years past 1987. 1991 4.2 
1992 3.0 

1993 3.0 ‘ 
1994 2.6 
1995 2.8 
1996 3.0 


Source: The World Almanac 
and Book of Facts, 1998 


Use the model to find and interpret the instantaneous 
rate of change of the CPI in 1990 and in 1995. 


9.7 Using Derivative Formulas 


OBJECTIVE 
® Jo use derivative formulas 
separately and in combination 
with each other 





We have used the Power Rule to find the derivative of functions like 
y= (x? — 3x7 +x4+ 17 
but we have not found the derivative of functions like 
y = (@? + DG + x 4+ 1H 


This function is different because the function u (which is raised to the fifth 
power) is the product of two functions, (x? + 1) and (x3 + x + 1). The equation 
is of the form y = uw, where u = (x + 1)(x? + x + 1). This means that the 
Product Rule should be used to find du/dx. Then 
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= 5. a 
= S[@? + D@ + x+ DIG? + DG? + 1+ G3 +x 4+ 120] 
= S[(x* + 1x3 + x + 1)(Sx* + 6x? + 2x + 1) 


= (25x4 + 30x? + 10x + 5)[(x? + DG +x 4+ 1] 


dy 
dx 


A different type of problem involving the Power Rule and the Product Rule is 
finding the derivative of y = (x? + 1)°(x? + x + 1). We may think of y as the 
product of two functions, one of which is a power. Thus the fundamental for- 
mula we should use is the Product Rule. The two functions are u(x) = (x? + 1) 
and v(x) = x3 + x + 1. The Product Rule gives 


° = u(x) + v'(x) + v(x) - u’(x) 
= (x + 1)°(3x7 +1) + (CP +44 1)[5(x? + 1)42z] 
Note that the Power Rule was used to find u’(x), since u(x) = (x? + 1)°. 
We can simplify dy/dx by factoring (x? + 1)* from both terms: 
2 (x? + 1)*[ (x? + 1)(3x? +1) + GP +x4+1)-5- 25] 


= (x? + 1)*(13x4 + 14x? + 10x + 1) 


EXAMPLE 1 
Pee 
y= (5 , find y’. 


Solution 
We again have an equation of the form y = u”, but this time u is a quotient. Thus 
we will need the Quotient Rule to find du/dx. 


2 di. vol) eed 
y =nu oe Sarit 


/eenanenceescetecsnen simevepsioosceeaessaiosscenentntnttneetececttntosittiietits nnanenetetegeesiees 


Substituting for u and simplifying gives 
ie) aoe ae 
Veeco rs. Tifa ete 
ear (x= 4) 
s Sx (x= 20) SSO? 
pees SGA = Ty 








“erm marreryyntintntenaennanntnniit opens 


| EXAMPLE 2 
: Geb? 
Find f’ (x) if f(x) = G43)" 
Solution 


This function is the quotient of two functions, (x — 1)* and (x* + 3)?, so we must 
use the Quotient Rule to find the derivative of f(x), but taking the derivatives of 
(x — 1)? and (x* + 3)? will require the Power Rule. 
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| ey _@)-#/@) =u) -'@)] 
} sae oa Co); 





(x* + 3)3[2(x — 1)(1)] — (& — 1)°[3(x4 + 3)? 4x7] 
A [(@*+3)P 
_ 2(x° + 3)3(x— 1) —12°(x- 1)?(x* + 3) 
(x* + 3)° 
We see that 2, (x* + 3)?, and (x — 1) are all factors in both terms of the numera- 
tor, so we can factor them from both terms and reduce the fraction. 
; 2(x* + 3) (x= 1G 3) Gc (x1) 
PS eee 
26> Ye —5x* + 6x? + 3) 
(x* + 3)* 





| EXAMPLE 3 
Find f’(x) if f(x) = (x? -— 1)V3 — x’. 


Solution 
| The function is the product of two functions, x? — 1 and V3 — x”. Therefore, 
we will ue se Product Rule to find the derivative of f(x), but the derivative of 
igre (3 — x?)!” will require the Power Rule. 
F'(x) = u(x): v’(x) + v(x) + u’(x) 
=(2-/36- 2-29] + 6-2" 


ec ae rege ie (an ee vakex} 
—x~+ 
<a) 
We can combine these terms over the common denominator (3 — x*)!” as follows: 
fica —-x+x , 2x(3 = x")! —x+x+ 6x — 2x7 
"goat Gay Gey 


_ —3x3 + 7x 
ans ee 


ws + 2x(3 — x*)!? 


We should note that in Example 3 we could have written f’(x) in the form 
fG)= Gee yG ease 2G 32 


Now the factor (3 — x), to different powers, is contained in both terms of the 
expression. Thus we can factor (3 — x?) from both terms. (We choose the 
—1/2 power because it is the smaller of the two powers.) Dividing (3 — x2)~!2 
into the first term gives (—x? + x), and dividing it into the second term gives 
2x(3 — x*)!. Why? Thus we have 
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f'@ = B= 2) +x) + 2x3 - 2) 
_ —3x7+7x 


which agrees with our previous answer. 


CHECKPOINT 
wom 1. If a function has the form y = [u(x)]” - v(x), where n is a constant, we begin to 


find the derivative by using the Rule and then use the Rule to 
find the derivative of [u(x)]”. 


: 2. If a function has the form y = [u(x)/v(x)]", where n is a constant, we begin to find 





the derivative by using the ____ Rule and then use the Rule. 
3. Find the derivative of each of the following and simplify. 
i (4x + 3)’ 

(a) f(x) = 3x4(2x* + 7) (b) 8@) = "79 


We now return to the Application Preview problem. 


| EXAMPLE 4 
, Suppose that the weekly revenue function for a product is given by 


R(x) = 36,000,000x 
Qn 500)? 
where x is the number of units sold. 


(a) Find the marginal revenue function. 
| (b) Find the marginal revenue when 50 units are sold. 


Solution 
| (a) MR = R'@) 
(25+ 500)?(36,000,000) — 36,000,000x{2(2x + 500)'(2) ] 
7 (ant = SSP SEES eee 
36,000,000(2x + 500)(2x + 500 — 4x) 
reniie = Grey 
= 36,000,000(500 — 2x) 
Fe £500 


| 

bi = 36,000,000(500 — 100) 
(6) MR(S0) = R'(50) = “C99 + 5007 
| 





_ 36,000,000(400) 
~ — (600)” 

200 
3 
The marginal revenue is $66.67 when 50 units are sold. That is, the pre- 

dicted revenue from the sale of the 51st unit is approximately $66.67. 


= 66.67 
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It may be helpful to review the formulas needed to find the derivatives of 
various types of functions. Table 9.5 presents examples of different types of 
functions and the formulas needed to find their derivatives. 


las Summa 









Formula 


If f(x) = c, then f’(x) = 0. 

If f(x) = x", then f'(x) = nxt!, 

If g(x) = f(x), then g'(x) = cf). 

If f(x) = u(x) + v(x), then f’(x) = u’(x) + v'(@). 
y = (x? — 2)(x + 4) If f(x) = u(x) - v(>), 

then f’(x) = u(x) - v(x) + v(x): uw’). 








tgs _ ux) cx VK) Ww) =e) 
fo=2z lf flx) = 5G) thens'@) = OP 
y = (x? — 4x)! If y = wv" and u = g(x), then 2 = nig? te a 
es 
y= (3 + 4 Power Rule, then Quotient Rule to find 


where u = aaa 
Ta 





y=(x+1)Vx?+1 Product Rule, then Power Rule to find v'(x), 


where v(x) = Vx? + 1. 


Quotient Rule, then Power Rule to find the derivative of 
the numerator. 


DEER ARLE LPL SO IES OLAS TL TIRES TEM OR IOS UE HOLES 


Ge ao) 
Le Eat oul 





BES LETTE LO ES OES ETI 





CHECKPOINT 
SOLUTIONS | 
, 1. Product, Power 


: 2. Power, Quotient 
3. (a) FG) = 3x4[5(2x4 + 7)*(8x3)] + (2x4 + 7)5(12x3) 
= 120x7(2x4 + 7) + 12x3(2x4 + 7)° 
= 12x3(2x4 + 7)[10x4 + (2x4 + T)] = 12x3(12x4 + 7)(2x4 + 7)4 
(2x — 9)[7(4x + 3)®(4)] — (4x + 3)7(2) 





(b) g (x) = (2x = 9)? 
_ 2(4x + 3)%[14(2x - 9) — (4x +3)] _ 2(24x = 129)(4x + 3)° 
(2x=9) - (2x29) 





EXERCISE 9.7 
Find the derivatives of the functions in Problems 1-32. ieee “as ‘ = 
Simplify and express the answer using positive exponents - 8X) = x 4, y= a 
only. 4 
: 4 1 S. B(x) = Sx* + 6. y = 3x2 + 4Vx 
. = 2. = — 


8. 
9. 


ED: 


LS. 


15. 
16. 


Le 


19! 
20. 
pat 


23. 


ad 
26. 


a: 


29. 
ah. 


y = @? — 5x? + 13 — 3) 





Ss aed 
fay = = Moh iat 
ee 4 10 = 
y= ae 12. y = Gx! — 6x? + 2) 
= 2 x3(4x5 — 5) 14. y = 3x4(2x? + 1)’ 


y 

y = @— 1)°@? + 1) 

f(x) = (5x3 + 1)a* + 5x)? 
ae ay Hee: 

OS ee 

p=[q@+ Iq - 3)P 

y = [(4 — x*)@? + 5x)? 

R(x) = '[x2(x? + 3x)]* — 22. 


_ (2x-1)\* 
y= (424) 24. 


c(x) = P32 + 1) 


5-x*\3 
y=( x! ) 





g(x) = (8x* + 3)°(x3 — 4x) 
y = Bx? — 4x)*(4x2 — 8)? 

Sx? +5 _ W2x-4 
cuca ect wih ails oe 


y = 3xW4x' + 3 
R(x) = xV/3x3 +2 


y=x2W4x —3 30. 
c(x) = 2xV x74 1 32) 


In Problems 33 and 34, find the derivative of each function. 


33. (a) F,@) = aoer (b) F,@) = ea 
@FR@-FFT  @ra=—aigs 
34. (a) G,(x) = Be (b) G,@) = as 
OGW=—s By © 6W=GsITH 


Applications 


355 


36. 


Physical output The total physical output P of 
workers is a function of the number of workers, x. 
The function P = f(x) is called the physical produc- 
tivity function. Suppose that the physical productivity 
of x construction workers is given by 
P=1067 + ly — 10 

Find the marginal physical productivity, dP/dx. 
Revenue Suppose that the revenue function for a 
certain product is given by 

RG) = $5Gx 41) 0x = 15 
where x is in thousands of units and R is in thousands 
of dollars. 


37. 


38. 


Sh 


40. 


41. 


42. 
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(a) Find the marginal revenue when 2000 units are 
sold. 

(b) How is revenue changing when 2000 units are 
sold? 


Revenue Suppose that the revenue function for a 
computer is given by 


R(x) = 60,000x + 40,000(10 + x)~! — 4000 


(a) Find the marginal revenue when 10 units are 
sold. 
(b) How is revenue changing when 10 units are sold? 


Production Suppose that the production of x items 
of a new line of products is given by 


x = 200[(t + 10) — 400(t + 40)-1] 


where t¢ is the number of weeks the line has been in 
production. Find the rate of production, dx/dt. 


National consumption 
function is given by 


C(y) = 20 + 1)"2 + 0.4y +4 


If the national consumption 


find the marginal propensity to consume, dC/dy. 


Demand Suppose that the demand function for an 
appliance is given by 


_ 400(q + 1) 
pee Galea) 


Find the rate of change of price with respect to the 
number of appliances. 


Volume When squares of side x are cut from the 
corners of a 12-inch-square piece of cardboard, an 
open-top box can be formed by folding up the sides. 
The volume of this box is given by 


Vi= x12, — ay 


Find the rate of change of volume with respect to the 
size of the squares. 


Advertising and sales Suppose that sales (in thou- 
sands of dollars) are directly related to an advertising 
campaign according to 


Sh 9 


eee aie 


where t is the number of weeks of the campaign. 
(a) Find the rate of change of sales after 3 weeks. 
(b) Interpret the result in (a). 
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43. 


By 45. 


® Jo find second derivatives and 
higher derivatives of certain 
functions 


Advertising and sales_ An inferior product with an 
extensive advertising campaign does well when it is 
released, but sales decline as people discontinue use 
of the product. If the sales S after t weeks are given by 


200t 


oD ae 


S(t) = 


what is the rate of change of sales when t = 9? 
Interpret your result. 


. Advertising and sales An excellent film with a very 


small advertising budget must depend largely on 
word-of-mouth advertising. If attendance at the film 


after t weeks is given by 
100t 
= GAO); 
what is the rate of change in attendance and what 
does it mean when (a) t = 10? (b) t = 20? 


Farm workers The percentage of U.S. workers in 
farm occupations during certain years is shown in the 
table. 





Year Percent Year Percent 
1820 71.8 1950 11.6 
1850 63.7 1960 6.1 
1870 53 1970 3.6 
1900 37.5 1980 el 
1920 27 1985 2.8 
1930 Mj leP 1990 2.4 
1940 17.4 

Source: The World Almanac and Book of 
Facts, 1993 


Assume that the percentage of U.S. workers in farm 
occupations can be modeled with the function 


1000[ — 8.0912(r + 20) + 1558.9] 


Fl) = 7 09816(t + 20)? — 122.183(1 + 20) + 214726 


where t is the number of years past 1820. 

(a) Find the function that models the instantaneous 
rate of change of the percentage of U.S. workers 
in farm occupations. 

(b) Use the result of (a) to find the instantaneous rate 
of change in 1850 and in 1950. 

(c) Interpret the two rates of change in (b). 


9.8 Higher-Order Derivatives 


OBJECTIVE 





Because the derivative of a function is itself a function, we can take a derivative 
of the derivative. The derivative of a first derivative is called a second deriva- 
tive. We can find the second derivative of a function f by differentiating it twice. 
If f’ represents the first derivative of a function, then f” represents the second 


derivative of that function. 


EXAMPLE 1 


. 


If f(x) = 3x3 — 4x? + 5, find f’(x). 
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Solution 
The first derivative is f’(x) = 9x? — 8x. 
The second derivative is f"(x) = 18x — 8. 


EXAMPLE 2 

Find the second derivative of y = x* — 3x? + x7. 
Solution 

The first derivative is y’ = 4x7 — 6x — 2x73. 

The second derivative, which we may denote by y”, is 


y” = 12x* — 6 + 6x * 


d 2 
It is also common to use = and & f(x) to denote the second derivative of a 


function. 
EXAMPLE 3 
If y = V 2x — 1, find d*y/dx?. 
Solution 
The first derivative is 
® =H (ar 1)-(2) = (28-1) 


The second derivative is 


d*y 1 aie = 5/2 
Ret Oe =e 
sk ak 


TGA Soy 


We can also find third, fourth, fifth, and higher derivatives, continuing indefi- 
nitely. The third, fourth, and fifth derivatives of a function f are denoted by f a 
f®, and f®, respectively. Other notations for the third and fourth derivatives 
include 








m d*y a d°f(x) (4) — d'y x d*f(x) 
Vie ade ce dx eae dx} = ax 


EXAMPLE 4 
Find the first four derivatives of f(x) = 4x3 + 5x? + 3. 


Saiution 
fW= 12x? + 10x, f(x) = 24x + 10, f°" = 24, f%xX) =0 
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| 





CHECKPOINT 


5 
; 





z 
i 
3 


i 
3 
i 


z 
; 
3 


Just as the first derivative, f’(x), can be used to determine the rate of change 
of a function f(x), the second derivative, f”(x), can be used to determine the rate 
of change of f’(x). 


EXAMPLE 5 
Let f(x) = 3x* + 6x3 — 3x? + 4. 


| (a) How fast is f(x) changing at (1, 10)? 


(b) How fast is f’(x) changing at (1, 10)? 
(c) Is f’(x) increasing or decreasing at (1, 10)? 


Solution 
(a) Because f’(x) = 12x? + 18x? — 6x, we have 


fl) = 124+ 18-6 =24 


Thus the rate of change of f(x) at (1, 10) is 24. 
(b) Because f(x) = 36x” + 36x — 6, we have 


f'(l) = 66 


Thus the rate of change of f’(x) at (1, 10) is 66. 
(c) Because f"(1) = 66 > 0, f’(x) is increasing at (1, 10). 


EXAMPLE 6 
Suppose that a particle travels according to the equation 


s = 100t — 16¢2 + 200 


where s is the distance and t is the time. Then ds/dt is the velocity, and d*s/dt? = 
dv/dt is the acceleration of the particle. Find the acceleration. 


Solution 

The velocity is v = ds/dt = 100 — 322, and the acceleration is 
dy _d’s __ 
eee 32 


Suppose that the vertical distance a particle travels is given by — 
s = 4x3 — 12x? + 6 


| where s is in feet and x is in seconds. 
| 1. Find the function that describes the velocity of this particle. 
| 2. Find the function that describes the acceleration of this particle. 


3. Is the acceleration always positive? 
4. When does the velocity of this particle increase? 





(/ Graphing Utilities 


Figure 9.31 
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We can use the numerical derivative feature of a graphing utility to find the sec- 
ond derivative of a function at a point. 


EXAMPLE 7 
Find f’(2) if f(x) = Vx - 1. 
Solution 


We need the derivative of the derivative function, evaluated at x = 2. Figure 9.31 
shows how the numerical derivative feature of a graphing utility can be used to 
obtain this result. 





inDeriv(nDeriv(v¢ 
KAB~4) ,%,X) ,%p2) 


| 
«323969225, 


, 


Thus Figure 9.31 shows that f’(2) = 0.323969225 =~ 0.32397. We can check 
this result by calculating f”(x) with formulas. 


f'(®) = 508 - 1)" 
f"() =F (2 = 1) (6) + 3x?)| -F.@° - 1) 42) 


(2) = 0.3239695483 © 0.32397 


Thus we see that the numerical derivative approximation is quite accurate. 


EXAMPLE 8 

(a) Given f(x) = x* — 12x? + 2, graph f(x) and its second derivative on the 
same set of axes over an interval that contains all x-values where f”(x) = 0. 

(b) When the graph of y = f(x) is opening downward, is f”(x) > 0, f’(x) < 0, or 
Sey = OF 

(c) When the graph of y = f(x) is opening upward, is f"(x) > 0, f’(x) < 0, or 
f'(x) = 0? 


Solution 
(a) f'(x) = 4x3 — 24x and f(x) = 12x* — 24 = 12(x? — 2). Because f"(x) = 0 
at x = —V2 and at x = V2, we use an x-range that contains x = — V2 


and V2. The graph of f(x) = x* — 12x? + 2 and its second derivative, 
f(x) = 12x? — 24, are shown in Figure 9.32. 


| (b) The graph of y = f(x) appears to be opening downward on the same interval 


for which f”(x) < 0. 
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| (c) The graph appears to be opening upward on the same intervals for which 


f(x) > 0. 





Figure 9.32 


CHECKPOINT 
SOLUTIONS | 





second. 


EXERCISE 9.8 


CR 





In Problems 1-8, find the second derivative. 
Tf) = 4x — 15x40 30 2 
2. f(x) = 2x" — 18 — 12x37 + 4 
3. y= 10x? — x7 + 14x +3 
4. y = 6x5 — 3x4 + 12x? 


1 1 

ae ahe Eiurays eras 
5. g(x) =x . 6. hx) =x 2 
7. y=x- Vx 8. y= 3x2 - WH? 


In Problems 9-16, find the third derivative. 
9. y=x° — 16x° + 12 10. y = Gx? — 12x? + & 
Lt. f() = 2x? — 6x° 12. f(x) S38 xe 


13. y= 1/x 14. y = 1/x? 
15. y= Vx 16. y= Wx 
In Problems 17-28, find the indicated derivative. 
17. Ify = x5 — x!”, find oS 
d’y 


18. If y = x4 + x", find ge 





f(x) =x4-12x24+2 





19. 
20. 


20; 


22. 
23. 
24. 
25: 


26. 
Zi 
28. 
Zo 


30. 


1. The velocity is described by s’(x) = 12x7 — 24x. 
2. The acceleration is described by s"(x) = 24x — 24. 


3. No; the acceleration is positive when s(x) > 0—that is, when 24x — 24 > 0. It is 
zero when 24x — 24 = 0 and negative when 24x — 24 < 0. Thus acceleration is 
negative when x < 1 second, zero when x = 1 second, and positive when x > 1 


' 4. The velocity increases when the acceleration is positive. Thus the velocity is 
increasing after 1 second. 


If f(x) = Vx + 1, find f(x). 
If f(x) iS Vx — 5, find f”’(x). 
d 
Find 54 if y = 4x9 — 16x 
Findy® if y=x°— 15x, 
Find f(x) if f(x) = Vx. 
Find f(x) if f(x) = I/x. 
Findy® if y'=Vx-1. 
2 
Find y® if 2 = W472. 
Find f(x) if fx) = x4 1-1. 
2 

- (3), . , = x 
Findf™(x) if f’() pe: 
If f(x) = 16x? — x°, what is the rate of change of 
£ xyat (15)? 
If y = 36x? — 6x + x, what is the rate of change of 
y’ at (1, 31)? 








.7 In Problems 31-34, use the numerical derivative feature 


of a graphing utility to approximate the given second 
derivatives. 


31. f'G)forf@). = 2 - of 


io} 


32. f"(-1) forf) = - 5 


33. f7(21) for f(x) = Vx +4 
1 

34. £"(3) for fe) = ———= 

VG 


/ In Problems 35-38, do the following for each function 


f(x). 

(a) Find f’(x) and f”(x). 

(b) Graph f(x), f’(x), and f”(x) with a graphing utility. 

(c) Identify x-values where f”(x) = 0, f"(x) > 0, and 
r= 0. 

(d) Identify x-values where f’(x) has a maximum point or 
a minimum point, where f’(x) is increasing, and 
where f’(x) is decreasing. 

(e) When f(x) has a maximum point, is f”(x) > 0 or 
Pete) -=—0? 

(f) When f(x) has a minimum point, is f’(x) > 0 or 
PCy? 

35. f(x) = x7 — 3x7 +5 


37. fx) = 30 —x2+3x+7 


38. f(x) =30 = 4x + 10 


36. f@) = 23x — x 


Applications 


39. Acceleration If a particle travels as a function of 
time according to the formula 


s = 100 + 10¢ + 0.0123 
find the acceleration of the particle when t = 2. 


40. Acceleration If the formula describing the distance 
an object travels as a function of time is 


s = 100 + 160 — 16r? 
what is the acceleration of the object when t = 4? 


41. Revenue The revenue from sales of a certain prod- 
uct can be described by 


R(x) = 100x — 0.01x* 


Find the instantaneous rate of change of the marginal 
revenue. 


42. 


43. 


45. 
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Revenue Suppose that the revenue from the sale of 
a product is given by 


R= 70e + 05x 0.001x° 


where x is the number of units sold. How fast is the 
marginal revenue MR changing when x = 100? 


Sensitivity When medicine is administered, reaction 
(measured in change of blood pressure or tempera- 
ture) can be modeled by 


oe Come 
R m(S m 


where c is a positive constant and m is the amount of 

medicine absorbed into the blood (Source: Thrall, R. 

M., et al., Some Mathematical Models in Biology, 

U.S. Department of Commerce, 1967). The sensitivity 

to the medication is defined to be the rate of change 

of reaction R with respect to the amount of medicine 

m absorbed in the blood. 

(a) Find the sensitivity. 

(b) Find the instantaneous rate of change of sensitiv- 
ity with respect to the amount of medicine 
absorbed in the blood. 

(c) Which order derivative of reaction gives the rate 
of change of sensitivity? 


. Photosynthesis The amount of photosynthesis that 


takes place in a certain plant depends on the intensity 
of light x according to the equation 


f(x) = 145x? — 30x 


(a) Find the rate of change of photosynthesis with 
respect to the intensity. 

(b) What is the rate of change when x = 1? when 
x = 3? 

(c) How fast is the rate found in (a) changing when 
x = 1? when x = 3? 


Revenue The revenue (in thousands of dollars) 
from the sale of x units of a product is 


R = 15x + 30(4x + 1)7! — 30 


where x is the number of units sold. 

(a) At what rate is the marginal revenue MR chang- 
ing when the number of units being sold is 25? 

(b) Interpret your result in (a). 
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46. Advertising and sales The sales of a product S$ (in 


47. 


48. 


fe 49. 


thousands of dollars) are given by 


600x 
~ “y+ 40 





where x is the advertising expenditure (in thousands 

of dollars). 

(a) Find the rate of change of sales with respect to 
advertising expenditure. 

(b) Use the second derivative to find how this rate is 
changing at x = 20. 

(c) Interpret your result in (b). 


Advertising and sales The daily sales S (in thou- 
sands of dollars) that are attributed to an advertising 
campaign is given by 
3 18 
5: ge NRSe rt BIR 
where ¢ is the number of weeks the campaign runs. 
(a) Find the rate of change of sales at any time t. 
(b) Use the second derivative to find how this rate is 
changing at t = 15. 
(c) Interpret your result in (b). 


Advertising and sales A product with a large adver- 
tising budget has its sales S (in millions of dollars) 
given by 


500 1000 


oe (42)? 


pod 


where t is the number of months the product has been / 


on the market. 

(a) Find the rate of change of sales at any time t. 

(b) What is the rate of change of sales at t = 2? 

(c) Use the second derivative to find how this rate is 
changing at t = 2. 

(d) Interpret your result from (b) and (c). 


Persons living below the poverty level The table 
below shows the number of millions of people in the 
United States who lived below the poverty level for 
selected years between 1960 and 1996. 





Persons Living Below the 
Poverty Level 


Year (millions) 
1960 39.9 
1965 SB 
1970 25.4 
1975 25.9 
1980 29.3 
1986 32.4 
1990 33.6 
1993 39.3 
1994 38.1 
1995 36.4 
1996 36.5 


Source: The World Almanac and 
Book of Facts, 1998 


Assume that the number of millions of people in the 
United States who lived below the poverty level can 
be modeled by the function 


p(t) = —0.00172327 + 0.12911? — 2.5015t + 40.656 


where t is the number of years past 1960. 

(a) Find the function that models the instantaneous 
rate of change of p(t). 

(b) Use the second derivative to find how this rate is 
changing in 1970 and 1990. 

(c) Interpret the meaning of p’(10) and p"(10). Write 
a sentence that explains each. 


- Consumer debt The percentage of disposable 


income spent on consumer debt during certain years 
is shown in the table below. 


Consumer Debt as a 
Percentage of 





Year Disposable Income 
1980 18.2 
1982 16.9 
1983 AOR 
1985 20.8 
1986 21.4 
1988 21.0 
1990 20.0 
199] 18.9 
1994 19.7 
1995 ee 
1996 23 


Source: Federal Reserve System 


F@ Si. 


Assume that consumer debt as a percentage of dispos- 
able income can be modeied with the function 


d(t) = 0.0028z* — 0.08117 + 0.6827 — 1.3f + 17.9 


where f is the number of years past 1980. 

(a) Find the function that models the instantaneous 
rate of change of the percentage of disposable 
income spent on consumer debt. 

(b) Use the second derivative to determine how this 
rate is changing in 1985 and 1990. 

(c) Write a sentence that explains the meaning of 
d'(15) and another that explains the meaning of 
d"(15). 


Consumer price index The annual change in the 
consumer price index (CPI) during certain years is 
shown in the table below. Assume that the annual 
change in the CPI can be modeled with a cubic func- 
tion, f(t), where ft is the number of years past 1987. 


Annual Percent 


Year Change in CPI 
1987 3.6 
1988 4.] 
1989 4.8 
1990 5.4 
199] 4.2 
1992 3.0 
1993, 3.0 
1994 2.6 
1995 2.8 
1996 3.0 


Source: The World Almanac 
and Book of Facts, 1998 


(a) Find the function f(t) that models the CPI. 

(b) Find the function that models the instantaneous 
rate of change of the annual change in the CPI. 
Use the second derivative to determine how this 
rate is changing in 1991 and 1995. 

Write sentences that explain the meanings of 


f'(8) and f"(8). 


(c) 


(d) 
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52. Union membership The table shows the percentage 


of U.S. workers who belonged to unions for selected 
years from 1930 to 1996. 


Union Membership as a 





Year Percentage of the Labor Force 
1930 ide 
1935 132 
1940 26.9 
1945 355 
1950 Biles) 
E955 B32 
1960 31.4 
1965 28.4 
1970 Dies 
1975 ZS) 
1980 21.9 
1985 18.0 
1990 16.1 
1993 15.8 
1994 15.5 
1995 14.9 
1996 14.5 
Source: Bureau of Labor Statistics, 
Department of Labor 


Assume that the percentage of the labor force that 
belonged to unions can be modeled with a cubic func- 
tion f(t), where t is the number of years past 1930. 

(a) Find the function f(t) that models union member- 
ship as a percentage of the labor force. 

Find the function that models the instantaneous 
rate of change of the percentage of the U.S. labor 
force that belonged to unions. 

Use the second derivative to determine how this 
rate was changing in 1970 and in 1990. 

Write sentences that explain the meanings of 
f'(40) and f"(40). 


(b) 


(c) 


(d) 
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9.9 Applications of Derivatives in Business and 
Economics 


OBJECTIVES 
= Jo find the marginal cost and 
marginal revenue at different 
levels of production 
= Jo find the marginal profit 
function, given information about 
cost and revenue 





We begin this section by defining the marginal cost function. 


5 a ees SE ee i ENE Ee RE eee 
Ee eee 


Marginal Cost 


If C = C(x) is a total cost function for a commodity, then its derivative, 
MC = C’'(x), is the marginal cost function. 





The linear cost function with equation 
C(x) = 300 + 6x (in dollars) 
has marginal cost $6 because its slope is 6. Taking the derivative of C(x) gives 
MC = C'(x) = 6 


which verifies that the marginal cost is $6 at all levels of production. 
The cost function 


C(x) = 1000 + 6x + x? 
has derivative 
C'(x) = 6 + 2x 
Thus the marginal cost at x = 10 (when 10 units are produced) is 
C’(10) = 6 + 2(10) = 26 
and the marginal cost at 40 units is 
C’(40) = 6 + 2(40) = 86 


Note that when a cost function is linear, the marginal cost gives the amount by 
which cost would change if production were increased by 1 unit. When a cost 
function is not linear (as with C(x) = 1000 + 6x + x?), the marginal cost is used 
to estimate the amount by which cost would change if production were increased 
by 1 unit. Thus at 10 units, the marginal cost is $26, so costs would increase by 


Figure 9.33 
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approximately $26 if 1 more unit were produced. (Note that C(11) — C(10) = $27 
gives the actual increase in costs.) Also, at 40 units, the marginal cost is $86, so 
costs would increase by approximately $86 if 1 more unit were produced. 

As noted previously, when the derivative of a function is positive (and thus 
the slope of the tangent to the curve is positive), the function is increasing, and 
the value of the derivative gives us a measure of how fast it is increasing. As we 
saw, the marginal cost for 


C(x) = 1000 + 6x + x? 


is 86 at x = 40 and 26 at x = 10. This tells us that the cost is increasing faster at 
x = 40 than it is at x = 10. 

Because producing more units can never reduce the total cost of production, 
the following properties are valid: 


1. The total cost can never be negative. If there are fixed costs, the cost of pro- 
ducing 0 units is positive; otherwise, the cost of producing 0 units is 0. 

2. The total cost function is always increasing; the more units produced, the 
higher the total cost. Thus the marginal cost is always positive. 

3. There may be limitations on the units produced, such as those imposed by 
plant space. 


The graphs of many marginal cost functions tend to be U-shaped; they even- 
tually will rise, even though there may be an initial interval where they decrease. 


EXAMPLE 1 
If the total cost function for a commodity is C(x) = x? — 9x? + 33x + 30, find 
the marginal cost. 


Solution 
The marginal cost is MC = C’(x) = 3x? — 18x + 33. 

The graph of the total cost function is shown in Figure 9.33(a), and the 
graph of the marginal cost function is shown in Figure 9.33(b). 


C(x) C’(x) 


C’(x) = 3x2- 18x +33 






C(x) = x3 -— 9x2 + 33x + 30 





(a) Total cost function (b) Marginal cost function 


As we saw in Section 9.3, “The Derivative,’ the instantaneous rate of 
change (the derivative) of the revenue function is the marginal revenue. 
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Marginal Revenue 


revenue function is MR = R'(x). 


A OM ERIE CLEATOR LAE DESI ENE 
sreqrecrenna 4109909 II AAA ROPES SORE COTE EEE ETEONT EDMAN PC LEREPOS OTE 


If the demand function for a product in a monopoly market is p = f(x), then 
the total revenue from the sale of x units is 


R(x) = px = f(x) °x 


EXAMPLE 2 
If the demand for a product in a monopoly market is given by 


p = 16 — 0.02x 


where x is the number of units and p is the price per unit, (a) find the total rev- 
enue function, and (b) find the marginal revenue for this product at x = 40. 


| Solution 

| (a) The total revenue function is 

| R(x) = px = (16 — 0.02x)x 
= 16x — 0.02x? 

| (b) The marginal revenue function is 

MR = R'(x) = 16 — 0.04x 


At x = 40, R’(40) = 16 — 1.6 = 14.40. Thus the 41st item sold will 
increase the total revenue by approximately $14.40. 


The marginal revenue is an approximation of the revenue gained from the 
sale of 1 additional unit. We have used marginal revenue in Example 2 to find 
that the revenue from the sale of the 41st item will be approximately $14.40. The 
actual increase in revenue from the sale of the 41st item is 


R(41) — R(40) = 622.38 — 608 = $14.38 


EXAMPLE 3 


Use the graphs in Figure 9.34 to determine the x-value where the revenue func- 
tion has its maximum. What is happening to the marginal revenue at and near 
this x-value? 


Solution 


Figure 9.34(a) shows that the total revenue function has a maximum value at x = 
400. After that, the total revenue function decreases. This means that the total 
revenue will be reduced each time a unit is sold if more than 400 are produced 
and sold. The graph of the marginal revenue function in Figure 9.34(b) shows 
that the marginal revenue is positive to the left of 400. This indicates that the rate 
at which the total revenue is changing is positive until 400 units are sold: thus 
the total revenue is increasing. Then, at 400 units, the rate of change is 0. After 


essa seontnnahiorcaineonnaneniesivasttatohetonephonborbeh nae Satie 
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/ 400 units are sold, the marginal revenue is negative, which indicates that the 
total revenue is now decreasing. It is clear from looking at either graph that 400 
units should be produced and sold to maximize the total revenue function R(x). 
| That is, the total revenue function has its maximum at x = 400. 








Figure 9.34 (a) Total revenue function (b) Marginal revenue function 


eee 
ple total cost function for the commodity considered in Example 1 is C(x) = 
— 9x? + 33x + 30, and the marginal cost is C'(x) = 3x? — 18x + 33. 





1. What is the marginal cost if x = 10 units are produced? 

_ 2. Use marginal cost to estimate the cost of producing the 11th unit. 

| 3. Calculate C(11) — C(10) to find the actual cost of producing the 11th unit. 
4. 


True or false: For products that have linear cost functions, the actual cost of pro- 
i ducing the (x + 1)st unit is equal to the marginal cost at x. 


As with marginal cost and marginal revenue, the derivative of a profit func- 
tion for a commodity will give us the marginal profit function for the commodity. 







a Ee i OEE HELE z i 
Marginal Profit oI P= Ps the profit function ie a eames co fe siareiel profit 
function is MP = P’(x). 





EXAMPLE 4 

If the total profit, in thousands of dollars, for a product is given by 
P(x) = 20Vx+1 — 2x, what is the marginal profit at a production level of 
15 units? 


Solution 
The marginal profit function is 


ee 1 ae 10 
a es ~=(x+ —2 = —=—_ - 2 
MP = P'(x) = 20 7 (& 1) ae. 
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If 15 units are produced, the marginal profit is 


10 I 


coe) al A SERne 


_ This means that the profit from the sale of the 16th unit is approximately 
| 3 (thousand dollars), or $500. 


g 
i 


t 





3 


CHECKPOINT 





: 


' 
: 
: 
3 
: 


3 


3 


In a competitive market, each firm is so small that its actions in the market 
cannot affect the price of the product. The price of the product is determined in 
the market by the intersection of the market demand curve (from all consumers) 
and the market supply curve (from all firms that supply this product). The firm 
can sell as little or as much as it desires at the given market price, which it can- 
not change. 

Therefore, a firm in a competitive market has a total revenue function given 
by R(x) = px, where p is the market equilibrium price for the product and x is 
the quantity sold. 


EXAMPLE 5 


A firm in a competitive market must sell its product for $200 per unit. The cost 
per unit (per month) is 80 + x, where x represents the number of units sold per 


; month. Find the marginal profit function. 


Solution 
If the cost per unit is 80 + x, then the total cost of x units is given by the equa- 
tion C(x) = (80 + x)x = 80x + x”. The revenue per unit is $200, so the total 
revenue is given by R(x) = 200x. Thus the profit function is 

P(x) = R(x) — C(x) = 200x — (80x + x”), or P(x) = 120x — x? 


The marginal profit is P’(x) = 120 — 2x. 


The marginal profit in Example 5 is not always positive, so producing and 
selling a certain number of items will maximize profit. Note that the marginal 
profit will be negative (that is, profit will decrease) if more than 60 items per 
month are produced. We will discuss methods of maximizing total revenue and 
profit, and for minimizing average cost, in the next chapter. 


If the total profit function for a product is P(x) = 20Vx + 1 — 2x, then the marginal 
profit is 


10 a 
=e and P(x) = ———> 
Vet V (x 1)? 
5. Is P’(x) < 0 for all values of x = 0? 
6. Is the marginal profit decreasing for all x = 0? 





P'(x)= 





Figure 9.35 


CHECKPOINT 
SOLUTIONS 





EXERCISE 9.9 | 





Marginal Cost, Revenue, and Profit 
Find the marginal cost functions related to the cost func- 


tions in Problems 1-8. 


1. C(x) = 40 + 8 2. C(x) = 200 + 16x 


3. C(x) = 500 + 13x + x? 
4. C(x) = 300 + 10x + 76x” 
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| EXAMPLE 6 

In Example 4, we found that the profit (in thousands of dollars) for a company’s 
_ products is given by P(x) = 20Vx+ 1 — 2x and its marginal profit is given by 
i 10 

P= a 

@) Vx +11 
(a) Use the graphs of P(x) and P’(x) to determine the relationship between the 
two functions. 

| (b) When is the marginal profit 0? What is happening to profit at this level of 
production? 





; 

i 

Solution 

| (a) By comparing the graphs of the two functions (shown in Figure 9.35), we 

see that for x > 0, profit P(x) is increasing over the interval where the mar- 
ginal profit P’(x) is positive, and profit is decreasing over the interval where 

: the marginal profit P’(x) is negative. 

(b) By using SOLVER, INTERSECT, or TRACE, or by using algebra, we see 

that P’(x) = 0 when x = 24. This level of production (x = 24) is where 

profit is maximized, at 52 (thousand dollars). 


j 








(a) (b) 

| 1. C’(10) = 153 

. 2. C’(10) = 153, so it will cost approximately $153 to produce the 11th unit. 
_ 3. C(11) — C(10) = 635 — 460 = 175 

4. True 

: 52 Yes 

6 


. Yes, because P”(x) < 0 for x = 0. 





Cae - 1607 24a 10 

Ca — 12 63x aS 

C = 400'+ 2imbixt 

C(x) = 50 + 48x +x? 

Suppose that the cost function for a commodity is 


C(x) = 40 + x? 


ONDA 
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(a) Find the marginal cost at x = 5 and tell what this 
predicts about the cost of producing 1 additional 
unit. 

(b) Calculate C(6) — C(5) to find the actual cost of 
producing 1! additional unit. 

Suppose that the cost function for a commodity is 


C(x) = 300 + 6x + 4x? 


(a) Find the marginal cost at x = 8 and tell what this 
predicts about the cost of producing 1 additional 
unit. 

(b) Calculate C(9) — C(8) to find the actual cost of 
producing | additional unit. 

If the cost function for a commodity is 


C(x) = x3 — 4x? + 30x + 20 


find the marginal cost at x = 4 and tell what this pre- 
dicts about the cost of producing 1 additional unit. 
If the cost function for a commodity is 


C(x) = 9x? + 4x? + 4x + 10 


find the marginal cost at x = 3 and tell what this pre- 
dicts about the cost of producing 1 additional unit. 
If the cost function for a commodity is 


C(x) = 300 + 4x + x? 


graph the marginal cost function. 
If the cost function for a commodity is 


C(x) = x3 — 12x? + 63x + 15 


graph the marginal cost function. 

(a) If the total revenue function for a product is 
R(x) = 4x, what is the marginal revenue function 
for that product? 

(b) What does this marginal revenue function tell us? 

If the total revenue function for a product is R(x) = 

32x, what is the marginal revenue for the product? 

What does this mean? 

Suppose that the total revenue function for a com- 

modity is R = 36x — 0.01x?. 

(a) Find R(100) and tell what it represents. 

(b) Find the marginal revenue function. 

(c) Find the marginal revenue at x = 100, and tell 
what it predicts about the sale of the next unit. 

(d) Find R(101) — R(100) and explain what this 
value represents. 

Suppose that the total revenue function for a com- 

modity is R(x) = 25x — 0.05x?. 

(a) Find R(50) and tell what it represents. 

(b) Find the marginal revenue function. 


lac 


20. 


Zale 


eee 


Zo. 


24. 


25. 


26. 


(c) Find the marginal revenue at x = 50, and tell 
what it predicts about the sale of the next unit. 

(d) Find R(51) — R(50) and explain what this value 
represents. 

(a) Graph the marginal revenue function from 
Problem 17. 

(b) At what value of x will total revenue be maxi- 
mized for Problem 17? 

(c) What is the maximum revenue? 

(a) Graph the marginal revenue function from 
Problem 18. 

(b) Determine the number of units that must be sold 
to maximize total revenue. 

(c) What is the maximum revenue? 

If the total profit function is P(x) = 5x — 25, find the 

marginal profit. 

If the total profit function is P(x) = 16x — 32, find 

the marginal profit. 

Suppose that the total revenue function for a product 

is R(x) = 32x and that the total cost function is 

C(x) = 200 + 2x + x?. 

(a) Find the profit from the production and sale of 
20 units. 

(b) Find the marginal profit function. 

(c) Find MP at x = 20 and explain what it predicts. 

(d) Find P(21) — P(20) and explain what this value 
represents. 

Suppose that the total revenue function is given by 


R(x) = 46x 
and that the total cost function is given by 
C(x) = 100 + 30x + 4x? 


(a) Find P(100). 

(b) Find the marginal profit function. 

(c) Find MP at x = 100 and explain what it predicts. 

(d) Find P(101) — P(100) and explain what this value 
represents. 

(a) Graph the marginal profit function for the profit 
function P(x) = 30x — x2 — 200. 

(b) What level of production and sales will give a 0 
marginal profit? 

(c) At what level of production and sales will profit 
be at a maximum? 

(d) What is the maximum profit? 

(a) Graph the marginal profit function for the profit 
function P(x) = 16x — 0.1x2 — 100. 

(b) What level of production and sales will give a 0 
marginal profit? 

(c) At what level of production and sales will profit 
be at a maximum? 

(d) What is the maximum profit? 


OL. 


29. 


30. 
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The price of a product in a competitive market is 7 The data in the table give sales revenues and costs and 
expenses for Scott Paper Company for various years.’ Use 
these data for Problems 32-34. 


$300. If the cost per unit of producing the product is 
160 + x, where x is the number of units produced per 
month, how many units should the firm produce and 
sell to maximize its profit? 


. The cost per unit of producing a product is 60 + 2x, 


where x represents the number of units produced per 
week. If the equilibrium price determined by a com- 
petitive market is $220, how many units should the 
firm produce and sell each week to maximize its 
profit? 

If the daily cost per unit of producing a product by 
the Ace Company is 10 + 2x, and if the price on the 
competitive market is $50, what is the maximum 
daily profit the Ace Company can expect on this 
product? 

The Mary Ellen Candy Company produces chocolate 
Easter bunnies at a cost per unit of 0.10 + 0.01, 
where x is the number produced. If the price on the 
competitive market for a bunny this size is $2.50, 
how many should the company produce to maximize 
its profit? 


. The following table gives the total revenues of AT&T 


for selected years.* 


Total Revenues 


Year (billions) 
1985 $63.13 
1986 $69.906 
1987 $60.53 
1989 $61.1 
1990 $62.191 
1991 $63.089 
1992 $64.904 
1993 $67.156 
Source: AT&T Annual 
Report, 1993 


Suppose the data can be modeled by the equation 
R(t) = 0.253t? — 4.03t + 76.84 


where t is the number of years past 1980. 

(a) Find R(7) from the data and compare it to R(7) as 
found from the model. What does R(7) represent? 

(b) Find the function that gives the instantaneous rate 
of change of revenue. 

(c) Find the instantaneous rate of change of revenue 
in 1992. 

(d) Interpret your result to (c). 


*Before AT&T split off NCR and Lucent 


Sales Revenue Costs and Expenses 
Year (billions) (billions) 
1983 $2.6155 $2.4105 
1984 2.7474 2.4412 
1985 2.934 2.6378 
1986 3.3131 2.9447 
1987 3.9769 3.5344 
1988 4.5494 3.8171 
1989 4.8949 4.2587 
1990 5.1686 4.8769 
1991 4.9593 4.9088 
$992 5.0913 4.6771 
1993 4.7489 4.9025 


Source: Scott Paper Company, 1993 Annual Report 


32. 


33: 


34. 


Assume that sales revenues for Scott Paper can be 
modeled by 


R(t) = —0.031t? + 0.776t + 0.179 


where t is the number of years past 1980. 

(a) Use this model to find the instantaneous rate of 
change of revenue in 1990. 

(b) Interpret your answer to (a). 

Assume that costs and expenses for Scott Paper 

Company can be modeled by 


C(t) = —0.0122? + 0.492t + 0.725 


where ¢ is the number of years past 1980. 

(a) Use this model to find the instantaneous rate of 
change of costs and expenses in 1990. 

(b) Interpret your answer to (a) and check this inter- 
pretation against the data in the table. 

Let income from operations, /(t), be revenues minus 

costs. 

(a) Find I(t). 

(b) Find the instantaneous rate of change of income 
in 1990. 

(c) Interpret your result in (b). 

(d) Would the board of directors be interested in 
altering this model? Explain. 


tBefore Scott merged with Kimberly-Clark 
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KEY TERMS AND FORMULAS 
Section Key Terms Formula 
9.1 Limit, infinite limit 


0/0 indeterminate form 





9.2 Continuous function 
Vertical asymptote . 
Horizontal asymptote 
Limit at infinity 





9.3 Average velocity 
Velocity 
Instantaneous rate of change 


neo Han Ee eX) 
Derivative fos lim gees 
Marginal revenue MR = R'(x) 
Tangent line 
Secant line 


Slope of a curve 
Differentiability and continuity 














9.4 Powers of x Rule a) = pxt-! 
d(c) 
Constant Function Rule ee Q for constant c 
. d 
Coefficient Rule ale -f(O) =c-f'(x) 
d du. dv 
Sum Rule = eee epee 
at vl a + oe 
Difference Rule aT —y= du _ dv 
dx ax) dx 
d 
9.5 Product Rule 7] = uy’ + vu’ 
Quotient Rule 4(+) — Vu — uv! 
dx\ v vy? 
9.6 Chain Rule dy _ du 
dx du dx 
d d 
Power Rule vest ee 
We (u") = nu ae 
9.8 Second derivative; third derivative; 


higher-order derivatives 





9.9 Marginal cost function MC = C'(x) 
Marginal revenue function MR = R'(x) 
Marginal profit function MP = P'(x) 





REVIEW EXERCISES 





Section 9.1 


In Problems 1-6, use the graph of y = f(x) in Figure 9.36 
to find the functional values and limits, if they exist. 


1. (a) f(—2) (b) dim, I) 
2a (a) A=) (b) lim, f(x) 
3. (a) f(4) (b) lim f() 
4. (a) lim f(x) (b) lim f() 
5. (a) f(1) (b) lim f() 
6. (a) f(2) (b) lim f(x) 
y 
Figure 9.36 
In Problems 7—20, find each limit, if it exists. 
: 2 ee (6 
7. lim (3x +x-+ 3) 8. lim are) 
x-—1 Se 9 
im — 10. lim 
ee x93 a 
oA Bx lime 2 a 
1. lim 75 16x 12. 8-4 tx] 
_ 2-16 ge 8 
13. lim 2a if Pa x 3 
oaks fe? _. we 8 
15. lim 7-3 no: dp eae 
4-x° ifx<1 
17. lim f(x) where f(x) = 4 if x = 
aos Dee Ame x1 
: bl ak x72 
- en Fo) where f() = Pen Xo ah eee 
_— 3(xt hy? — 3x 
19 iy Se 


20. lim 























h—>0 I 
[e+ A) — 20+ 4))]- (2-2) 
h 


h-0 
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t/ In Problems 21 and 22, use tables to investigate each 


limit. Check your result analytically or graphically. 


_ x? + 10x — 24 
- i x°—5x+6 
pees 

22. lim : : 
Sy 2 Y A 
[5s 


Section 9.2 

Use the graph of y = f(x) in Figure 9.36 to answer the 
questions in Problems 23 and 24. 

23. Is f(x) continuous at 


(a) x=-1? (b) x= 1? 
24. Is f(x) continuous at 
(a) x= —2? (b) x = 2? 


In Problems 25-30, suppose that 


x+1= ifx<0 
f(x) = 4x fox <1 
2x*-1 ifxe1 


25. What is lim f(x)? 

x 
26. What is lim f(x), if it exists? 
27. What is lim f(x), if it exists? 


28. Is f(x) continuous at x = 0? 
29. Is f(x) continuous at x = 1? 
30. Is f(x) continuous at x = —1? 


For the functions in Problems 31-34, determine which are 
continuous. Identify discontinuities for those that are not 
continuous. 
2 
eek 25 
ay = ess 


exe Dail 2 
a ee ifx>2 


eae oe ad 
oe fl 


x*>—3x+2 


32. y= 7D 
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In Problems 35 and 36, use the graphs to find (a) the 
points of discontinuity, (b) tim F(x), and (c) Jim F(x). 


a5. y 





In Problems 37 and 38 evaluate the limits, if they exist. 





3x7/3 
37. Jim, ] = x? 38. x>+00 X + ] 
Section 9.3 
In Problems 39 and 40, decide whether the statements are 
true or false. 
39: lim sa gives the formula for the slope 
0 


of the tangent and the instantaneous rate of change of 
f(x) at any value of x. 
ee ere) 
h->0 h 
line to f(x) at x = c. 
41. Use the definition of derivative to find f’(x) for 
f(x) = 3x? + 2x-1. 
42. Use the definition of derivative to find f’(x) if 
f(x) =x — x?. 


Use the graph of y = f(x) in Figure 9.36 on the previous 
page to answer the questions in Problems 43 and 44. 
43. Is f(x) differentiable at 


gives the equation of the tangent 


(a) x= -1? (b) x= 1? 
44. Is f(x) differentiable at 
(a) x = —2? (b) x = 2? 
Vie 


By 45. Let f(x) = GP 10* Approximate f’(2) 


(a) by using the numerical derivative feature of a 
graphing utility, and 


FOe ALO) ith h = 0.0001. 


(b) by evaluating 
46. Use the given table of values for g(x) to approximate 
g'(4) as accurately as possible. 


x 2 2.3 1ilaiSiliul espn sie nleas 
g(x) | 13.2 | 2 ON| 122 | aaa ek 


Section 9.4 
47. If c = 4x9 — 6x3, find c’. 
48. If f(x) = 4x? — 1, find f(x). 
49. If p = 3q + V7, find dp/dq. 
50. If y = Vx, find y’. 
51. lf f(z) = W24, find f’(2). 
52. If v(x) = 4/ Wx, find v’(x). 
ip 

53. Ify =— — —>, find y’. 

Y= yp find y 
54. If f(x) = a — Wx + 45, find f(x). 


55. Write the equation of the line tangent to the graph of 
y = 3x — 6atx = 1. 

56. Write the equation of the line tangent to the curve 
y = 3x3 — 2x at the point where x = 2. 


B/ In Problems 57 and 58, (a) find all x-values where the 


slope of the tangent equals zero, (b) find points (x, y) 
where the slope of the tangent equals zero, and (c) use a 
graphing utility to graph the function and label the points 
found in (b). 

57. f(x) = x3 — 3x2 + 1 

58. f(x) = x® — 6x4 + 8 


Section 9.5 
59. If f(x) = (3x — 1)(x? — 4x), find f’(x). 
60. Find y’ if y = (x? + 1)(3x3 + 1). 


2a eed 
61. ive oe find 2 


dq’ 
ae GS SoeaueeeN/ At 
62. Find = ifs = (Git): 
63. Find 2 for y = Vx(3x + 2). 
, dG _ 5x*- 2x7 41 
64. Se OL are 


Section 9.6 

65. If y = @ — 4x2), find y’. 

66. If y = (5x5 + 6x4 + 5)°, find y’. 
67. If y = (2x4 — 9)°, find * 


1 


Vx — 4x 


68. Find g’(x) if g(x) = 


Section 9.7 


69. 


70. 


ih 


ze 


43: 


74. 


Find f’ (x) if f(x) = x2(2x* + 5)8. 
Find S’ if S = (orp Le 
ad 
pes LD as 
Find 7 ify = [Gx + DQ — 1)]”. 


3 
Find y’ if y = (2+ ) : 





x 
Find y’ if y= xVx"— 4. 
ch ae x 
find=— ity = 
ron acai CE | 


Section 9.3 
In Problems 75 and 76, find the second derivatives. 


aD. 


1 
y=Vx- x? GRY Sig as 


In Problems 77 and 78, find the fifth derivatives. 
TT. y= (x + 1y* 


78. 


Sha). 
y= 34 


dy _ 2 dy 
79. f= Vi? = 4, find F5. 








aN d*y 
80. Ite = Soap p find ie 
Applications 


Section 9.4 


81. 


Demand _ Suppose that the demand x for a product is 
given by x = (100/p) — 1, where p is the price per 
unit of the product. Find and interpret the rate of 
change of demand with respect to price if the price is 


(a) $10. (b) $20. 


Section 9.6 
82. Demand The demand q for a product at price p is 


83. 


given by 
q = 10,000 — 50V 0.02p? + 500 


Find the rate of change of demand with respect to 
price. 
Supply The number of units x of a product that is 
supplied at price p is given by 

x=Vp-I, p21 


If the price p is $10, what is the rate of change of the 
supply with respect to the price and what does it tell 
us? 


Review Exercises 
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Section 9.9 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


oF 


Cost If the cost function for a particular good is 
C(x) = 3x? + 6x + 600, what is the 

(a) marginal cost function? 

(b) marginal cost if 30 units are produced? 

(c) interpretation of your answer in (b)? 


Cost If the total cost function for a commodity is 
C(x) = 400 + 5x + x3, what is the marginal cost 
when 4 units are produced and what does it mean? 


Revenue _ The total revenue function for a commod- 

ity is R = 40x — 0.02x*, with x representing the num- 

ber of units. 

(a) Find the marginal revenue function. 

(b) At what level of production will marginal rev- 
enue be 0? 


Profit If the total revenue function for a product is 
given by R(x) = 60x and the total cost function is 
given by C = 200 + 10x + 0.1x?, what is the mar- 
ginal profit at x = 10? What does the marginal profit 
at x = 10 predict? 


Revenue _ The total revenue function for a commod- 
ity is given by R = 80x — 0.04. 

(a) Find the marginal revenue function. 

(b) What is the marginal revenue at x = 100? 

(c) Interpret your answer in (b). 


Revenue If the revenue function for a product is 


60x? 
2x+1 





R(x) = 


find the marginal revenue. 
Profit A firm has monthly costs given by 
C = 45,000 + 100x + x3 


where x is the number of units produced per month. 
The firm can sell its product in a competitive market 
for $4600 per unit. Find the marginal profit. 


Profit A small business has weekly costs of 


x 
C = 100 + 30x + 10 
where x is the number of units produced each week. 
The competitive market price for this business’s prod- 
uct is $46 per unit. Find the marginal profit. 
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CHAPTER TEST 





1. Evaluate the following limits, if they exist. Use alge- 
braic methods. 





. 4x-x . 8x? - 441 
(a) am AX ts (©) Be 2+x- 5x? 

. x-5x-14 Pe Gee) 
(©) a a @) ee to 


2. (a) Write the limit definition for f’ (x). 
(b) Use the definition from (a) to find f’(x) for 
Tay = oe So. 
3. Let f(x) = 2 a Identify all x-values where f(x) is 
not continuous. 
4. Use derivative formulas to find the derivative of each 
of the following. Simplify, except for (b). 
@ y=5 
2x’ +11 
(b). f(x) = Gx — 2x + 3)(4x"° + 10x* —.17) 
(i g@) =10x 7x8 —5)" 
d) y=(@? + 3)(2x + 5)° 
(e) fx) = 12Vx- 2 att 
3 
a Find 
6. Let f@) = x? — 3x7 — 24x — 10. 
(a) Write the equation of the line tangent to the 
graph of y = f(x) atx = —1. 
(b) Find all points (both x- and y-coordinates) where 
pax) = 0. 
7. Use the given tables to evaluate the following limits, 
if they exist. 
(a) lim f(@) 





for y=x° — x. 


(b) lim g(x) = (c) jim g(x) 


275e 5.001 5.01 
2 7e 1.999 1.99 


x | 4.99 | 4.999 
fe) | 2.01 | 2.001 


725¢e 5.001 5.01 
79 7e 6.999 6.99 


x 4.99 4.999 
g(x) | —3.99 | —3.999 


8. Use the definition of continuity to investigate whether 
g(x) is continuous at x = —2. Show your work. 


6-x ifx=-—2 
g(x) = ee ifx>—2 





9. Suppose a company has its total cost for a product 
given by C(x) = 200x + 10,000 and its total revenue 
given by R(x) = 250x — 0.01x*, where x is the num- 
ber of units produced and sold. 

(a) Form the profit function for this product. 
(b) Find the marginal profit function. 
(c) Find the marginal profit when x = 1000, and 
then write a sentence that interprets this result. 
10. Suppose that f(x) is a differentiable function. Use the 
table of values to approximate f’(3) as accurately as 
possible. 


x 2 eS 2.999 3 3.01 ae 
f@)al> 0 18.4 | 44.896 | 45 46.05 56.18 


11. Use the graph to perform the evaluations (a)—(e) and 
to answer (f)}-(g). If no value exists, so indicate. 


(a) fq) (b) lim f(x) 
() lim fa) (d) lim, fax) 
() lim fc) 


(f) Find all x-values where f’(x) does not exist. 
(g) Find all x-values where f(x) is not continuous. 





12. Given that the line y = 3x — 8 is tangent to the graph 
of y = f(x) at x = 6, find 
(a) f'(6) (b) #(6) 
(c) the instantaneous rate of change of f(x) with 
respect to x at x = 6 





Extended Applications Group Projects 


i. Marginal Return to Sales 


A tire manufacturer studying the effectiveness of television advertising and other 
promotions on sales of its GRIPPER-brand tires attempted to fit data it had 
gathered to the equation 


= a, Pas at by 


where S is sales revenue in millions of dollars, x is millions of dollars spent on 
television advertising, y is millions of dollars spent on other promotions, and aes 
a,, @,, and b, are constants. The data, gathered in two different regions of the 
country where expenditures for other promotions were kept constant (at B, and 
B,), resulted in the following quadratic equations relating TV advertising and 
sales. 


Region 1: S$, = 30 + 20x — 0.4x? + B, 
Region 2: .S, = 20 + 36% — 1.327 + B, 


The company wants to know how to make the best use of its advertising 
dollars in the regions and whether the current allocation could be improved. 
Advise management about current advertising effectiveness, allocation of addi- 
tional expenditures, and reallocation of current advertising expenditures by 
answering the following questions. 


1. In the analysis of sales and advertising, marginal return to sales is usually 

used, and it is given by dS,/dx for Region 1 and dS,/dx for Region 2. 
_ dS; dS, 
(a) Find oe and ae 
(b) If $10 million is being spent on TV advertising in each region, what is 
the marginal return to sales in each region? 

2. Which region would benefit more from additional advertising expenditure, if 
$10 million is currently being spent in each region? 

3. If any additional money is made available for advertising, in which region 
should it be spent? 

4. How could money already being spent be reallocated to produce more sales 
revenue? 
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ll. Marginal Cost, Marginal Revenue, and Maximum Profit 


In this chapter, we have seen how marginals for total cost, total revenue, and 
profit (that is, their derivatives) can be used to predict short-run future trends for 
each of these functions. In this project, we examine how a business might pre- 
dict maximum profit by using the marginal cost and marginal revenue. 


ks 






For each given pair of total cost and total revenue functions, complete the 

corresponding table. Assume that x represents the number of items produced 

and sold. . 

(a) C(x) = 3x + 6000 (b) C(x) = 187x + 0.01x? + 15,750 
R(x) = 12x — 0.001x? R(x) = 308x — 0.01x? 






4000 3000 
4100 3005 
4200 3010 
4900 3095 
5000 3100 
2. Examine the data you collected in each table. 
(a) Does each profit function seem to have a maximum value? If so, identify 
it in your table. 
(b) For each profit function, what are the values of marginal cost and mar- 
ginal revenue at the x-value where profit has its maximum? 
(c) If a profit function has a maximum value at x = a, what seems to be the 
relationship between the values of marginal cost and marginal revenue at 
x = a? Answer in a summary sentence. 
3. For each given total cost and total revenue pair from part 1, use a graphing 
utility to make the following graphs: 
(a) marginal cost and marginal revenue (graphed simultaneously) 
(b) profit 
These graphs should confirm your conclusions from part 2(c). Print or repro- 
duce the graphs, and highlight the portion of the graphs that illustrates the 
relationship between the occurrence of maximum profit and the values of 
marginal cost and marginal revenue. 
4. (a) In general, if MR > MC, is P(x) increasing or decreasing? Justify your 


choice; use the interpretation of marginals as predictors for the next unit. 
(b) If MR < MC, is P(x) increasing or decreasing? Justify your choice. 
(c) Explain how the observations in (a) and (b) provide general support for 
your statement relating the occurrence of maximum profit to the values 
of marginal cost and marginal revenue. 


5. The conclusions relating marginal cost, marginal revenue, and maximum 
profit are valid as long as the total cost and total revenue functions are not 
both linear, such as with either of the following. 

(a) C(x) = 80x + 8000 (b) C(x) = 52x + 7800 

R(x) = 120x R(x) = 50x 
In each of these cases, find the marginal cost and marginal revenue. In light 
of your answers to parts 4(a) and 4(b) above, what do these calculations tell 
you about the corresponding profit function? Does the profit function for 
either (a) or (b) have a maximum value? Explain. 
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Warm-up 


Prerequisite Problem Type For Section 
Write 50x" — 1)7*"(2x) with positive 10.2 
exponents. 
Factor: 10.1 
(a) x2 — x? -- On 10.2 
(b) 8000 ~ 80x ~ 3x7 10.3 
Ste 2 
(a) For what values of x Is |, ->-—= 10.1 
ae ae 10.2 
undefined? 10.5 
(b) For what values of vis 3(a* = 1) 74(2x) 5 
undefined? 
If f(x) = 4x3 — x? — 3x + 2, and 10.1 
Poa = 2k 3, 
(a) find f(—1). (b) find f’(—2). 
(a) Solve O = x° — 2x = 3. 10.1- 
(b) If f(x) = 3x? — 3, what values of x 10.5 
make f’(x) = 0? 

D Jum oe ee 10.5 
oes lim 30 4 6 E 
(a) Find f(x) if f(x) = 2° ~ 42? + 3. 10.2 

(b) Find P(x) if P(x) = 48x — 1.2x?. 

Find the derivatives: 10.1 
bes ; 10.2 

‘ SS SN anew Ye ee + 9 

(a) 3k 4 SB: 103 

oe 2{ 82.000 | 10.4 

4 
(c) p= 1+ es 16 


(d) y = (x + 2) 


ayagenraneatoraraasesiese 





x 


Ca) Ce sete) 
(b) (40 ~ x)(200 + 3x) 


(yy See 


(b) x= -lax= 


(a) * (b) 5 
(a) x= —-Ixv= 
(b) x= —-I,x= 


No: unbounded 


(a) f(x) = 6x ~ 8 
(b) P(x) = -2.4 


2x a 


f ¢ 
(b) f'=1- 100.900 
Madea 40 


(1° + 16) 


Qayosiei= 


(ec) p'@) = 


li 


(d) y’ 


(e) y= sey 
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Chapter 





plications of Derivatives 


In this chapter we will discuss applications of the derivative. In particular, we 
will consider methods of determining when a function has a “turning point” on 
its graph, so that we can determine when the graph of the function reaches 
its highest or lowest point within a particular interval. These points are called 
relative maxima and relative minima, respectively, and are useful in sketch- 
ing the graph of a function whose equation is given and that has a maximum or 
minimum value within a particular interval. The endpoints of a given interval and 
the relative maxima and minima within the interval can be used to solve many 
types of applied problems. For example, we can use these points in determin- 
ing the level of production that maximizes revenue or profit for a product and 
in minimizing the average cost of producing a product 
In addition to using the first derivative to help graph a function, we can 

use the second derivative to determine where the graph will be concave up or 
concave down and where it will change from concave up to concave down 
or vice versa. Points where this change occurs are called points of inflection. 
The second derivative uses concavity to determine where the graph of a 
function has a relative maximum or relative minimum. Knowledge of this 
_ information can be used to sketch the graph of a function or to determine the 

appropriate viewing window to use when graphing the function with a graphing 
_ utility. Because horizontal and vertical asymptotes are not always apparent 
_ when a graphing utility is used, we will discuss methods of finding and 
accounting for asymptotes when graphing functions. 
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70.1 


OBJECTIVES 

= Jo find relative maxima and 
minima and horizontal points of 
inflection of functions 

a To sketch graphs of functions by 
using information about maxima, 
minima, and horizontal points of 
inflection 





Relative Maxima and Minima 


Relative Maxima and Minima; 
Curve Sketching 


ing : an naivertising 6 campai 





Except for very simple graphs (lines and parabolas, for example), plotting points 
to sketch a graph may be tedious. Even when we use a graphing utility, special 
features of a graph of a function may be difficult to locate accurately. In addition 
to intercepts and asymptotes, we can use the first derivative as an aid in graph- 
ing. The first derivative identifies the “turning points” of the graph, which help 
us determine the general shape of the graph and choose a viewing window that 
includes the interesting points of the graph if a graphing utility is used. 

In Figure 10.1(a) we see that the graph of y = 4x3 — x? — 3x + 2 has two 
“turning points,” at (— 1,3) and (3, —7). The curve has a relative maximum at 
(—1, 3) because this point is higher than any other point “near” it on the curve: 
the curve has a relative minimum at (3, —7) because this point is lower than any 
other point “near” it on the curve. A formal definition follows. 


BS 





zs ee RUPEE ERLE es a RISE EISLER PORE IEE Ea Ngee 
The point (x,, f(x, ) is is a relative maximum point for the function f if there is an 
interval around x, on which f(x,) = f(x) for all x in the interval. In this case, we 
say the relative maximum occurs at x = x, and the relative maximum is F(x,). 
The point (x, f(x,)) is a relative minima point for the function f if there 
is an interval around x, on which f(x,) = f(x) for all x in the interval. In this case, 
we Say the relative qininain occurs at x = x, and the relative minimum is f(x,). 


SR eset 





In order to determine whether a turning point of a function is a maximum 
point or a minimum point, it is frequently helpful to know what the graph of the 
function does in intervals on either side of the turning point. We say a function is 
increasing on an interval if the functional values increase as the x-values 
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increase (that is, if the graph rises as we move from left to right on the interval). 
Similarly, a function is decreasing on an interval if the functional values 
decrease as the x-values increase (that is, if the graph falls as we move from left 
to right on the interval). 

We have seen that if the slope of a line is positive, then the linear function is 
increasing and its graph is rising. Similarly, if f(x) is differentiable over an inter- 
val and if each tangent line to the curve over that interval has positive slope, then 
the curve is rising over the interval and the function is increasing. Because the 
derivative of the function gives the slope of the tangent to the curve, we see that 
if f(x) > 0 on an interval, then f(x) is increasing on that interval. A similar con- 
clusion can be reached when the derivative is negative on the interval. 





Figure 10.1 (a) (b) 





ERE EER AE REREERE EEE 





LE AEELE GSS ELIS LEE OMELETTE 


Increasing and Decreasing {if fis a function that is differentiable on an interval (a, b), then 
fonctions if f/x). > 0 forallix in (a, 6), fis increasing on (a, B). 
if f(x) < 0 for all x in (a, b), fis decreasing on (a, b). 





Figure 10.1(a) shows the graph of a function, and Figure 10.1(b) shows the 
graph of its derivative. The figures show that the graph of y = f(x) is increasing 
for the same x-values that the graph of y’ = f’(x) is above the x-axis (when 
f'(x) > 0). Similarly, the graph of y = f(x) is decreasing for the same x-values 
(—1 <x < 3) that the graph of y’ = f’(x) is below the x-axis (when f’(x) < 0). 

The derivative f’(x) can change signs only at values of x where f’(x) = 0 or 
f'(x) is undefined. We call these values of x critical values. The point corre- 
sponding to a critical value for x is a critical point.* Because a curve changes 
from increasing to decreasing at a relative maximum (see Figure 10.1a), we have 
the following fact. 


*There may be some critical values where f’(x) and f(x) are undefined. Critical points do not occur at 
these values, but studying the derivative on either side of such values may be of interest. 
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Relative Maximum 


Figure 10.2 








If fhas a relative maximum at x = x,, then 7° O,) = 0 or Ff’ (%_) is undefined. 








From Figure 10.2, we see that this function has two relative maxima, one at 
x = x, and the second at x = x,. At x = x, the derivative is 0, and at x = x, the 
derivative does not exist. In Figure 10.2, we also see that a relative minimum 
occurs at x = x, and f’(x,) = 0. As Figure 10.2 shows, the function changes 
from decreasing to increasing at a relative minimum. Thus we have the follow- 
ing fact. : 








Relative Salina If fhas a relative minimum at x = x,, heh on f’ (x,) = 0 or f’(x,) is undefined. 


Figure 10.3 


Thus we can find relative maxima and minima for a curve by finding values 
of x for which the function has critical points. The behavior of the derivative to 
the left and right of (and near) these points will tell us whether they are relative 
maxima, relative minima, or neither. 

Because the critical values are the only values where the graph can have 
turning points, the derivative cannot change sign anywhere except at a critical 
value. Thus, in an interval between two critical values, the sign of the derivative 
at any value in the interval will be the sign of the derivative at all values in the 
interval. 

Using the critical values of f(x) and the sign of f’(x) between those critical 
values, we can create a sign diagram for f’(x). The sign diagram for the graph 
in Figure 10.2 is shown in Figure 10.3. This sign diagram was created from the 
graph of f, but it is also possible to predict the shape of a graph from a sign 
diagram. 


Direction of graph of f(x): a's eae yf we 


Signs and values of f (x): leslie ca Ste algae 


x-axis with critical values: 





x 
x 1 xX x4 
*means f'(x,) is undefined. i 


Suppose that the point (x,, y,) is a critical point. If f’(x) is positive to the left 
of, and near, this critical point, and if f’(x) is negative to the right of, and near, 
this critical point, then the curve is increasing to the left of the point and 
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decreasing to the right. This means that a relative maximum occurs at the point. 
If we drew tangent lines to the curve on the left and right of this critical point, 
they would fit on the curve in one of the two ways shown in Figure 10.4. 

Similarly, suppose that the point (x,, y,) is a critical point, f’(x) is negative 
to the left of and near (x,, y,), and f’(x) is positive to the right of and near this 
critical point. Then the curve is decreasing to the left of the point and increasing 
to the right, and a relative minimum occurs at the point. If we drew tangent lines 
to the curve to the left of and to the right of this critical point, they would fit on 
the curve in one of the two ways shown in Figure 10.5. 


f(x) =0 Critical f'(%,) is 
point \_ _7 undefined 


f(x) <0 
ee 










a) e0) Fi) <9 


f(x) >90 


Critical 
point 
Relative maximum Relative maximum 
Figure 10.4 (a) (b) 


fi(x)<0 f'(x)>0 


ee 
f(x) <0 





Critical —~ | f(x) is 


FG) =0 point undefined 
Relative minimum Relative minimum 
Figure 10.5 (a) (b) 
EXAMPLE 1 
Show that the graph of f(x) = 3x* — 2x? has a relative maximum at x = 1. 
Sokution 
We need to show that 


f'() = 0 or f'(1) is undefined. 

f'(x) > 0 to the left of and near x = 1. 

f'(x) < 0 to the right of and near x = 1. 
Because f’(x) = 6x — 6x? = 6x(x — 1) is 0 only at x = 0 and at x = 1, we can 
test (evaluate) the derivative at any value in the interval (0, 1) to see what the 


curve is doing to the left of x = 1, and we can test the derivative at any value to 
the right of x = 1 to see what the curve is doing for x > 1. 


| 3 
(4 ) = 3-5 = 2 7 0 = increasing to left of x = 1 
f'() = 0 = horizontal tangent at x = 1 

i 


(3) = 9-2 = —5 <0 => decreasing to right of x = 1 
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; 


| A partial sign diagram for f’(x) aan 
is given at the right. fe) We 3 = 


| The sign diagram shows that ae A gga eee 

_ the graph of the function has 

a relative maximum at x = 1. lca aa a a 
i x-values 9) 1 


The preceding discussion suggests the following procedure for finding rela- 
tive maxima and minima of a function. ‘ 





Figure 10.6 
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(a) (b) 


Because the critical values are the only x-values where the graph can have 
turning points, we can test to the left and right of each critical value by testing to 
the left of the smallest critical value, then testing a value between each two suc- 
cessive critical values, and then testing to the night of the largest critical value. 
The following example illustrates this procedure. 


EXAMPLE 2 
Find the relative maxima and minima of f(x) = jx* — 4x3 — 3x? + 8, and sketch 
its graph. 
| Solution 
1. f' @Y =x? — x? — 6x 
2. Setting f’(x) = 0 gives 0 = x? — x? — 6x. Solving for x gives 
Ol= x@— 3) + 2). 








Thus the critical value are x = 0, x = 3, andx = —2. 
3. Substituting the critical values into the original function gives the critical 
points: 


f(-2) =3, so (—2, $) is a critical point. 
FO) = 8, so (0, 8) is a critical point. 
f(3) =—4, so (3,—%) is a critical point. 

4. Testing f’(x) to the left of the smallest critical value, then between the critical 
values, and then to the right of the largest critical value will give the sign dia- 
gram. Evaluating f’(x) at the test values x = —3,x = —1,x = 1, andx = 4 
gives the signs to determine relative maxima and minima. 
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Figure 10.7 


The sign diagram 
for f'(x) is fx) Se ho “ee ie 
FO) 


Se 0a 





—2 0 3 
Thus we have 


(—2, $) is arelative minimum. 


(0, 8) is a relative maximum. 


(3,—7) is a relative minimum. 


er 


5. Figure 10.7(a) shows the graph of the function near the critical points, and 
Figure 10.7(b) shows the graph of the function. 


f(x) Fx) 





fx) = Zx4- $x 3x2 +8 





(a) (b) 


Note that we substitute the critical values into the original function f(x) to 
find the y-values of the critical points, but we test for relative maxima and min- 
ima by substituting values near the critical values into the derivative of the func- 
tion, f’ (x). 

Only four values were needed to test three critical points in Example 2. This 
method will work only if the critical values are tested in order from smallest to 
largest. 

If the first derivative of fis 0 at x, but does not change from positive to neg- 
ative or from negative to positive as x passes through Xp, then the critical point at 
X, is neither a relative maximum nor a relative minimum. In this case we say that 
f has a horizontal point of inflection (abbreviated HPI) at Xo: 


| 


Figure 10.8 
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EXAMPLE 3 


Find the relative maxima, relative minima, and horizontal points of inflection of 
h(x) = 4x4 — 3x3 — 2x? + 8x + 4, and sketch its graph. 









Solon 
1. h'(x) = x3 — 2x? — 474+ 8 
2. 0 = x? — 2x? — 4x + 8 or 0 = x°(x — 2) — 4( — 2). Therefore, we have 
O = (x — 2)(x? — 4). Thus x = —2 and x = 2 are solutions. 
3. The critical points are (—2,—?) and (2, ¥). 
4. Using test values, such as x = —3, x = 0, and x = 3 gives the sign diagram 
for h’(x). 
rel ce 
h(x) Seinen eH 
h'(x) — Ln a eee eee 
x 
=2 2 
5. Figure 10.8(a) shows the graph of the function near the critical points, and 
Figure 10.8(b) shows the graph of the function. 
h(x) h(x) 
(a) (b) 
EXAMPLE 4 


Find the relative maxima and minima (if any) of the graph of y = (x + 2)%3, 


Solution 


2 2 
1h Vitae = x + 2)748 = —< 
ae Ge eS 
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Figure 10.9 | 


CHECKPOINT | 





2 


2. 0 = —~=~— has no solutions; f'(x) is undefined at x = —2. 
SNe) 


| 3. f(—2) = 0, so the critical point is (—2, 0). 


4. The sign diagram for f’(x) is fo) nag : ee 


Gj. = t+ ++ $444 
—— + — + + —_ + —_ ++ H+ x 
Thus a relative minimum sa cite pe 
occurs at (—2, 0). *.means f’(—2) is undefined. 


5. Figure 10.9(a) shows the graph of the function near the critical point, and 


Figure 10.9(b) shows the graph. 


yy, » 





(a) (b) 


1. The x-values of critical points are found where f’(x) is ____ or 
. Decide whether the following are true or false. 


(a) Iff’(1) = 7, then f(x) is increasing at x = 1. 

(b) If f’(—2) = 0, then a relative maximum or a relative minimum occurs at 
i 2: 

(c) If f’(—3) = 0 and f’(x) changes from positive on the left to negative on the 
right of x = —3, then a relative minimum occurs at x = —3. 


. If f(x) = 7 + 3x — x3, then f’(x) = 3 — 3x2. Use these functions to decide 


whether the following are true or false. 
(a) The only critical value is x = 1. 
(b) The critical points are (1, 0) and (—1, 0). 


. If f’(x) has the following 


partial sign diagram, make 


a “stick-figure” sketch of F'(x) EO See: SE NORE ar ae 
f(x) and label where any ——$ ee 
maxima and minima occur. al 0 2 


Assume that f(x) is defined = * means f'(0) is undefined, 
for all real numbers. 
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Let us now return to the discussion of advertising and sales revenue that we 
began in the Application Preview. 





| EXAMPLE 5 
| The weekly sales S of a product during an advertising campaign are given by 
| ye Res ae 


| where ¢ is the number of weeks since the beginning of the campaign and S is in 
_ thousands of dollars. 
(a) Over what interval are sales increasing? decreasing? 
| (b) What is the maximum weekly sales? 
(c) Sketch the graph for 0 = t = 20. 
Solution 
(a) To find where S is increasing, we first find S’(t). 
_ (7 + 100)100 — (100z)2r 
a (t? + 100)? 
_ 10,000 — 1002? 
(t? + 100)? 
We see that S’(t) = 0 when 10,000 — 1002? = 0, or 
100(100 — t?) = 0 
(10 + j”00 -— 4) =0 
t=-10 or t=10 





s"(t) 


Because S'(f) is never undefined (t? + 100 # 0 for any real rf) and because 
0 = t S 20, our only critical value is t = 10. Testing S’(t) to the left and 
right of t = 10 gives the sign diagram. 


RACE rreer ete re ety armen te er eae ee tem 

: : ‘ 

0 10 20 
Hence, S is increasing on the interval [0, 10) and decreasing on the interval 
(10, 20]. 

(b) Because S is increasing to the left of t = 10 and S is decreasing to the right 
of t = 10, the maximum value of S occurs at t = 10 and is 
100(10) — 1000 


S = S(10) = 107+ 100 200 = 5 (thousand dollars ) 


‘srevavoniwvinnanaisainataohsosonananinoasonranhaannnabaneaaaiaintnndaassanantnowrmnnrintanyrwrmnnntdenwnnanininn nara vinannnrnwaivanninihiahansinihinasitaisinbhssasaaaasnsnsnannenyeyeniinninnawnnnrrnninnnnnnarannniennniyrnnnunionaiehionioonitunaiiniib/Aisanaaniibhink nensnaann 
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i 


Figure 10.10 : 


Graphing Utilities 





Figure 10.11 | 


(c) Plotting some additional points gives the graph; see Figure 10.10. 





With a graphing utility, choosing an appropriate window is the key to under- 
standing the graph of a function. We saw that the derivative can be used to deter- 
mine the critical values of a function and hence the interesting points of its 
graph. Therefore, the derivative can be used to determine the viewing window 
that provides an accurate representation of the graph. The derivative can also be 
used to discover graphical behavior that might be overlooked in a graph with a 
standard window. 


EXAMPLE 6 
Find the critical values for f(x) = 0.0001x? + 0.003x? — 3.6x + 5. Use them to 
determine an appropriate viewing window. Then sketch the graph. 


Solution 

Suppose that we first graph this function using a standard viewing window. The 
graph of this function, for -10 = x = 10, is shown in Figure 10.11(a). The 
graph looks like a line in this window, but the function is not linear. We could 
explore the function by tracing or zooming, but using the critical points is more 
helpful in graphing the function. We begin by finding f’(x). 


f'(x) = 0.0003x? + 0.006x — 3.6 





Figure 10.12 
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| Solve f"(x) = 0 to find critical values. 


| 0 = 0.0003x? + 0.006x — 3.6 
0 = 0.0003(x? + 20x — 12000) 

0 = 0.0003(x + 120)(x — 100) 

x=-120 or x=100 


We choose a window that includes x = —120 and x = 100, graph, and use 
TRACE to find f(—120) = 307.4 and f(100) = —225. We then graph y = f(x) 
on a window that includes y = —225 and y = 307.4 (see Figure 10.11b). On this 
graph we can verify that (—120, 307.4) is a relative maximum and that 
(100, —225) is a relative minimum. 

We can also use a table of values of f’(x) to create a sign diagram that 
will identify the relative maxima and minima. Figure 10.12(a) shows values of 
y, = f(x) and y, = f’(x) for different values of x at and near the critical values. 
_ Using the x- and y,-values gives the sign diagram in Figure 10.12(b), which 
shows that (— 120, 307.4) is a relative maximum and that (100, —225) is a rela- 
tive minimum. 








x 





—-120 100 


(a) (b) 


EXAMPLE 7 
The table below gives the percentage of high school seniors using marijuana for 
the years 1975 to 1996. 


(a) Using x as the number of years from 1970, develop an equation that models 
the percentage. 
(b) During what years does the model indicate that the maximum and minimum 


use occurred? 

Percent Using Percent Using 

i Year Marijuana Year Marijuana 
1975 47.3 1986 38.8 
1976 52.8 1987 36.3 
1977, 56.4 1988 3321 

1978 59.2 1989 29.6 

1979 60.4 1990 27.0 
1980 60.3 1991 23.9 
1981 59.5 1992 Z19 
1982 58.7 1993 26.0 
1983 a 1994 30.7 

i 1984 54.9 1995 34.7 

| 1985 54.2 1996 35.8 


Source: National Institute on Drug Abuse 
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| Solution 
: An equation that models the percentage is y = 0.03743x> — 1.7681x? + 23.3761x 
| — 32.23715 (See Figure 10:13.) 











{ 
| z pe Sac i | 
pole owt s j | 
| i f *., J | : 
iif Meg | 
0 lt siacenenel 30 
Figure 10.13 | 15 
| To find the critical values, we solve y’ = f’(x) = 0, where f’(x) = 0.11229x? — 
| 3.5362x + 23.3761. We can solve 
| 0 = 0.11229x? — 3.5362x + 23.3761 
with the quadratic formula or with a graphing utility. The two solutions are 
approximately 
: x=9441 or x= 22.051 
The sign diagram shows that x = 9.441 gives a relative maximum (during 1979) 
and that x = 22.051 gives a relative minimum (during 1992). The data indicate 
that the maximum use occurred in 1979 and the minimum use in 1992. 
f(x) We aoe 2 DE 
f(x) t++#++0------ Crees 
x 
9.441 22.051 
CHECKPOINT 
SOLUTIONS | 


1. f’(x) = 0 or f'(x) is undefined. 
2. (a) True, f(x) is increasing when f’(x) > 0. 
(b) False. There may be a horizontal point of inflection at x = —2 (see Figure 


10.8 on page 741). 
(c) False. A relative maximum occurs at x = —3. . 
3. (a) False. Critical values are solutions to 3 — 3x2 = 0, orx = 1 andx = —l. 


(b) False, y-coordinates of critical points come from f(x) = 7 + 3x — x3. Thus 
critical points are (1, 9) and (—1, 5). 


| 4. Horizontal point 

of inflection 
Relative : atx =2 
maximums one ae 4 


atx = —] minimum : 


—+—__+__+—_+—> : 
-1 0 2 
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EXERCISE 10.1 





In Problems 1 and 2, use the indicated points on the graph 
of y = f(x) to identify points where f(x) has (a) a relative 
maximum, (b) a relative minimum, and (c) a horizontal 
point of inflection. 





3. Use the graph of y = f(x) in Problem | to identify at 
which of the indicated points the derivative f’(x) 
(a) changes from positive to negative, (b) changes 
from negative to positive, and (c) does not change sign. 

4. Use the graph of y = f(x) in Problem 2 to identify at 
which of the indicated points the derivative f’(x) 
(a) changes from positive to negative, (b) changes 
from negative to positive, and (c) does not change sign. 


In Problems 5 and 6, use the sign diagram of f’(x) to 
determine (a) the critical values of f(x), (b) intervals 
where f(x) increases, (c) intervals where f(x) decreases, 
(d) x-values where relative maxima occur, and (e) x-values 
where relative minima occur. 


D4 files a Oe ee tO ‘ 


3 i 


OF PG Oe RE FOS = © 


-5 8 


In Problems 7 and 8, find the critical values of the function. 
Ta Wi De ee 8. y= 6 — 3x or + 1 


In Problems 9 and 10, make a sign diagram for the func- 
tion and determine the relative maxima and minima. (See 
Problems 7 and 8.) 


9. y=2x3-12x7+6 10. y=x?—-3x?+6x+1 


For each function and graph in Problems 11-14: 
Fo) Geena Ay 
(a) Find y’ = f'(x) = de’ 
(b) Use y’ = f’(x) to find the critical values. 
(c) Find the critical points. 
(d) Use the graph to classify each critical point as a rela- 
tive maximum, relative minimum, or horizontal point 


of inflection. 


Ml. yi AeA 12. y=x— 53 


oy x 





13. y=x3 + 3x27 +3x-—2 14. y=x3 — 6x? + 12x41 


y yy 





For each function in Problems 15-20: 

(a) Find y’ = f’(2). 

(b) Find the critical values. 

(c) Find the critical points. 

(d) Find intervals of x-values where the function is increas- 
ing and where it is decreasing. 

(e) Classify the critical points as relative maxima, rela- 
tive minima, or horizontal points of inflection. In each 
case, you may check your conclusions with a graph- 


ing utility. 
15. y= 32 = 16. y=x?+ 4x 
eae Xi nate 
1]. YS eg ed 1a) SS Aca eee 
19. y= x8 20. y= —(x — 378 


For each function and graph in Problems 21-24: 

(a) Use the graph to identify x-values for which 
y' >0,y’ <0, y’ = 0, and y’ does not exist. 

(b) Use the derivative to check your conclusions. 

21. y= 6-527 22. y = 3x7 — 4x +1 


y y 
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23. y=64+ 23-425 24. y=xt — 2x7 - 1 


ASSP CM eke ee Noe 44. f'(x) = 4x — x? 


f@) f') 





For each function in Problems 25-30, find the relative 
maxima, relative minima, horizontal points of inflection, 
and sketch the graph. You may check your graph with a 
graphing utility. 

25. yar — xt txt 

26. y=qxt— 3x8 t+5x2-2 

27. y =4x3 + x? — 24x + 20 

28. C(x) = x9 — 3x? — 18x + 5 

29. y= 3x — 5x7 +1 30. y=$x8—x4+7 


In Problems 31—36, both a function and its derivative are 
given. Use them to find critical values, critical points, 
intervals where the function is increasing and decreasing, 
relative maxima, relative minima, and horizontal points of 
inflection; sketch the graph of each function. 


31. y = (x2 — 2x)? & = ace - 1 — 2) 
32. fe) = (02-42 ——f'(@) = Axx + 2) — 2) 
_ *(x—5/ dy _ 5x'(x~ 3)(x—5) 
2s dx 27 
a5) dye ux > 2x). 
Be ery dx 27 
5(x-2 
SSS ORO See) = oe 
se a ~2 


36. f(x) = x — 3x8 i'W= 


fe) In Problems 37-42, use the derivative to locate critical 


points and determine a viewing window that shows all 
features of the graph. Use a graphing utility to sketch a 
complete graph. 

37. f(x) = x3 — 225x? + 15000x — 12000 

38. f(x) = x3 — 15x? — 16800x + 80000 

39. f(x) = x* — 160x3 + 7200x? — 40000 

40. f(x) = x* — 240x3 + 16200x? — 60000 

41. y=7.5x4-3x3+2 42. y=2—x3 — 7.5x4 


In each of Problems 43-46, a graph of f’(x) is given. Use 
the graph to determine the critical values of f(x), where 
f(x) is increasing, where it is decreasing, and where it has 
relative maxima, relative minima, and horizontal points of 
inflection. In each case sketch a possible graph for f(x) 
that passes through (0, 0). 


45. f'(x) = 8 — 3x? 46. f'(x) = x(x — 2? 
f'®) fx) 





In Problems 47 and 48, two graphs are given. One is the 
graph of f and the other is the graph of f’. Decide which is 
which and explain your reasoning. 

47. y y 





Applications 


49. Advertising and sales Suppose that the daily sales 
(in dollars) t days after the end of an advertising cam- 
paign are given by 


S = 1000 + 400 


Pike for 2 


50. 


at. 


a2: 


53. 


54. 
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Does S increase for all t = 0, decrease for all t = 0, or 
change direction at some point? 


Pricing and sales Suppose that a chain of auto ser- 
vice stations, Quick-Oil, Inc., has found that its 
monthly sales volume y (in thousands of dollars) is 
related to the price p (in dollars) of an oil change by 


2 85 
7 EAE Ss? 


Is y increasing or decreasing for all values of p > 10? 


p> 10 


Productivity A time study showed that, on average, 
the productivity of a worker after ¢ hours on the job 
can be modeled by 


POS 27602 = Fe 0=St=8 


where P is the number of units produced per hour. 
(a) Find the critical values for this function. 

(b) Which critical value makes sense in this model? 
(c) For what values of t is P increasing? 

(d) Graph the function for0 =1 = 8. 


Production Analysis of daily output of a factory 
shows that, on average, the number of units per hour 
y produced after t hours of production is 

y= T0r+ 317-2, 0=t=8 
(a) Find the critical values for this function. 
(b) Which critical values make sense in this particu- 

lar problem? 

(c) For which values of ¢, for 0 < ¢ = 8, is y increasing? 
(d) Graph this function. 


Production costs Suppose that the average cost of 
producing a shipment of a certain product is 
C =5000x.+ 122,000. x>0 
where x is the number of machines used in the pro- 
duction process. 
(a) Find the critical values for this function. 
(b) Over what interval does the average cost 
decrease? 
(c) Over what interval does the average cost 
increase? 


Average costs Suppose the average costs of a min- 
ing operation depend on the number of machines 
used, and average costs are given by 


Le 7898 es 0 


> 


C(x) = 2900x + 


where x is the number of machines used. 

(a) Find the critical values for C(x) that lie in the 
domain of the problem. 

(b) Over what interval in the domain do average 
costs decrease? 

(c) Over what interval in the domain do average 
costs increase? 

(d) How many machines give minimum average 
costs? 

(e) What are the minimum average costs? 


55. Marginal revenue Suppose the weekly marginal 


revenue function for selling x units of a product is 
given by the graph in the figure. 


MR 





_ 36,000,000(500 — 2x) 
3 (2x + 500)2 






| 


(a) At each of x = 150, x = 250, and x = 350, what 
is happening to revenue? 

(b) Over what interval is revenue increasing? 

(c) How many units must be sold to maximize 
revenue? 


56. Earnings Suppose that the rate of change f’(x) of 


the average annual earnings of new car salespersons 
is shown in the figure. 


S') 





(a) Ifa, b, and c represent certain years, what is hap- 
pening to f(x), the average annual earnings of the 
salespersons, at a, b, and c? 

(b) Over what interval (involving a, b, or c) is there 
an increase in f(x), the average annual earnings 
of the salespersons? 
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58. 


59. 


60. 


61. 
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Revenue The weekly revenue of a certain recently 
released film is given by 


where R is in millions of dollars and tf is in weeks. 

(a) Find the critical values. 

(b) For how many weeks will weekly revenue 
increase? 


Medication Suppose that the concentration C of a 
medication in the bloodstream ¢ hours after an injec- 
tion is given by 


C(t) = 0.2t 





(a) Determine the number of hours before C attains 
its maximum. 
(b) Find the maximum concentration. 


Candidate recognition Suppose that the proportion 
P of voters who recognize a candidate’s name ft 
months after the start of the campaign is given by 


13t 


4 100 + 0.18 


Pitas 
(a) How many months after the start of the campaign 
is recognition at its maximum? 
(b) To have greatest recognition on November 1, 
when should a campaign be launched? 


Medication The number of milligrams x of a med- 
ication in the bloodstream ¢ hours after a dosage is 
taken can be modeled by 


FOL 2000t 


t?7+ 16 





(a) For what t-values is x increasing? 
(b) Find the t-value at which x is maximum. 
(c) Find the maximum value for x. 


Residential remodeling expenditures According to 
the data provided by Kitchen & Bath Design News, 
the number of billions of dollars spent on residential 
remodeling (in 1992 dollars) can be modeled by 


y = 0.003652x* — 0.1408x? + 1.6083x? 
— 4.4349x + 56.7387 


where x is the number of years from 1980. 

(a) To the nearest year from 1980 to 1999, find when 
this model predicts the highest expenditure for 
remodeling. 

(b) Find the year in this interval when the model 
gives the minimum expenditure. 


&@ 62. Poverty 


BG 63. 


The table shows the number of millions of 
the people in the United States who lived below the 
poverty level for selected years from 1960 to 1996. 

(a) Find a model that approximately fits the data, 
using x as years past 1900. 

Find the year when poverty is a minimum 
according to the model. 


(b) 


Persons Living Below the 


Year Poverty Level (millions) 
1960 39.9 
1965 Sa.2 
1970 25.4 
1975 25.9 
1980 29.3 
1986 32.4 
1989 31.5 
1990 33.6 
1991 aD 
1992 38 
1993 39.3 
1994 38.1 
1995 36.4 
1996 36.5 


Source: Bureau of the Census, U.S. Dept. of Commerce 


Budget deficit The table gives the yearly budget 
deficit, in billions of dollars, for the years 1990-1997, 
with White House estimates for 1998 and 1999. 

(a) Use the data for 1990 to 1997 to find the equa- 
tion that models the yearly deficit, with x as the 
number of years past 1990. 

Find the year when the model indicates that the 
deficit is a maximum, and compare it to the data. 


(b) 


Year Yearly Deficit (billions) 
1990 $221.2 
1991 269.4 
1992 290.4 
1993 255.0 
1994 203.1 
1995 163.9 
1996 107.3 
1997 2216 
1998 22.0 
1999 , 0 


Source: USA Today, Jan. 7, 1998 


&& 64. Total capital The table gives the percent earned 
total capital for Eli Lilly & Co. for the years 
1987-1998. 

(a) Find a cubic equation that models the data, using 
x = 0 in 1987. 

(b) Use the model to find the year during which the 
maximum percent total return occurred. 
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Year 


1987 
1988 
1989 
1990 
199] 
1992 


Percent Earned 
Total Capital 


18.8 
ZED 
23.6 
30.4 
25.0 
25.8 


Year 


1993 
1994 
1995 
1996 
1997 
1998 


Percent Earned 
Total Capital 


25.4 
17.4 
1 PS) 
17.9 
27.0 
28.0 


Source: Value Line Publishing Company, Oct. 31, 1997 
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OBJECTIVES 


= Jo find points of inflection of 
graphs of functions 


= Jo use the second-derivative test 
to graph functions 


Figure 10.14 





A curve is said to be concave up on an interval [a, b] if at each point on the 
interval the curve is above its tangent at the point (Figure 10.15a). If the curve is 
below all its tangents on a given interval, it is concave down on the interval 


(Figure 10.15b). 
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Figure 10.15 
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Concave Up and 
Concave Down 
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Looking at Figure 10.15(a), we see that the slopes of the tangent lines 
increase over the interval where the graph is concave up. Because f’(x) gives the 
slopes of those tangents, it follows that f’(x) is increasing over the interval where 
f(x) is concave up. However, if we know that f’(x) is increasing, then its deriva- 
tive, f’(x), must be positive. That is, the second derivative is positive if the curve 
is concave up. Conversely, it can be shown that the graph of a function is con- 
cave up if the second derivative is positive. 


oy VY 





Concave up Concave down 


(a) (b) 


Similarly, if the second derivative of a function is negative over an interval, 
the slopes of the tangents to the graph decrease over that interval. This happens 
when the tangent lines are above the graph, as in Figure 10.15(b), so the graph 
must be concave down on this interval. 

Thus we see that the second derivative can be used to determine the concav- 
ity of a curve. 





Assume that the first and second derivatives of function f exist. If f(x) > 0 on 
an interval J, the graph of f is concave up on the interval. If f”"(x) < 0 on an 
interval /, then the graph of f is concave down on I. We also say that the graph 
of y = f(x) is concave up at (a, f(a)) if f"(a) > 0 and that the graph is concave 
down at (b, f(b)) if f(b) < 0. 





EXAMPLE 1 
Is the graph of f(x) = x? — 4x? + 3 concave up or down at the point 


(a) (1, 0)? (b) (2, -5)? 


Sojution 
(a) We must find f”(x) before we can answer this question. 


f'(~) = 3x7 - 8x = f"(x) = 6x — 8 


Then f"(1) = 6(1) — 8 = —2, so the graph is concave down at (1, 0). 
(b) Because f’(2) = 6(2) — 8 = 4, the graph is concave up at (2, —5). The 
graph of f(x) = x? — 4x* + 3 is shown in Figure 10.16(a). 


Looking at the graph of y = x? — 4x? + 3 (Figure 10.16a), we see that the 
curve is concave down on the left and concave up on the right. Thus it has 
changed from concave down to concave up. Figure 10.16(b) shows the graph of 
y” = f"(x) = 6x — 8, and we can see that y’ < 0 for x < $ and y” > 0 forx > 4. 
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Thus the second derivative changes sign at x = 3, so the concavity of the graph 
of y = f(x) changes at x = 3, y = —3}. The point where concavity changes is 
called a point of inflection. 


y. 





(b) 











Point of Inflection _ A point (xj, yo) on the graph of a function fis called a point of inflection if the 
curve is concave up on one side of the point and concave down on the other side. 
The second derivative at this point, f”(x,), will be 0 or undefined. 





In general, we can find points of inflection and information about concavity 
as follows. 
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Figure 10.17 
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Figure 10.18 


The graph of y = 3x* — x? + 5 is shown in Figure 10.17. Note the points of 
inflection at (0, 5) and (1, ee The point of inflection at (0, 5) is a horizontal 
point of inflection because f’(x) is also 0 at x = 0. A sign diagram for f”(x), the 
second derivative of this function, is shown below. The changes in the sign of 
f(x) correspond to changes in concavity and occur at points of inflection. 


Concave Concave Concave 
fe) down 
f'") 


ee ey UA ey ee) ea 


| EXAMPLE 2 
| Suppose that a real estate developer wishes to remove pollution from a small 


lake so that she can sell lakefront homes on a “crystal clear” lake. The graph in 
Figure 10.18 shows the relation between dollars spent on cleaning the lake and 
the purity of the water. The point of inflection on the graph is called the point of 
diminishing returns on her investment because it is where the rate of return on 
her investment changes from increasing to decreasing. Show that the rate of 
change in the purity of the lake, f’(x), is maximized at this point, x = c. Assume 
that f(c), f’(c), and f”(c) are defined. 
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Solution 


Because x = c is a point of inflection for f(x), we know that the concavity must 
change at x = c. From the figure we see the following. 
x<c: f(x) is concave up, so f”(x) > 0. 
f"(x) > 0 means that f’(x) is increasing. 
x>c: f(x) is concave down, so f(x) < 0. 
f"(x) < 0 means that f'(x) is decreasing. 
Thus f’(x) has f’(c) as its relative maximum. 


Figure 10.19 





(a) 
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| EXAMPLE 3 
Suppose that the daily sales (in thousands of dollars) of a product is given by 


See aoe 6) 


; 6 


where x is thousands of dollars spent on advertising. Find the point of diminish- 
ing returns for money spent on advertising. 

Solution 

We seek the point where the graph of this function changes from concave up to 
concave down, if such a point exists. 


ds 


Cy, ey x Zz 
ak) @) rAl 3x" + 18x) 


S"(x) = P(—6x + 18)=—x+3 
S"(x)=0 when 0=-x+3 or x=3 
Thus x = 3 is a possible point of inflection. We test S”(x) to the left and right of 
x= 3. 
S"(2) = 1 >0= concave up to the left of x = 3 
S"(4) = —1 <0= concave down to the right of x = 3 
Thus the point of diminishing returns occurs when x = 3 (thousand dollars) and 
S = 10 (thousand dollars). Figure 10.19 shows the graphs of S, S’, and S”. At 
x = 3, we can see that the point of diminishing returns on the graph of S corre- 


sponds to the maximum point of the graph of S’ and the zero (or x-intercept) of 
the graph of S”. 


atssnoneonnnceainineonissaoaninhnhheSneSONONiONAhOhASSSSANAhintntAaneAeniAtiiinAniAKOASAAnelQAinAanAni Nl BAAGANObt/TOFOTAONMOHCtCOLOONNAMtOtCCOCPOCCHniitttlPCCCCDnMMhOQhOAcersNOntMiCrCtIepeTNtsensestCrrninttODerne REAM SAA 


, 
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S’(x) =4 (3x2 + 18x) | 





(b) (c) 


We can use information about points of inflection and concavity to help 
sketch graphs. For example, if we know that the curve is concave up at a critical 
point where f’(x) = 0, then the point must be a relative minimum because the 
tangent to the curve is horizontal at the critical point, and only a point at the bot- 
tom of a “concave up” curve could have a horizontal tangent (see Figure 10.20a). 
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Figure 10.20 (a) (b) 


On the other hand, if the curve is concave down at a critical point where 
f'(&) = 0, then the point is a relative maximum (see Figure 10.20b). 

Thus we can use the second-derivative test to determine whether a critical 
point where f’(x) = 0 is a relative maximum or minimum. 
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Figure 10.21 


CHECKPOINT | 
a 1. If f"(x) > 0, then f(x) is concave 


2. Where do possible points of inflection occur? 


3. On the graph below, locate any points of inflection (approximately) and label 
where the curve satisfies f’(x) > 0 and f”(x) < 0. 








: 4. Determine whether the following is true or false. If f’(0) = 0, then f(x) has a 
/ point of inflection at x = 0. 


EXAMPLE 4 
Find the relative maxima and minima and points of inflection of y = 3x* — 4x°. 


Solving 0 = 12x3 — 12x? = 12x*(x — 1) gives x = 1 and x = 0. Thus the critical 
points are (1, —1) and (0, 0). 
y” = f"(x) = 36x? — 24x 

f’() = 12 >0=> (1, —1) is a relative minimum point. 

f"(0) = 0 = the second-derivative test fails. 
Because the second-derivative test fails, we must use the first-derivative test at 
the critical point (0, 0). 

f'(-1) = -24<0 


Solution 
y! = f'() = 12x3 — 12%? 
o-oo 


\ => (0, 0) is a horizontal point of inflection. 
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| We look for points of inflection by setting f"(x) = 0 and solving for x. We find 
that 0 = 36x? — 24x has solutions x = 0 and x = }. 


| 
i 

| f"(-1) = 60>0 
| f"() = -3<0 

: Thus we see again that (0, 0) is a horizontal point of inflection. This is a special 


| point, where the curve changes concavity and has a horizontal tangent (see 
Figure 10.22). Testing for concavity on either side of x = 3 gives 


\ => (0, 0) is a point of inflection. 


‘\ 


\ => (3,—3) is a point of inflection. 


f Ge 3-0 
fd) = 120 








Figure 10.22 


B/ Graphing Utilities We can use graphing utilities to explore the relationships among f, f’, and f”, as 
we did in the previous section for f and f’. 


»/ | EXAMPLE 5 
Figure 10.23 shows the graph of f(x) = §(2x3 — 3x? — 12x + 12). 


(a) From the graph, identify points where f’(x) = 0. 
(b) From the graph, observe intervals where f"(x) > 0 and where f(x) < 0. 
(c) Check the conclusions from (a) and (b) by calculating f(x) and graphing it. 


Solution 


(a) From Figure 10.23, we can make an initial estimate of the x-value of the 
point of inflection. It appears to be near x = 5, so we expect f"(x) = 0 at (or 
very near to) x =}. 

(b) We see that the graph is concave downward (so f”(x) < 0) to the left of 
the point of inflection. That is, f’(x) < 0 when x < }, Similarly, f’(x) > 0 
when x >}. 

(c) f(x) = §(2x8 — 3x? — 12x + 12) 
f'(®) = §(6x? — 6x — 12) =x? -x-2 
tO) Seek 

Figure 10.23 Thus f(x) = 0 when x = 3. 
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Figure 10.24 shows the graph of f’(x) = 2x — 1. We see that the graph 
crosses the x-axis (f(x) = 0) when x = 3, is below the x-axis (f(x) < 0) 
when x < 3, and is above the x-axis (f(x) > 0) when x > 3. This verifies 
our conclusions from (a) and (b). 





Figure 10.24 


EXAMPLE 6 
Figure 10.25 shows the graph of f’(x) = —x? — 2x. Use the graph of f’(x) to do 
the following. 





(a) Find intervals where f(x) is concave downward and where it is concave 
upward. 


Sonic 


(b) Find x-values where f(x) has a point of inflection. 
(c) Check the conclusions from (a) and (b) by finding f”(x) and graphing it. 
| (d) For f(x) = 3(9 — x° — 3x?), calculate f’(x) to verify that this could be f(x). 





Figure 10.25 


Soitionr 


Secret 


(a) Concavity for f(x) can be found from the sign of f”(x). Because f”(x) is the 
first derivative of f’(x), wherever the graph of f’(x) is increasing, it follows 
that f’(x) > 0. Thus f’(x) > 0 and f(x) is concave upward when x < —1. 
Similarly, f"(x) < 0, and f(x) is concave downward when f’(x) is decreas- 
ing—that is, when x > —1. 


(b) From (a) we know that f”(x) changes sign at x = —1, so f(x) has a point of 
inflection at x = —1. Note that f’(x) has its maximum at the x-value where 
f(x) has a point of inflection. In fact, points of inflection for f(x) will corre- 
spond to relative extrema for f’(x). 
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| (c) For f’(x) = —x* — 2x, we have f"(x) = —2x — 2. Figure 10.26 shows the 
graph of y = f”(x) and verifies our conclusions from (a) and (b). 


(d) If f(x) = 4(9 — x3 — 3x”), then f’(x) = 3(—3x? — 6x) = —x? — 2x. Figure 
10.27 shows the graph of f(x) = 3(9 — x° — 3x”). Note that the point of 
inflection and the concavity correspond to what we discovered in (a) and (6). 
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Figure 10.26 








Figure 10.27 


The relationship among f(x), f’(x), and f”(x) that we explored in Example 6 
can be summarized as follows. 


Tab 

FS) Upward Downward 
f'@) 
negative (—) (+)to(-) | (—)to(4+) 











CHECKPOINT 
SOLUTIONS | 





1. up 

2. Possible points of inflection occur where f”(x) = 0 or f”(x) is undefined. 
_ 3. Points of inflection at A, B, and C 

f’(x) < 0 to the left of A and between B and C 

f(x) > 0 between A and B and to the right of C 





4. (a) False. For example, if f(x) = x‘, then f’(x) = 4x3 and f’(x) = 12x2. Note that 
i f(x) = 12x? does not change sign from x < 0 tox > 0. 


10.2 Concavity; Points of Inflection 767 


EXERCISE 10.2 





In Problems 1-4, determine whether each function is con- 13. f(x) = 9x4 + 3x3 — 3x2 +3 
cave upward or concave downward at the indicated points. f(x) 

1. f(x) = x3 —_3x7 +1 at(a)x=—-2. 0) x =3 
2. f(x) =x3+6x—-4 at(@a)x=-S5 (b)x=7 
3. y=2x3+4x-—8 at(dx=—-1 b)x=4 
4. y= 4 —3x7+2 at(a)x=0 (b)x=5 


In Problems 5-10, use the indicated x-values on the graph 
of y = f(x) to find the following. 
y 





. Find intervals over which the graph is concave down. 
. Find intervals over which the graph is concave up. 


. . " 
- Find intervals where f"(x) > 0. Find the relative maxima, relative minima, and points of 


. Find intervals where f "(x) <0. , f ; inflection, and sketch the graph of the functions in 
9. Find the x-coordinates of three points of inflection. Problems 15200: 


10. Find the x-coordinate of a horizontal point of inflection. 





con AN 


15. ye At 2 16. y=x? =x? 

In Problems 11-14, a function and its graph are given. 17s yx? — 2x? Bee 
Use the second derivative to determine intervals where the 18. y= x3 — 3x7 +6 
function is concave upward, to determine intervals where 19. yoae 167 20; y=a0— 8x 16x 
it is concave downward, and to locate points of inflection. In Problems 21-24, a function and its first and second 
Check these results against the graph shown. derivatives are given. Use these to find critical values, rel- 
11. fa) =x? — Gx? + Sx +6 ative maxima, relative minima, and points of inflection; 

f@ sketch the graph of each function. 


21. f(x) = 3x* — 20x? 
F/G) = 15°@— 2)@ + 2) 
F"(&) = 60x(x? — 2) 

22. {@) = 5 


# f'@ = 5x3 — 4) 
S' (x) = 20x*(x — 3) 
23. y = x!8q — 4) 24. y = x(x — 7) 
Ae 1) mctxe ie — 4) 
yeas ae eau heS sib 
ake) ZS eh) 
Y 9x3/3 9x23 





= / In Problems 25 and 26, a function and its graph are given. 
(a) From the graph, estimate where f"(x) > 0, where 
f"(®) <0, and where f”(x) = 0. 
(b) Use (a) to decide where f’(x) has its relative maxima 
and relative minima. 
(c) Verify your results in (a) and (b) by finding f’(x) and 
f(x) and then graphing each with a graphing utility. 
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Dai Ch= 3x tae + Bx 12 





In Problems 27 and 28, f’(x) and its graph are given. Use 
the graph of f’(x) to determine the following. 
(a) Where is the graph of f(x) concave upward and where 
is it concave downward? 
(b) Where does f(x) have any points of inflection? 
(c) Find f”(x) and graph it. Then use that graph to check 
your conclusions from (a) and (b). 
(d) Sketch a possible graph for f(x). 
27. f' (x) = 4x — x? 
8 
f : [ \ 











In Problems 29 and 30, use the graph shown in Figure 
10.28 and identify points from A through J that satisfy the 
given conditions. 


29."(a) f'{x) > 0 and f"x) 0 
(b) f’(x) < Oand f"(x) < 0 
(c) f’(x) = Oand f"(x) > 0 
(d) f’(x) > 0 and f’(x) = 0 
(e) f(x) = Oand f’(x) = 0 
30. (a) f’(x) > O and f"(x) < 0 
(b) f’(x) < Oand f(x) > 0 
(c) f’(x) = Oand f(x) < 0 
(d) f’(x) < Oand f’(x) = 0. 





Figure 10.28 


In Problems 31 and 32, a graph is given. Tell where f(x) is 
concave upward, where it is concave downward, and where 
it has points of inflection on the interval —2 < x = 2.16 


the given graph is the graph of 
(a) f(x) (b) f’(x) (c) f(x) 
31. y 32: , 





Applications 


33: Productivity—diminishing returns The figure below 
is a typical graph of worker productivity as a function 
of time on the job. 


ey 





34. 


333 


36. 


(a) If P represents the productivity and ft represents 
the time, write a symbol that represents the rate 
of change of productivity with respect to time. 

(6) Which of A, B, and C is the critical point for the 
rate of change found in (a)? This point actually 
corresponds to the point at which the rate of pro- 
duction is maximized, or the point for maximum 
worker efficiency. In economics, this is called the 
point of diminishing returns. 

(c) Which of A, B, and C corresponds to the upper 
limit of production? 


Population growth The figure below shows the 
growth of a population as a function of time. 


P 


t 





(a) If P represents the population and t represents the 
time, write a symbol that represents the rate of 
change (growth rate) of the population with 
respect to time. 

(b) Which of A, B, and C corresponds to the point at 
which the growth rate attains its maximum? 

(c) Which of A, B, and C corresponds to the upper 
limit of population? 


Advertising and sales ‘The figure below shows the 
daily sales volume S as a function of time f since an 
ad campaign began. 


S 


t 





A 

(a) Which of A, B, and C is the point of inflection for 
the graph? 

(b) On which side of C is d?S/dt? > 0? 

(c) Does the rate of change of sales volume attain its 
minimum at C? 

Oxygen purity The figure below shows the oxygen 

level P (for purity) in a lake ¢ months after an oil 

spill. 


ey 


38. 


D9: 


40. 
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(a) Which of A, B, and C is the point of inflection for 
the graph? 

(b) On which side of C is d?P/dt? < 0? 

(c) Does the rate of change of purity attain its maxi- 
mum at C? 


Production Suppose that the total number of units 
produced by a worker in t hours of an 8-hour shift can 
be modeled by the production function P(t): 


P(t) = 27t + 122? — 23 


(a) Find the number of hours before production is 
maximized. 

(b) Find the number of hours before the rate of pro- 
duction is maximized. That is, find the point of 
diminishing returns. 

Poiseuille’s law—velocity of blood According to 

Poiseuille’s law, the speed S of blood through an 

artery of radius r at a distance x from the artery wall 

is given by 


S = k[r? — (r — x)?] 


where k is a constant. Find the distance x that maxi- 
mizes the speed. 


Advertising and sales—diminishing returns Sup- 
pose that a company’s daily sales volume attributed 
to an advertising campaign is given by 

3 18 


Si ee 


43 Oe 4 3) 


(a) Find how long it will be before sales volume is 
maximized. 

(b) Find how long it will be before the rate of change 
of sales volume is minimized. That is, find the 
point of diminishing returns. 


Oxygen purity—diminishing returns Suppose that 
the oxygen level P (for purity) in a body of water t 
months after an oil spill is given by 


4 Sa 


amrenraice (tera2 


P(t) = 500 EA 


(a) Find how long it will be before the oxygen level 
reaches its minimum. 
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By 41. 


me 42. 


(b) Find how long it will be before the rate of change 
of P is maximized. That is, find the point of 
diminishing returns. 

Inflation rate The table below gives the annual per- 

cent change in the consumer price index (CPI) for the 

years 1980-1996. The equation that models the data 
is 

y = 0.002138x* — 0.08399x? + 1.12630x? — 5.9860x 
+ 14.1484 


where x is number of years past 1980. Use the model 
to find the year between 1985 and 1996 in which it 
indicates that the increase is a maximum. 


Annual Percent Annual Percent 
Year Change in CPI Year Change in CPI 
1980 1355 1989 4.8 
1981 10.3 1990 5.4 
1982 6.2 1991 4.2 
1983 3.2 1992 3.0 
1984 4.3 1993 3.0 
1985 3.6 1994 2.6 
1986 1.9 1995 2.8 
1987 3.6 1996 2.9 
1988 4.1 


Source: Bureau of Labor Statistics, U.S. Dept. of Labor 


Personal savings The following table gives the per- 
sonal savings (in billions of dollars) in the United 
States for selected years. 


Personal Personal 
Savings Savings 
Year (billions) Year (billions) 


1980 $153.8 1988 155.7, 


1985 189.3 1989 152-1 
1986 187.5 1990 Li5:6 
1987 142.0 199] 199.6 


Source: Survey of Current Business, March 1993 


Assume that personal savings is modeled by 
PS(t) = 0.55t? — 25.6t? + 384¢ — 1678 


where f is the number of years past 1970. 

(a) Find a function that models the instantaneous 
rate of change of personal savings. 

(b) Use the model from (a) to find when the rate of 
personal savings is decreasing, when it is increas- 
ing, and when it is a minimum. 

(c) Find the point of inflection of the function PS(2), 
and state to what in (b) it corresponds. 


f£@ 43. Murder rates The table below gives the murder 


rates per 1000 people from 1979 to 1994, 

(a) Using x as the number of years past 1970, write 
the cubic function that models these data. 

(b) Use this model to find the years during this 
period when the murders were at a minimum and 
when they were at a maximum. 

(c) Does the model yield the same years for the min- 
imum and maximum as the data? 


Year Number of Murders per 1000 People 
aa aaa ee Oe 


1979 Zes 
1980 23.0 
1981 22S 
1982 21.0 
1983 19.3 
1984 18.7 
1985 19.0 
1986 20.6 
1987 20.1 
1988 20.7 
1989 IVS 
1990 23.4 
199} 24.7 
1992 23.8 
1993 24.5 
1994 2323 
Source: U.S. FBI 


7 44. Union membership The data in the table can be 


modeled with the function 
u(x) = 0.0003869x3 — 0.08917x2 + 6.2503x — 105.9 


where x = 0 in 1900 and u(x) is the percentage of 
U.S. workers who belonged to unions. During what 
year does the model indicate union membership was 
maximized? 


Percent of Percent of 
Year Workers in Unions Year Workers in Unions 
1930 11.6 1989 16.4 
1940 26.9 1990 16.1 
1950 31.5 1991 16.1 
1960 31.4 1992 15.8 
1970 27.3 1993 15.8 
1975 25.5 1994 15.5 
1980 21.9 1995 14.9 
1985 18.0 1996 14.5 


Source: Bureau of Labor Statistics, U.S. Dept. of Labor 


10.3 Optimization in Business and Economics 765 


B@ 45. Gross national product The following table gives — Year __ Gross National Product (GNP) 
the U.S. gross national product (GNP) for the years 1913 39.6 
1913-1922. 1914 38.6 
(a) Using x = 0 in 1912, find the function that mod- 1915 40.0 

els the data. 1916 48.3 

(b) During what year in this time interval does the 1917 60.4 
mode] predict a minimum GNP? 1918 76.4 

(c) During what year in this time interval does the 1919 84.0 
model predict a maximum GNP? 1920 91.5 
1921 69.6 

1922 74.1 


Source: National Debt in Perspective, Oscar Falconi, 
Wholesale Nutrition (Internet) 


70.3 Optimization in Business and Economics 


OBJECTIVES 

® Jo find absolute maxima and 
minima 

= Jo maximize revenue, given the 
total revenue function 

= 7o minimize the average Cost 
given the total cost function 

= Jo find the maximum profit from 
total cost and total revenue 
functions, or from a profit 








function 
As their name implies, absolute extrema are the functional values that are the 
largest or smallest values over the entire domain of the function (or over the 
interval of interest). 
me ee: SOLED LEPESANT Gee augur 





The value f(a) is the absolute maximum for f if f(a) = f(x) for all x in the 
domain of f (or over the interval of interest). 


The value f(b) is the absolute minimum for / if f(b) = f(x) for all x in the 
domain of f (or over the interval of interest). 


Absolute Extrema 





In this section we will discuss how to find the absolute extrema of a func- 
tion and then use these techniques to solve applications involving revenue, cost, 
and profit. 
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Figure 10.29 





(a) 


Let us begin by considering the graph of y = (x — 1)’, shown in Figure 
10.29(a). This graph has a relative minimum at (1, 0). Note that the relative min- 
imum is the lowest point on the graph. In this case, the point (1, Q) is an 
absolute minimum point, and 0 is the absolute minimum for the function. 
Similarly, when there is a point that is the highest point on the graph over the 
domain of the function, we call the point an absolute maximum point for the 
function. 

In Figure 10.29(a), we see that there is no relative maximum. However, if 
the domain of the function is restricted to the interval [3,2], then we get the 
graph shown in Figure 10.29(b). In this case, there is an absolute maximum of 1 
at the point (2, 1), and the absolute minimum of 0 is still at (1, 0). 

If the domain of y = (x — 1)? is restricted to the interval [2, 3], the resulting 
graph is that shown in Figure 10.29(c). In this case, the absolute minimum is | 
and occurs at the point (2, 1), and its absolute maximum is 4 and occurs at (3, 4). 


(b) (c) 


As the preceding discussion indicates, if the domain of a function is limited, 
an absolute maximum or minimum may occur at the endpoints of the domain. In 
testing functions with limited domains for absolute maxima and minima, we 
must compare the endpoints of the domain with the relative maxima and minima 
found by taking derivatives. In applications to the management, life, and social 
sciences, a limited domain occurs very often, because many quantities are 
required to be positive, or at least nonnegative. 


Maximizing Revenue 


Because the marginal revenue is the first derivative of the total revenue, it should 
be obvious that the total revenue function will have a critical point at the point 
where the marginal revenue equals 0. With the total revenue function R(x) = 
16x — 0.02x?, the point where R’(x) = 0 is clearly a maximum because R(x) isa 
parabola that opens downward. But the revenue function may not always be a 
parabola, and the critical point may not always be a maximum, so it is wise to 
verify that the maximum value occurs at the critical point. 
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| EXAMPLE 1 
| If total revenue for a firm is given by 
R(x) = 8000x — 40x? — x3 
| where x is the number of units sold, find the number of units that must be sold to 
| maximize revenue. Find the maximum revenue. 
Solution 
R’(x) = 8000 — 80x — 3x?, so we must solve 8000 — 80x — 3x? = 0 for x. 
| (40 — x)(200 + 3x) =0 
40-x=0 200+ 3x=0 





SO 


x=40 or x=- an 
3 
Now we reject the negative value for x, but we must verify that x = 40 will yield 


maximum revenue. 


R’'(0) = 8000>0 


R'(100) = 8000 — 8000 — 30,000 < of Tae ce 


This test shows that a relative maximum occurs at x = 40, giving revenue 
R(40) = $192,000. Because R’(x) < 0 for all x > 40, the revenue function is 
decreasing to the right of x = 40. The revenue at x = 0 is R(O) = 0, soR = 
$192,000 at x = 40 is the (absolute) maximum revenue. 


i 


EXAMPLE 2 

A travel agency will plan tours for groups of 25 or larger. If the group contains 
exactly 25 people, the cost is $300 per person. However, each person’s cost is 
reduced by $10 for each additional person above the 25. What size group will 
produce the largest revenue for the agency? 


Solution 
The total revenue is 


R = (number of people)(cost per person) 
If 25 people go, the total revenue will be 
R = 25 - $300 = $7500 


But if x additional people go, the number of people will be 25 + x, and the cost 
per person will be (300 — 10x) dollars. Then the total revenue will be a function 


of x, 
R = R(x) = (25 + x)(300 — 10x) 


‘pevenaonnaanonascnuamameronninn' naersorananinwtananannanvnan in aibmarer ch airanscinniennnnnsanaannnnasinaniintsincemnritikdrnterarenAnratennannananan natmnsesetsstenmnnrsh ehrnanrettniiiwvimnnenintenitinnre 


R(x) = 7500 + 50x — 10x? 
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| This function will have its maximum where MR = R'(x) = 0; R’(x) = 50 — 20x, 
and the solution to 0 = 50 — 20x is x = 2.5. Thus adding 2.5 people to the 
| group should maximize the total revenue. But we cannot add half a person, so 
| we will test the total revenue function for 27 people and 28 people. This will 
| determine the most profitable number because R(x) is concave downward for all x. 
For x = 2 (giving 27 people) we get R(2) = 7500 + 50(2) — 10(2)? = 
| 7560. For x = 3 (giving 28 people) we get R(3) = 7500 + 50(3) — 103)? = 
| 7560. Note that both 27 and 28 people give the same total revenue and that this 

revenue is greater than the revenue for 25 people. Thus the revenue is maxi- 
; mized at either 27 or 28 people in the group. . 


Minimizing Average Cost 


Because the total cost function is always increasing, we cannot find the number 
of units that will make the total cost a minimum (except for producing 0 units, © 
which is an absolute minimum). However, we usually can find the number of 
units that will make the average cost per unit a minimum. 





Average Cost If the total cost is represented by C = C(x), then the average cost per unit is 
C(x) 
% 


C= 


For example, if C = 3x? + 4x + 2 is the total cost function for a commod- 
ity, the average cost function is 


3x7 +4x+2 
Xx 


C= = Sx+ 4 + 2 
8 
Note that the average cost per unit is undefined if no units are produced. 
We can use derivatives to find the minimum of the average cost function, as 
the following example shows. 


EXAMPLE 3 

If the total cost function for a commodity is given by C = jx? + 4x + 100, 
where x represents the number of units produced, producing how many units 
will result in a minimum average cost per unit? Find the minimum average cost. 


Solution 
The average cost function is given by 
I 2 
seater xt 0) 
oes et 
x (alec 
| Then 
Safe spre eet LOO 
| ONG cians 


§ 
i 


i 
t 
i 
i 
3 
; 


Figure 10.30 
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Setting C’ = 0 gives 


_ 1 _ 100 
ONE, x 
Q =x? — 400, or x= +20 


Because the quantity produced must be positive, 20 units should minimize the 
average cost per unit. We show it is an absolute minimum by using the second 
derivative. 


2 es 
C"(x) = 2 so C’(x)>0 whenx>0 
Thus the minimum average cost per unit occurs if 20 units are produced. The 


graph of the average cost per unit is shown in Figure 10.30. The minimum aver- 
age cost per unit is C(20) = $14. 


Maximizing Profit 


In the previous chapter, we defined the marginal profit function as the derivative 
of the profit function. That is, 


MP = P'(x) 
In this chapter we have seen how to use the derivative to find maxima and 
minima for various functions. Now we can apply those same techniques in the 


context of profit maximization. We can use marginal profit to maximize profit 
functions. 

If there is a physical limitation on the number of units that can be produced 
in a given period of time, then the endpoints of the interval caused by these limi- 
tations should also be checked. 


EXAMPLE 4 
Suppose that the production capacity for a certain commodity cannot exceed 30. 
If the total profit function for this commodity is 

P(x) = 4x2 — 210x? + 3600x — 200 


where x is the number of units sold, find the number of items that will maximize 
profit. 
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Figure 10.31 


| Solution 

' The restrictions on capacity mean that P(x) is restricted by 0 = x = 30. The mar- 
| ginal profit function is 

| P'(x) = 12x? — 420x + 3600 

| Setting P’(x) equal to 0, we get 

i 

ty 1 1) 


| so P’(x) = 0 at x = 15 and x = 20. Testing to the Bee and left of these values 
(as in the first-derivative test), we get 


| P18) = =72,.<.0 : os is 

P'(25) = 600>0 => relative minimum at x 20 
Thus, at (15, 20050) the total profit function has a relative maximum but we 
must check the endpoints (0 and 30) before deciding whether it is the absolute - 
maximum. 


‘(0) = “nt => relative maximum atx = 15 





P(O) = —200 and P(30) = 26,800 


Thus the absolute maximum profit is $26,800, and it occurs at the endpoint, 
x = 30. Figure 10.31 shows the graph of the profit function. 


IF 





P(x) = 4x3— 210x? + 3600x — 200 
(0 <x < 30) 





In a monopolistic market, the seller who has a monopoly can control the 
price by regulating the supply of the product. The seller controls the supply, so 
he or she can force the price higher by limiting supply. 

If the demand see for the product is p = f(x), total revenue for the sale 
of x units is R(x) = px = f(x) - x. Note that the price p is fixed by the market in a 
competitive market ea varies with output for the monopolist. 

lf C = CG@) represents the average cost per unit sold, then the total cost for 
the x units sold is C = C - x = Cx. Because we have both total cost and total 
revenue as a function of the quantity, x, we can maximize the profit function, 
P(x) = px — Cx, where p represents the demand function p = f(x) and C repre- 
sents the average cost function C = C(x). 
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EXAMPLE 5 
_ The daily demand function for a product is 


p = 168 — 0.2x 


A monopolist finds that the average cost is 


C3420 +x 

' (a) How many units must be sold to maximize profit? 

_ (b) What is the selling price at this “optimal” level of production? 
-(c) What is the maximum possible profit? 


: ee e 2 


. (a) The total revenue function for the product is 
Re) =p = (ese ieee 
and the total cost function is 
C(x) = C- x = (120 + x)x = 120x + x? 
Thus the profit function is 
POE RG) CO) = 1685 — 0.2 = (1207) 
or 
PQ) = 48x 1.2%? 


Then P’(x) = 48 — 2.4x, so P'(x) = 0 when x = 20. We see that P”(20) = 
—2.4, so by the second-derivative test, P(x) has a maximum at x = 20. That 
is, selling 20 units will maximize profit. 

_ (b) The selling price is determined by p = 168 — 0.2x, so the price that will 
result from supplying 20 units per day is p = 168 — 0.2(20) = 164. That is, 
the “optimal” selling price is $164 per unit. 

(c) The profit at x = 20 is P(20) = 48(20) — 1.2(20)? = 960 — 480 = 480. 
| Thus the maximum possible profit is $480 per day. 


In a competitive market, each firm is so small that its actions in the market 
cannot affect the price of the product. The price of the product is determined in 
the market by the intersection of the market demand curve (from all consumers) 
and market supply curve (from all firms that supply this product). The firm can 
sell as little or as much as it desires at the market equilibrium price. 

Therefore, a firm in a competitive market has a total revenue function given 
by R(x) = px, where p is the market equilibrium price for the product and x is 
the quantity sold. 


_ EXAMPLE 6 

__ A firm in a competitive market must sell its product for $200 per unit. The aver- 
: age cost per unit (per month) is C = 80 + x, where x is the number of units sold 
_ per month. How many units should be sold to maximize profit? 
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| Solution 

| If the average cost per unit is C = 80 + x, then the total cost of x units is given 
by C(x) = (80 + x)x = 80x + x”. The revenue per unit is $200, so the total rev- 
| enue is given by R(x) = 200x. Thus the profit function is 


| P(x) = R(x) — C(x) = 200x — (80x + x2), or P(x) = 120x — x? 
i 
| Then P’(x) = 120 — 2x. Setting P’(x) = 0 and solving for x gives x = 60. 


| Because P”(60) = —2, the profit is maximized when the firm sells 60 units per 
/ month. 


CHECKPOINT | 
, 1. True or false: If R(x) is the revenue function, we find all possible points where 


R(x) could be maximized by solving MR = 0 for x. 








2 2 
| 2. Tf C@) = ee + 10x + 2500, form C(x), the average cost function. 


3. (a) If p = 5000 — x gives the demand function in a monopoly market, find R(x), 
| if it is possible with this information. 
(b) If p = 5000 — x gives the demand function in a competitive market, find 
R(x), if it is possible with this information. 





a Graphing Utilities | As we have seen, graphing utilities can be used to locate maximum values. In 
oe addition, if it is difficult to determine critical values algebraically, we may be 
able to find them graphically. 





EXAMPLE 7 
Suppose total revenue and total costs for a company are given by 
3000 
R(x) = ce ar ee 
(x) = 3000 ey 


C(x) = 500 + 12x + x? 


| where x is thousands of units and revenue and costs are in thousands of dollars. 
Graph P(x) and P'(x) to determine the number of units that yields maximum 
profit and the amount of the maximum profit. 


Solution 


P(x) = RQ) — C(x) 


< (3300095 2 
= 3000 ee (S00 17 t) 


: 3000 
P'(x) = (eye 


Finding the critical values by solving P’(x) = 0 is very difficult in this case (try 
it). That is why we are using a graphing approach. Figure 10.32(a) shows the 
graph of P(x) and Figure 10.32(b) shows the graph of P’(x). These figures indi- 
cate that the maximum profit occurs near x = 10. 
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By adjusting the range for P’(x), we obtain the graph in Figure 10.33. This 
shows that P’(x) = 0 when x = 9 (or when 9000 units are sold). The maximum 


| profit is 
i 
P(Q9) = 2500 — 300 — 108 — 81 
= 2011 (thousands of dollars) 
2500 2500 
" ‘ fr a ne 
PO 


t 
TE 


| 


Ww 
o 


un 
Ss 
gu 
3 


Figure 10.32 


: 
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| 





Figure 10.33 


CHECKPOINT 
SOLUTIONS | 
. 1. False. MR = R'(x), but there may also be critical points where R’(x) is undefined, 
or R(x) may be maximized at endpoints of a restricted domain. 


P2eeG) = C(x) en /20 + 10x + 2500 bm 10 + 2500 
x ii 20 5 





| 3. (a) R(®) =p: x = (5000 — x)x = 5000x — x? 

i (b) In acompetitive market, R(x) = p - x, where p is the constant equilibrium 
price. Thus we need to know the supply function and find the equilibrium 
price before we can form R(x). 


EXERCISE 10.3 





In Problems 1-4, find the absolute maxima and minima Maximizing Revenue 

for f(x) on the interval [a, 5]. 5. (a) If the total revenue function for a radio is R = 
1. fx) = 23 — 2x0? — 4x + 2,[-1,3] 36x — 0.01x2, then sale of how many units will 
2. fix) =x? — 3x + 3, [—3, 1.5] maximize the total revenue? Find the maximum 
3. fay =e x2 — xt 1,[-2, 0] revenue. 
4. f(x) = x3 — x? — x, [-0.5, 2] (b) Find the maximum revenue if production is lim- 


ited to at most 1500 radios. 
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6. 


10. 
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12, 


13; 


14. 
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(a) If the total revenue function for a blender is 
R(x) = 25x — 0.05x’, sale of how many units 
will provide the maximum total revenue? Find 
the maximum revenue. 

(b) Find the maximum revenue if production is lim- 
ited to at most 200 blenders. 


. If the total revenue function for a computer is R(x) = 


2000x — 20x? — x3, find the level of sales that maxi- 
mizes revenue and find the maximum revenue. 


. A firm has total revenues given by 


R(x) = 2800x — &x? — x3 


for a product. Find the maximum revenue from sales 
of that product. 


. An agency charges $10 per person for a trip to a con- 


cert if 30 people travel in a group. But for each per- 
son above the 30, the charge will be reduced by $.20. 
How many people will maximize the total revenue for 
the agency if the trip is limited to at most 50 people? 
A company handles an apartment building with 50 
units. Experience has shown that if the rent for each 
of the units is $360 per month, all the units will be 
filled, but 1 unit will become vacant for each $10 
increase in the monthly rate. What rent should be 
charged to maximize the total revenue from the build- 
ing if the upper limit on the rent is $450 per month? 
A cable TV company has 1000 customers paying $20 
each month. If each $1 reduction in price attracts 100 
new customers, find the price that yields maximum 
revenue. Find the maximum revenue. 

If club members charge $5 admission to a classic car 
show, 1000 people will attend, and for each $1 
increase in price, 100 fewer people will attend. What 
price will give the maximum revenue for the show? 
Find the maximum revenue. 

The function R(x) = R(x)/x defines the average rev- 
enue for selling x units. For 


R(x) = 2000x + 20x? — x? 


(a) find the maximum average revenue. 

(b) show that R(x) attains its maximum at an x-value 
where R(x) = MR. 

For the revenue function given by 


R(x) = 2800x + 8x? — x3 


(a) find the maximum average revenue. 
(b) show that R(x) ) attains its maximum at an x-value 
where R(x) = MR. 


Minimizing Average Cost 


153 


16. 


ae 


18. 


19. 


20. 


eae 


22: 


If the total cost function for a lamp is C@®) = 25 + 
13x + x, producing how many units will result in a 
minimum average cost per unit? Find the minimum 
average cost. 

If the total cost function for a product is C(x) = 
300 + 10x + 0.03x?, producing how many units will 
result in a minimum average cost per unit? Find the 
minimum average cost. ‘ 

If the total cost function for a product is C(x) = 
100 + x*, producing how many units will result in a 
minimum average cost per unit? Find the minimum 
average cost. 

If the total cost function for a product is C(x) = 
250 + 6x + 0.1x?, producing how many units will 
minimize the average cost? Find the minimum aver- 
age cost. 

If the total cost function for a product is C(x) = 
(x + 4)3, where x represents the number of hundreds 
of units produced, producing how many units will 
minimize average cost? Find the minimum average 
cost. 

If the total cost function for a product is C(x) = 
(x + 5)3, where x represents the number of hundreds 
of units produced, producing how many units will 
minimize average cost? Find the minimum average 
cost. 

For the cost function C(x) = 25 + 13x + x2, show 
that average costs are minimized at the x-value where 


C(x) = MC 
For the cost function C(x) = 300 + 10x + 0.03x2, 


show that average costs are minimized at the x-value 
where 


CG) = MC 


Maximizing Profit 


PRY 


24. 


If the profit function for a product is P(x) = 5600x + 
85x? — x? — 200,000, selling how many items will 
produce a maximum profit? Find the maximum 
profit. 

If the profit function for a commodity is P = 
6400x — 18x? — 3x? — 40,000, selling how many 
units will result in a maximum profit? Find the maxi- 
mum profit. 


a: 


26. 


aT. 


28. 


Zo. 


30. 


ot: 
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A manufacturer estimates that x units of its product 
can be produced at a total cost of C(x) = 45,000 + 
100x + x*. If the manufacturer’s total revenue from 
the sale of x units is R(x) = 4600x, determine the 
level of production x that will maximize the profit. 
Find the maximum profit. 

A product can be produced at a total cost C(x) = 
800 + 100x? + x*, where x is the number produced. 
If the total revenue is given by R(x) = 60,000x — 
50x?, determine the level of production that will max- 
imize the profit. Find the maximum profit. 

A firm can produce only 1000 units per month. The 
monthly total cost is given by C(x) = 300 + 200x, 
where x is the number produced. If the total revenue 
is given by R(x) = 250x — 75x”, how many items 
should the firm produce for maximum profit? Find 
the maximum profit. 

A firm can produce 100 units per week. If its total 
cost function is C = 500 + 1500x and its total rev- 
enue function is R = 1600x — x?, how many units 
should it produce to maximize its profit? Find the 
maximum profit. 

A firm has monthly average costs given by 


C= 48.000 + 100 +x 


where x is the number of units produced per month. 
The firm can sell its product in a competitive market 
for $1600 per unit. If production is limited to 600 
units per month, find the number of units that gives 
maximum profit, and find the maximum profit. 


A small business has weekly average costs of 
=a 100 x 
C= : Boe or 10 


where x is the number of units produced each week. 
The competitive market price for this business’s prod- 
uct is $46 per unit. If production is limited to 150 
units per week, find the level of production that yields 
maximum profit, and find the maximum profit. 

The weekly demand function for a product sold by 
only one firm is p = 600 — 5x, and the average cost 
of production and sale is C = 300 + 2x. 

(a) Find the quantity that will maximize profit. 

(b) Find the selling price at this optimal quantity. 

(c) What is the maximum profit? 

The monthly demand function for a product sold by 
a monopoly is p = 8000 — x, and its average cost is 
C = 4000 + 5x. 


10.3 Optimization in Business and Economics 


33: 


34. 


35; 


36. 


37. 


38. 
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(a) Determine the quantity that will maximize profit. 
(b) Determine the selling price at the optimal quantity. 
(c) Determine the maximum profit. 

The monthly demand function for a product sold by a 
monopoly is p = 1960 — }x?, and the average cost is 
C = 1000 + 2x + x. Production is limited to 1000 
units and x is in hundreds of units. 

(a) Find the quantity that will give maximum profit. 
(b) Find the maximum profit. 

The monthly demand function for a product sold by a 
monopoly is p = 5900 — 3x, and its average cost is 
C = 3020 + 2x. If production is limited to 100 units, 
find the number of units that maximizes profit. Will 
the maximum profit result in a profit or loss? 

An industry with a monopoly on a product has its 
average weekly costs given by 

10,000 


pea + 60 — 0.03x + 0.00001x? 


C= 


The weekly demand for the product is given by 
p = 120 — 0.015x. Find the price the industry should 
set and the number of units it should produce to 
obtain maximum profit. Find the maximum profit. 

A large corporation with monopolistic control in the 
marketplace has its average daily costs given by 


C= = + 1000+ x? 


The daily demand for its product is given by p = 
60,000 — 50x. Find the quantity that gives maximum 
profit, and find the maximum profit. What selling 
price should the corporation set for its product? 

A company handles an apartment building with 50 
units. Experience has shown that if the rent for each 
of the units is $360 per month, all of the units will be 
filled, but 1 unit will become vacant for each $10 
increase in this monthly rate. If the monthly cost of 
maintaining the apartment building is $6 per rented 
unit, what rent should be charged per month to maxi- 
mize the profit? 

A travel agency will plan a tour for groups of size 25 
or larger. If the group contains exactly 25 people, the 
cost is $500 per person. However, each person’s cost 
is reduced by $10 for each additional person above 
the 25. If the travel agency incurs a cost of $125 per 
person for the tour, what size group will give the 
agency the maximum profit? 
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Miscellaneous Applications (b) Approximately when did the 12-month moving 
average reach its absolute minimum, and what 
was the minimum? 

(c) Approximately when did the trade deficit reach 
its absolute maximum, and what was the maxi- 


39. Sales revenue The data in the table give sales rev- 
enues for Scott Paper Company* for various years. 


Sales Revenue Sales Revenue 


mum? 
Year (billions Ss = Year ae (pehons) © (d) Approximately when did the 12-month moving 
1983 $2.6155 1989 4.8949 average reach its absolute maximum, and what 
1984 2.7474 1990 5.1686 we te ret 
1985 2.934 1991 4.9593 
1986 S5i51 1992 5.0913 
1987 3.9769 1993 4.7489 
1988 4.5494 


Source: Scott Paper Company, 1993 Annual Report 


Assume that sales revenues for Scott Paper can be 
modeled by 


R(t) = —0.031t? + 0.776r + 0.179 


Dollars (in billions) 


where ¢ is the number of years past 1980. 

(a) Use the model to find when maximum revenue 
occurs and what maximum revenue it predicts. 

(b) Check your result in (a) against the data in the 





Source: Wall Street Journal, December 17, 1993 


ae 42. Dow Jones average The figures show the Dow 
40. Revenue The following table gives the total rev- Jones average for early 1994 (January through 
enues of AT&T* for selected years. March) as well as the average through the day on 
March 31, 1994. 
Total Revenues Total Revenues (a) Approximate the time of day on March 31, 1994, 
Year (billions) Year (billions) when the Dow Jones average reached its absolute 
1985 $63.13 1990 $62.191 maximum and when it reached its absolute mini- 
1986 $69.906 1991 $63.089 sarees 
1987 $60.53 1992 $64,904 (b) Find the day of the year in early 1994 when the 
1989 $61.1 1993 $67.156 Dow Jones average reached its absolute maxi- 
Rack ee leita aa ft dip aeTr1903 mum, and find its absolute maximum. 
ax Sas (c) Find the approximate day of the year in early 
1994 when the Dow Jones average reached its 
Suppose the data can be modeled by the equation absolute minimum, and find its absolute mini- 
R(t) = 0.253t? — 4.03t + 76.84 mum. 
where t is the number of years past 1980. Dow Jones Closing Averages—Early 1994 © 
(a) Use the model to find the year in which revenue 
was minimum and find the minimum predicted 3635.96 Of Faghest dose 
revenue. A +9221 January 31,1994 | 3978.36 


(b) Check your result in (a) against the data in the table. 


41. U.S. trade deficit The figure shows the U.S. trade 
deficit, in billions of dollars, from late 1990 to late 
1993. 

(a) Approximately when did the trade deficit reach its 
absolute minimum, and what was the minimum? 


3/1/94 4/1/94 5/1/94 ; 





Source: Oil City Derrick, April 1, 1994 
*Before Scott Paper merged with Kimberly Clark 
*Before AT&T split off Lucent and NCR 


Dow Jones Activity on March 31, 1994 





From Oil City Derrick, April 1, 1994 
Source: Telerate Systems, Inc. 


43. Crime concern The graph below shows that the 
percentage p of people in the United States who 
believe crime is the most serious domestic problem is 
a function of time f (in calendar years) and, of course, 
of the events that occur during those years. Denote 
this function by p = f(t), and use the graph to answer 
the following. 


40 


Percentage saying crime is the most 
important problem facing the USA today 
S) 
3S 





0 
10 4 18 82" 80), OU 94 
Year 
Source: USA Today, January 25, 1994 


(a) When did f(t) achieve its absolute minimum? 

(b) What is the absolute maximum point for f(t)? 

(c) Is it possible to have f(t) < 0? Explain. 

(d) What effect do you think a foreign conflict (such 
as a war) would have on the graph? 

(e) Do you think a candidate for public office should 
have based a campaign extensively on the “law 
and order” issue in 1980? in 1994? Explain. 


10.3 Optimization in Business and Economics 777 


44. Social Security support The graph below shows the 
number of workers, W, still in the workforce per 
Social Security beneficiary (historically and projected 
into the future) as a function of time ¢, in calendar 
years. Denote this function by W = f(t), and use the 
graph to answer the following. 


18 


Workers per beneficiary 





1950 1970 1990 2010 2030 2050 
Year 
Source: Social Security Administration 


What is the absolute maximum for f(t)? 

What is the absolute minimum for f(t)? 

Does this graph suggest that Social Security 
taxes might rise or might fall in the early 21st 
century? Explain. 
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710.4 Applications of Maxima and Minima 


OBJECTIVE 
= Jo apply the procedures for 
finding maxima and minima to 
solve problems from the 
management, life, and social 
sciences 





If we have functions that model cost, revenue, or population growth, we can 
apply the methods of this chapter to find the maxima and minima of the functions. 


EXAMPLE 1 
Suppose that a new company begins production in 1995 with eight employees 
and the growth of the company over the next 10 years is predicted by 


160t 


| 
| 
N = Nt) = o(1+ 70), 0st=10 





where N is the number of employees ¢ years after 1995. 


(a) In what year will the number of employees be maximized? 
(b) What will be the maximum number of employees? 


Solution 
This function will have a relative maximum when N’(t) = 0. 


_ o| (22 + 16)(160) — (1602) (28) 
N'(t) ae s| (t?7 + 16)? 
1601? + 2560 — 32072 
| (t? + 16)? 
_ ,[ 2560 — 1607? 
e s| (2 +16) | 


Because N’(t) = 0 when its numerator is 0 (note that the denominator is never 
0), we must solve 


2560 — 1601? = 0 
160(44 + (4-H =0 
so 


t=-4 or t=4 


Figure 10.34 


Figure 10.35 


i 


| 


| 
| 


a 
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We are interested only in positive t-values, so we test t = 4. 


2560 
N'(0) = 5| 2560 0 
14440 => relative maximum 
N'(10) = 9| 3 <0 


The relative maximum is 


= Oe 
M4) = s(1+ 0 = 168 


At t = 0, the number of employees is N(0) = 8, and it increases to M(4) = 168. 
After t = 4, M(t) decreases to N(10) = 118 (approximately), so N(4) = 168 is 
the maximum number of employees. Figure 10.34 verifies these conclusions. 


N(t) 





Sometimes we must develop the function we need from the statement of the 
problem. In this case, it is important to understand what is to be maximized or 
minimized and to express that quantity as a function of one variable. 


EXAMPLE 2 


A farmer needs to enclose a rectangular pasture containing 1,600,000 square 
feet. Suppose that along the road adjoining his property he wants to use a more 
expensive fence and that he needs no fence on one side perpendicular to the road 
because a river bounds his property on that side. If the fence costs $15 per foot 
along the road and $10 per foot along the two remaining sides that must be 
fenced, what dimensions of his rectangular field will minimize his cost? (See 
Figure 10.35.) 
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| Solution 

/ In Figure 10.35, x represents the length of the pasture along the road (and paral- 
lel to the road) and y represents the width. The cost function for the fence used is 
C = 15x + 10y + 10x = 25x + 10y 


_ We cannot use a derivative to find where C is minimized unless we write C as a 


function of x or y only. Because the area of the rectangular field must be 


_ 1,600,000 square feet, we have 
| A = xy = 1,600,000 


Solving for y in terms of x and substituting give 


_ 1,600,000 
i x 
| pao 10( 1:900.000 ) — 95, + 16,000,000 
x x 
/ The derivative of C with respect to x is 

C(x) = 25-78 
| and we find the relative minimum of C as follows: 
_ 5. _ 16,000,000 

0 = 25 2 


| 0 = 25x2 — 16,000,000 
| 25x? = 16,000,000 

x? = 640,000 

x = 800 feet 

Testing to see if x = 800 gives the minimum cost, we find 
| C(x) = eae 

| 


C"(x) > 0 for x > 0, so C(x) is concave up for all positive x. Thus x = 800 gives 
the absolute minimum, and C(800) is the minimum cost. The other dimension of 
the rectangular field is x = 1,600,000/800 = 2000 feet. Figure 10.36 verifies 
that C(x) reaches its minimum (of 40,000) at x = 800. 


C(x) 


sant sam eananannnerevoreenninnas waa sanannnbiraninnnitiie 


(in thousands) 


16,000,000 


C@) =23x-- 


| 


Figure 10.36 | 





Figure 10.37 
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EXAMPLE 3 


Postal restrictions limit the size of packages sent through the mail. If the restric- 
tions are that the length plus the girth may not exceed 108 in., find the volume of 
the largest box with square cross section that can be mailed. 


Solution 


Let / equal the length of the box, and let s equal a side of the square end. See 
Figure 10.37(a). The volume we seek to maximize is given by 


V=s?] 


(in thousands) 





Girth = distance around 


(a) (b) 


We can use the restriction that girth plus length equals 108, 
4s +1= 108 


to express V as a function of s or 1. Because / = 108 — 4s, the equation for V 
becomes 


V = s*(108 — 4s) 


or 
V = 108s? — 453 
Thus we can use dV/ds to find the critical values. 
“ = 2165 — 12s° 
0 = s(216 — 12s) 
The critical values are s = 0, s = 42 = 18. The critical value s = 0 will not max- 


imize the volume, for in this case, V = 0. Testing to the left and nght of s = 18 
gives 

V7) >0 and V'(19)<0 
Thus s = 18 in. and / = 108 — 4(18) = 36 in. yield a maximum volume of 


11,664 cubic inches. Once again we can verify our results graphically. Figure 
10.37(b) shows that V = s7(108 — 4s) achieves its maximum when s = 18. 
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CHECKPOINT | 


eno n  AUORTRA 


Figure 10.38 


, Suppose we want to find the minimum value of C = 5x + 2y and we know that x and 
_ y must be positive and that xy = 1000. 

1. What equation do we differentiate to solve this problem? 

2. Find the critical values. 


- 3. Find the minimum value of C. 


Consider the inventory cost model in which x items are produced in each 
run and items are removed from inventory at a fixed constant rate. Then the 
number of units in storage changes with time and is illustrated in Figure 10.38. 
To see how these inventory cost models work, consider the following example. 


Units in 
storage 


Average units 
in storage 


time 





Time between 
production runs 


| EXAMPLE 4 

, Suppose that a company needs 1,000,000 items during a year and that prepara- 
tion costs are $800 for each production run. Suppose further that it costs the 
company $6 to produce each item and $1 to store an item for up to a year. If 
each production run consists of x items, find x so that the total costs of produc- 
tion and storage are minimized. 





| Solution 
The total production costs are given by 


es of ( cost \ | ( No. of cost 
runs per run items / \ per item 
1,000,000 
= ( 122a.a00 1.000.000 $00) + (1,000,000) ($6) 

The total storage costs are 

Average Storage cost\| _ /x 

no. stored peritm / \2 ($1) 
Thus the total costs of production and storage are 


c = ( Loo0.000 


x 


yA sraaivincawninaliA nanhvtitan nanasnannnnn ai ¥ninnh Aun annanan AYMAN GAS inhnawnararanmnntnan sant hihannwwnennnnna AeAMASShio-iinnnnenntnnnitr nae 


) 80) + 6,000,000 aS 











Figure 10.39 
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We wish to find x so that C is minimized. 
c’ = = 800,000,000 , 1 
x 2 


If x > 0, critical values occur when C’ = 0. 


— 800,000,000 1 
baie kee 
800,000,000 _ 1 
ee od 
1,600,000,000 = x? 
x = + 40,000 
Because x must be positive, we test x = 40,000 with the second derivative. 
C"(x) = Le so C”(40,000) >0 


Note that x = 40,000 yields an absolute minimum value for C, because C” > 0 
for all x > 0. That is, production runs of 40,000 items yield minimum total costs 
for production and storage. 


Problems of the types we’ve studied in this section could also be solved (at least 
approximately) with a graphing utility. With this approach, our first goal is still 
to express the quantity to be maximized or minimized as a function of one vari- 
able. Then that function can be graphed, and the (at least approximate) optimal 
value can be obtained from the graph. 


EXAMPLE 5 

A homeowner has to pay for utility line installation to her house from a trans- 
former on the street at the corner of her property. Because of local restrictions, 
the lines must be underground on her property. Suppose that the costs are 
$5/foot along the street and $10/foot underground. How far from the transformer 
should she enter the property to minimize installation costs? See Figure 
10.39(a). 





(a) (b) 
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| Solution 
: If the homeowner had the cable placed underground from the house perpendicu- 
lar to the street and then to the transformer, the cost would be 


| $10(48) + $5(100) = $980 


It may be possible to save some money by placing the cable on a diagonal to the 
street. By using the Pythagorean Theorem, we find that the length of the under- 
, oe cable that meets the street x feet closer to the transformer is 


V482 + x2 = V2304+x7 feet 


Thus the cost C of installation is given by 
C = 10V 2304+ x* + 5(100—x) dollars 


Figure 10.39(b) shows the graph of this function over the possible interval for 

x (0 = x = 100). Because any extrema must occur in this interval, we can find . 
' the minimum by using TRACE or the MIN command on a calculator or com- 
puter. The minimum cost is $915.70, when x = 28 feet (that is, when the cable 
meets the street 72 feet from the transformer). We can use the derivative of C to 
| verify that x = 28 gives the minimum cost. By finding the derivative and graph- 
ing it, we can see that the only relative extremum occurs at x = 28. (Try this.) 
Because the cost is lower at x = 28 than at either endpoint of the interval, the 
| lowest possible cost occurs there. 





1. We must differentiate C, but first C must be expressed as a function of one variable: 


= 1000 means that y = 1000/x. If we substitute 1000/x for y in C = 5x + 2y, 


we ita 


C(x) = sx +2( 1000) = sx + 2000 


Find C’(x) to solve the problem. 


| 2. C(x) = 5 — 2000/x?, so C’(x) = 0 when 


igs an 





= 0S ObIG = E20 


Because x must be positive, the only critical value is x = 20. 


| 3. C"@) = 4000/x3, so C"(x) > 0 for all x > 0. Thus x = 20 yields the minimum 


value. Also, when x = 20, we have y = 50, so the minimum value of C is 


C = 5(20) + 2(50) = 


EXERCISE 10.4 





1. Return to sales The manufacturer of GRIPPER 
tires modeled its return on sales from television 
advertising expenditures in two regions, as follows: 


Region 1: S$, = 30 + 20x, — 0.4x,? 
Region:2: S, = 20 30x, — 13x," 


where S, and S, are the sales revenue in millions of 

dollars and x, and x, are millions of dollars of expen- 

ditures for television advertising. 

(a) What advertising expenditures would maximize 
sales revenue in each district? 

(b) How much money will be needed to maximize 
sales revenue in both districts? 


2. Projectiles A ball thrown into the air from a build- 
ing 100 ft high travels along a path described by 


— x? 
= 110 siesta OD 
where y is its height and x is the horizontal distance 
from the building. What is the maximum height the 
ball will reach? 


3. Profit The profit from a grove of orange trees is 
given by x(800 — x), where x is the number of orange 
trees per acre. How many trees per acre will maxi- 
mize the profit? 

4. Reaction rates The velocity v of an autocatalytic 
reaction can be represented by the equation 


Vv = x(a — x) 

where a is the amount of material originally present 
and x is the amount that has been decomposed at any 
given time. Find the maximum velocity of the reac- 
tion. 

5. Productivity Analysis of daily output of a factory 
during an 8-hour shift shows that the hourly number 
of units y produced after t hours of production is 


y= 701 +577 - 8°, O0<ts8 


(a) After how many hours will the hourly number of 


units be maximized? 
(b) What is the maximum hourly output? 
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6. Productivity A time study showed that, on average, 
the productivity of a worker after t hours on the job 
can be modeled by 


P=27t+ 6-2, O=sts8 


where P is the number of units produced per hour. 
After how many hours will productivity be maxi- 
mized? What is the maximum productivity? 


7. Consumer expenditure Suppose that the demand x 
for a product is x = 10,000 — 100p, where p dollars 
is the market price per unit. Then the consumer 
expenditure for the product is 


E = px = 10,000p ~ 100p? 


For what market price will expenditure be greatest? 


oo 


. Production costs Suppose that the monthly cost of 
mining a certain ore is related to the number of pieces 
of equipment purchased, according to 


C = 25,000x + sme 


>0 

where x is the number of pieces of equipment used. 
Using how many pieces of equipment will minimize 
the cost? 


Medication For Problems 9 and 10, consider that when 
medicine is administered, reaction (measured in change of 
blood pressure or temperature) can be modeled by 


mae [e Cop 
R m(S m 


where c is a positive constant and m is the amount of 
medicine absorbed into the blood (Source: Thrall, R. M., 
et al., Some Mathematical Models in Biology, U.S. Dept. 
of Commerce, 1967). 
9. Find the amount of medicine that is being absorbed 
into the blood when the reaction is maximum. 
10. The rate of change of reaction R with respect to the 
amount of medicine m is defined to be the sensitivity. 
(a) Find the sensitivity, S. 
(b) Find the amount of medicine that is being 
absorbed into the blood when the sensitivity is 
maximum. 
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11. Advertising and sales 


12s 


13. 


14. 


ES: 


16. 
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An inferior product with a 
large advertising budget sells well when it is intro- 
duced, but sales fall as people discontinue use of the 
product. Suppose that the weekly sales S are given by 


200t 
S — 


where S is in millions of dollars and ¢ is in weeks. 
After how many weeks will sales be maximized? 


Revenue A newly released film has its weekly rev- 
enue given by 


501 


Rar -tepae oe x50 


where R is in millions of dollars and ¢ is in weeks. 

(a) After how many weeks will the weekly revenue 
be maximized? 

(b) What is the maximum weekly revenue? 


News impact Suppose that the percentage p (as a 
decimal) of people who could correctly identify two 
of eight defendants in a drug case ¢ days after their 
trial began is given by 


6.41 
t?+ 64 





p(t) = + 0.05 
Find the number of days before the percentage is 
maximized, and find the maximum percentage. 


Candidate recognition Suppose that in an election 
year the proportion p of voters who recognize a cer- 
tain candidate’s name ¢ months after the campaign 
started is given by 


7.2t 
p(t) = eae t 0.2 


After how many months is the proportion maxi- 
mized? 


Minimum fence Two equal rectangular lots are 
enclosed by fencing the perimeter of a rectangular lot 
and then putting a fence across its middle. If each lot 
is to contain 1200 square feet, what is the minimum 
amount of fence needed to enclose the lots (include 
the fence across the middle)? 


Minimum fence The running yard for a dog kennel 
must contain at least 900 square feet. If a 20-foot side 
of the kennel is used as part of one side of a rectangu- 
lar yard with 900 square feet, what dimensions will 
require the least amount of fencing? 


18. 


jee 


20. 


ake 


22. 


. Minimum cost A rectangular field with one side 


along a river is to be fenced. Suppose that no fence is 
needed along the river, the fence on the side opposite 
the river costs $20 per foot, and the fence on the other 
sides costs $5 per foot. If the field must contain 
45,000 square feet, what dimensions will minimize 
costs? 


Minimum cost From a tract of Jand a developer 
plans to fence a rectangular region and then divide it 
into two identical rectangular lots by putting a fence 
down the middle. Suppose that the fence for the out- 
side boundary costs $5 per foot and the fence for the 
middle costs $2 per foot. If each lot contains 13,500 
square feet, find the dimensions of each lot that yield 
the minimum cost for the fence. 


Optimization at a fixed cost A rectangular area is to 
be enclosed and divided into thirds. The family has 
$800 to spend for the fencing material. The outside 
fence costs $10 per running foot installed, and the 
dividers cost $20 per running foot installed. What are 
the dimensions that will maximize the area enclosed? 
(The answer contains a fraction.) 


Minimum cost A kennel of 640 square feet is to be 
constructed as shown. The cost is $4 per running foot 
for the sides and $1 per 
running foot for the ends 
and dividers. What are the 
dimensions of the kennel 
that will minimize the cost? 


Minimum cost The base of a rectangular box is to 
be twice as long as it is wide. The volume of the box 
is 256 cubic inches. The material for the top costs 
$0.10 per square inch and the material for the sides 
and bottom costs $0.05 per square inch. Find the 
dimensions that will make the cost a minimum. 


Velocity of air during a cough According to B. F. 
Visser, the velocity v of air in the trachea during a 
cough is related to the radius r of the trachea accord- 
ing to 


0 = Ore) 


where a is a constant and ry is the radius of the tra- 
chea in a relaxed state. Find the radius r that produces 
the maximum velocity of air in the trachea during a 


cough. ‘ 


23: 


24. 


26. 


Dede 


28. 


Inventory cost model Suppose that a company 
needs 1,500,000 items during a year and that prepara- 
tion for each production run costs $600. Suppose also 
that it costs $15 to produce each item and $2 per year 
to store an item. Use the inventory cost model to find 
the number of items in each production run so that the 
total costs of production and storage are minimized. 


Inventory cost model Suppose that a company 
needs 60,000 items during a year and that preparation 
for each production run costs $400. Suppose further 
that it costs $4 to produce each item and $0.75 to 
store an item for one year. Use the inventory cost 
model to find the number of items in each production 
run that will minimize the total costs of production 
and storage. 


. Inventory cost model A company needs 150,000 


items per year. It costs the company $360 to prepare a 
production run of these items and $7 to produce each 
item. If it also costs the company $0.75 per year for 
each item stored, find the number of items that should 
be produced in each run so that total costs of produc- 
tion and storage are minimized. 


Inventory cost model A company needs 450,000 
items per year. Production costs are $500 to prepare 
for a production run and $10 for each item produced. 
Inventory costs are $2 per item per year. Find the 
number of items that should be produced in each run 
so that the total costs of production and storage are 
minimized. 

Volume A rectangular box with a square base is to 
be formed from a square piece of metal with 12-inch 
sides. If a square piece 
with side x is cut from 
the corners of the metal 
and the sides are folded 
up to form an open box, 
the volume of the box is 
V = (12 — 2x)x. What 
value of x will maximize 
the volume of the box? 





Volume A square piece of cardboard 36 centimeters 
on a side is to be formed into a rectangular box by 
cutting squares with length x from each corner and 
folding up the sides. What is the maximum volume 
possible for the box? 


29. 


30. 


31; 
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Revenue The owner of an orange grove must decide 
when to pick one variety of oranges. She can sell 
them for $8 a bushel if she sells them now, with each 
tree yielding an average of 5 bushels. The yield 
increases by half a bushel per week for the next 5 
weeks, but the price per bushel decreases by $0.50 
per bushel each week. When should the oranges be 
picked for maximum return? 


Minimum material A box with an open top and a 
square base is to be constructed to contain 4000 cubic 
inches. Find the dimensions that will require the min- 
imum amount of material to construct the box. 


Minimum cost A printer has a contract to print 
100,000 posters for a political candidate. He can run 
the posters by using any number of plates from 1 to 
30 on his press. If he uses x metal plates, they will 
produce x copies of the poster with each impression 
of the press. The metal plates cost $2.00 to prepare, 
and it costs $12.50 per hour to run the press. If the 
press can make 1000 impressions per hour, how many 
metal plates should the printer make to minimize 
costs? 


. Shortest time A vacationer on an island 8 miles off- 


shore from a point that is 48 miles from town must 
travel to town occasionally. (See the figure.) The 
vacationer has a boat capable of traveling 30 mph and 
can go by auto along the coast at 55 mph. At what 
point should the car be left to minimize the time it 
takes to get to town? 
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70.5 Asymptotes; More Curve Sketching 

Sean ee 
OBJECTIVES 

® Jo locate horizontal asymptotes 


= To locate vertical asymptotes 


® Jo sketch graphs of functions 
that have vertical and/or 
horizontal asymptotes 





The procedures for using the first-derivative test and the second-derivative test 
are given in previous sections, but none of the graphs discussed in those sections 
contains vertical asymptotes or horizontal asymptotes. In this section, we con- 
sider how to use information about asymptotes along with the first and second 
derivatives, and we present a unified approach to curve sketching. 


Asymptotes 


In Section 2.4, “Special Functions and Their Graphs,” we first discussed asymp- 
totes and saw that they are important features of the graphs that have them. 
Then, in our discussion of limits, we discovered the relationship between certain 
limits and asymptotes. Limits are used to define and locate asymptotes precisely. 

Because a horizontal asymptote tells us the behavior of the functional values 
(y-coordinates) when x increases or decreases without bound, we use limits at 
infinity to determine the existence of horizontal asymptotes. 


Pr 


Horizontal Asymptote The graph of a BF cnal aon y 
y = b, for a constant b, if 


lim f~%)=b or lim fX%= 
X—>+0O Xx—>—0O 
Otherwise, the graph has no horizontal asymptote. 






EO OT TI CO EC NI EO EN. 


f(x) will have a horizontal asymptote at 








10.5 Asymptotes; More Curve Sketching 789 


For a rational function ff lim f(x) = 6 if and only if lim f(x) = 4, so 


we only need to find one of these limits to locate a horizontal asymptote. Just as 
with horizontal asymptotes, the formal definition of vertical asymptotes uses 
limits. 


Vertical Asymptote The line X, is a vertical asymptote of the graph of y = f(x) if the values of 
f(x) approach +c or —°9 as x approaches x, (from the left or the right). 


0 









From our work with limits, recall that a vertical asymptote will occur on the 
graph of a function at an x-value where the function has its denominator (but not 
its numerator) equal to zero. These observations allow us to determine where 
vertical asymptotes occur. 





Vertical Asymptote ofa The graph of the rational function 
i tion 

Rational Func regi Fx) 

g(x) 


has a vertical asymptote atx=c if g(c) = Oandf(c) #0. 


emerson mee RR EE LL RASS 




















Laer meee Seah 1 C0” 


| EXAMPLE 1 
Find any vertical and horizontal asymptotes for 
ane ux cctes 
CO ra Oe. 
i 
| Solution 
(a) The denominator of this function is 0 at x = —2, and because this value 
does not make the numerator 0, there is a vertical asymptote at x = —2. 
Because the function is rational, we can find horizontal asymptotes by 
evaluating 
i : De : Xia 
si x+2 i ee Nite 
i 
We will evaluate both. 
| ii De a lat i DE Oe 
eres exact cae 2) 1+0 
| Dee i DEN xe 2 0 
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Figure 10.40 


Thus there is a horizontal asymptote at y = 2. The graph is shown in Figure 
10.40(a). 





(a) (b) 


(b) The denominator of this function is 0 at x = 1, and because this value does 


not make the numerator 0, there is a vertical asymptote at x = 1. To find 
horizontal asymptotes, we evaluate the following. 


x—>+00 lasso eee 1/x? —1/x 1x 0-0 


This limit is —°co because the numerator approaches 1 and the denominator 
approaches 0 through negative values. Thus 


2 
fj x’ +3 : 
lim os does not exist 


x—>+00 1 





and the graph has no horizontal asymptotes. Note also that 


x? +3 


a does not exist 





x—>—cOo 1 = 


The graph is shown in Figure 10.40(b). 


More Curve Sketching 


We now extend our first- and second-derivative techniques of curve sketching to 
include functions that have asymptotes. 


In general, the following steps are helpful when we aioe the graph of a 


function. 


1. 


Determine the domain of the function. The domain may be restricted by the 
nature of the problem or by the equation. 


. Look for vertical asymptotes, especially if the function is a rational function. 
. Look for horizontal asymptotes, especially if the function is a rational 


function. 


. Find the relative maxima and minima by using the first-derivative test or the 


second-derivative test. 


. Use the second derivative to find the points of inflection if this derivative is 


easily found. 
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6. Use other information (intercepts, for example) and plot additional points to 
complete the sketch of the graph. 


| EXAMPLE 2 


$ 





Sketch the graph of the function f(x) = 


3 


(Ge 


_ Solution 

1. The domain is the set of all real numbers except x = —1. 

| 2. Because x = —1 makes the denominator 0 and does not make the numerator 
/ 0, there is a vertical asymptote at x = —1. 


ee x 
3. Because im. (x+12 im qk Og ad 


1 


x—> +00 yy ] 


1+=4+5 
Xx x 


1 


a ea 


there is a horizontal asymptote at y = 1. 
4. To find any maxima and minima, we first find f’(x). 
itgy = EE I2x) — 27[2(e + 1] 
f (x) me (x . 1) 
_ 2x UL +t 1) — 4] 
if (e+ 1) 
eo AN 
(x +1)? 


Thus f’(x) = O when x = O (and y = O), and f’(x) is undefined at 
x = —1 (where the vertical asymptote occurs). Testing f’(x) on either side of 
x = O and x = —1 gives the following sign diagram. The sign diagram for f’ 
shows that the critical point (0, 0) is a relative minimum and shows how the 
graph approaches the vertical asymptote at x = —1. 


fe) reid 


FO Ree Ser 








x 
—1 0 


* x =—] is a vertical asymptote. 


5. The second derivative is 


nt) — #1? (2) = 2x[3(@ + 1") 
if (x) a (x + ine 





Factoring (x + 1)? from the numerator and simplifying give 


- - 2 Ax 
f" (x) / (x+1)* 
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Figure 10.41 





We can see that f"(0) = 2 > 0, so the second-derivative test = shows that 
(0, 0) is a relative minimum. We see that f"(x) = 0 vie x = 4. Checking 
f(x) between x = —1 (where it is undefined) and x = 5 shows that the graph 
is concave up on this interval. Note too that f’(x) < 0 for x > 4, so the point 
(5, 3) is a point of inflection. Also see the sign diagram forf x): 


fle) vA Y ae 


f"(x) e+ + & Geet ie 





x 


j 
Sy $ 


* x =—] is a vertical asymptote. 
6. To see how the graph approaches the horizontal asymptote, we check f{x) for 
large values of |x]. 


Ss ee) sO 00G) 10,000 
F100) = eco = cient ou ioe ane 





Thus the graph has the characteristics shown in Figure 10.41(a). The oil is 
shown in Figure 10.41(b). 





(a) (b) 


When we wish to learn about a function f(x) or sketch its graph, it is impor- 
tant to understand what information we obtain from f(x), from f’(x), and from 
f(x). The following summary may be helpful. 


Summary 










ESL OREO 


Source Information Provided 


EEE SE es 





f@ y-coordinates; horizontal asymptotes, vertical asymptotes; domain 
restrictions 

fetx) Increasing [f’(x) > 0]; decreasing Lf’ (x) < 0]; critical points [f’(x) = 0 
or f’(x) undefined]; sign-diagram tests for maxima and minima 

Fo) Concave up [ f"(x) > 0]; concave down [ f"(x) < 0]; possible points 
of inflection [f"(x) = 0 or f"(x) undefined]; sign-diagram tests for 
points of inflection; second-derivative test for maxima and minima 


<2 RP ee eee 


CHECKPOINT be 
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Dirac 
. Let f(x) = ar and decide whether the following are true or false. 
(a) f(x) has a vertical asymptote at x = 1. 
(b) f(x) has y = 2 as its horizontal asymptote. 


gk 9 
Foe alsthen ts) = a and f"(x) = SS 





2. Let f(x) = 


Use these to determine whether the pies are true or false 
(a) There are no asymptotes. 

(BF &) = 0 when x= —2 

(c) A partial sign diagram for f’(x) is 


On ee ee 
—2 0 
* means f'(O) is undefined. 
(d) There is a relative minimum at x = —2. 
(e) A partial sign diagram for f”(x) is 
fiotttte----O+Ft4+4+ 
$$$ jf ——____ —___—__> «x 
0 Vié 
* means f”(0) is undefined. 


(f) There are points of inflection at x = 0 and x = 16. 
We now consider the problem introduced in the Application Preview. 


EXAMPLE 3 


_ If the total daily cost of producing plastic rafts for swimming pools is given by 


C = 500 + 8x + 0.05x? 


where x is the number of units produced per day, then the average cost per unit 
| produced is given by 


5 ote 


(a) The domain of C(x) does not include 0, and lim, C = +o, so there is a vertical 


= — 500+ ee 0.05x* _ 20 +8+0.05x  forx>0 





Graph this function. 


(a) Discuss what happens to average cost as the number of units decreases, 


approaching 0. 


: (b) Find the level of production that minimizes average cost. 





asymptote at x = 0. Thus the average cost per ia increases without bound as the 
- number of units produced approaches zero. (b) Finding the derivative of C(x) gives 


C= — 2 + 0.05 
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Figure 10.42 


Graphing Utilities 


Figure 10.43 


| Setting C’ = Oand solving for x gives the critical values of x. 


0 = - 27 + 0.05 


j 0.05x? = 500 
x=-—100 or x= 100 





= 000 . hs 
The second derivative, C” = 1000x7* = : am, is positive at x = 100, so 


C(100) = 18 is the minimum possible average daily cost. The graph of this func- 

tion is shown in Figure 10.42. The graph confirms that average cost is mini- 
mized when 100 units are produced and shows the asymptotic behavior of the 
function at 0. 


é 


> 
o 





g 


+0.05x+8 


x 


2 500 
30 





50 100 150 200 


If a graphing utility is not available, the procedures previously outlined in this 
section are necessary to generate a complete and accurate graph. With a graph- 
ing utility, the graph of a function is easily generated as long as the viewing win- 
dow dimensions are appropriate. However, although a graphing utility may 
reveal the existence of asymptotes, it cannot always precisely locate them. Also, 
we sometimes need information provided by derivatives to obtain a window that 
shows all features of a graph. 


EXAMPLE 4 


71x? 
28(3 — 2x”) 


(a) Determine whether the function has horizontal or vertical asymptotes, and 
estimate where they occur. 

(b) Check your conclusions to (a) analytically. 

(c) Discuss which method is more accurate. 


Figure 10.43 shows the graph of f(x) = 


Soest 








3 
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| Solution 

: (a) The graph appears to have a horizontal asymptote somewhere between 
y = —1 and y = —2, perhaps near y = —1.5. Also, there are two vertical 
asymptotes located approximately at x = 1.25 and x = —1.25. 

_ (b) We locate the horizontal asymptote by finding the limit of the function as 
| x approaches infinity. 

Tix 

TECe Set a xe RD ere 

| MG Snes Game. 56 as 

| ee 


Vertical asymptotes occur at x-values where 28(3 — 2x*) = 0, or 


3 = 0 
3 = 2x? 
3 2 
aie 


a or x © +1.225 


(c) The analytic method is more accurate, of course, because asymptotes reveal 
extreme behavior of the function either vertically or horizontally. An accu- 
rate graph shows all features, but not necessarily the details of any feature. 
Despite this, our estimates from the graph were not too bad. 


Even with a graphing utility, sometimes analytic methods are needed to 
determine an appropriate viewing window. 


| EXAMPLE 5 





xo 
x? + 300 
| (check and see). Find any asymptotes, maxima, and minima, and determine an 
| appropriate viewing window. Sketch the graph. 


The standard viewing window of the graph of f(x) = appears blank 


Solution 
Because x* + 300 = 0 has no real solution, there are no vertical asymptotes. 
We locate the horizontal asymptotes by finding the limit of the function as 


x approaches infinity. 
x, 10 
510 ee A eke Ore 
zoo x? + 300 X—>00 . 300 iO) 
ee 
TSO ee 


Hence y = 0 (the x-axis) is a horizontal asymptote. We then find an appropriate 
viewing window by locating the critical points. 

| sy, (2+ 300)(1) = (x + 10) (2x) 

: Os (x? + 300) 

_ x2 +300—2x7—20x _ 300 — 20x — x” 


= (x? + 300)? (x? + 300)? 


i 
i 
i 
$ 
i 
| 
i 
i 
| 
i 
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f'(x) = 0 when the numerator is zero. Thus 

| 300.— 20n—x* =0 

0 = x? + 20x — 300 
O=& + 30)@ — 10) 

xt 30) 30 x= 10'=0 


aU x= 10 

Tce eee fx) | ie a we 
y = -% ~ —0.01666667 and x = 10, au : 

| y = 3 = 0.05. A sign diagram for fs) Ao Queoteg See & 


f'(x) is shown at the right. 





G 
=—30) 10 


Without using the information above, a graphing utility may not give a useful | 
graph. An x-range that includes —30 and 10 is needed. Because y = 0 is a hori- 
zontal asymptote, these relative extrema are absolute, and the y-range must be 
quite small for the shape of the graph to be seen clearly. Figure 10.44 shows the 


| graph. 


1 
| a) = 305 











EXAMPLE 6 
A profit function for a product is given by 
_ —x*+ 16x-4 
P(x) = ae 16° ~~ forx=0 


where x is in thousands of units and P(x) is in billions of dollars. Because of 
fixed costs, profit is negative when fewer than 254 units are produced and sold. 
Will a loss occur at any other level of production and sales? 


Solution 


Looking at the graph of this function over the range 0 = x < 10 (see Figure 
10.45a), it is not clear whether the graph will eventually cross the x-axis. To see 
whether a loss ever occurs and to see what profit is approached as the number of 
units produced and sold becomes large, we evaluate the limit of P(x) as x 3 ~. 


16m 74 
SP GA ee Tey 
X00 4x? = 16 x—>0o MORO 1 Gee a rh 


rome 
x2 


sonsnctineewanmnnmennanetinaninnananacronndnattnahabnnmnarranninnsal sen’ scainnnnnreworiinssstshtiinnsarrt¢vetetskadietAhtaedinninnmnetnananssassttssiinananreninecasasicnttteyseecennnnnranstiiestitin 
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| Thus a loss of $; billion is approached as the number of units increases without 
| bound. Figure 10.45(b) shows that the graph does cross the x-axis, where 
| —x? + 16x — 4 = 0. Using TRACE, SOLVER, the Quadratic Formula, or a pro- 
| gram gives P(x) = 0 at x ~ 0.254 and x = 15.7459. Thus if 15,746 units or more 
/ are produced and sold, the profit is negative. 


P(x) = et lex=4 iS oo-—————_ 
4x?+ 16 i —x2+ 16x—4 | 








i oie th 
0 eS 10 r ate — |" 
f i Soran oe gamatoownenemoe 
i 4 
| | a 
- -1.5 
Figure 10.45 | (a) (b) 
CHECKPOINT 
SGLUTIONS 





, 1. (a) True, x = 1 makes the denominator of f(x) equal to zero, whereas the numer- 
ator is nonzero. 
2x t 10 = 2 and tim 2729 - 


x>0 x—- 1 





(b) True, lim 2 

: x—>CO 

2. (a) False. There are no horizontal asymptotes, but x = 0 is a vertical asymptote. 

(b) True 

/  (c) True 

(d) True. The relative minimum point is (—2, f(—2)) = (—2, 13). 

(e) True 

(f) False. There is a point of inflection only at ( V16, 1). At x = O the vertical 
asymptote occurs, so there is no point on the graph and hence no point of 
inflection. 


EXERCISE 10.5 











In Problems 1-4, a function and its graph are given. Use 2x4 , e 
acne: ; Lo f@) eG rx) oe 

the graph to find each of the following, if they exist. Then x x 

confirm your results analytically. 5 j 


(a) vertical asymptotes 
(b) lim f() 

(c) horizontal asymptotes 
(@) lim fo) 
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3. f) = Hae 





SG Fae Ot.) 


4. f(x) —e Ge = 4)? 





In Problems 5—10, find any horizontal and vertical asymp- 
totes for each function. 











Be or-s 7) 

eS Oe sas 
Mee viel RAY, 
ae a CT gee 
Pyok 6 10 wore 
Oe 4249 


For each function in Problems 11-18, find any horizontal 
and vertical asymptotes, and use information from the 
first derivative to sketch the graph. 

















=O 5x —15 
I. fo) = 242 12. flay = ==? 
+ 
13, y= 244 14, iis 
eabe: Pee 2\- 
IS y= Bap ao 
16x ie 


In Problems 19-24, a function and its first and second 
derivatives are given. Use these to find any horizontal and 
vertical asymptotes, critical points, relative maxima, rela- 
tive minima, and points of inflection. Then sketch the 
graph of each function. 


x x-1) 
19: y= (x 1)? 20 y= Go 
od oar l » = 21) 
J (x11)? x3 
ind hat: »  O- 4 
~ (x-1)4 y x" 
3 3 1 
2 yk 22 y=3Wx+ 
Ves 
jude) eat 
oe (x — 3)%3 J age 
Wik Oe tO 
y 33) y Bx 
9(x — 2)? 
2B. ay mae > 
12(3— A235 %)s 


f(a) = (x —2)'8 2)8 
4(7x? — 42x + 54) 





UO x*(x — 2) 
or 
24. f(x) = El 
Pee ae X 
COS xe 4k)? 
ne a( 2a = 8x1) 


PO) = S seh 


In Problems 25-28, a function and its graph are given. 

(a) Use the graph to estimate the location of any horizon- 
tal or vertical asymptotes. 

(b) Use the function to precisely determine the location 
of any Oo : 


13 
25. f(x) = ae ee 26:50 y= 3 
y 





20x? + = 
Tey x = Opts 28. f(x y= Beas = 








¢/ For each function in Problems 29-34, complete the fol-. 


lowing steps. 

(a) Use a graphing utility to graph the function in the 
standard viewing window. 

(b) Analytically determine the location of any asymptotes 
and extrema. 

(c) Graph the function in a viewing window that shows 
all features of the graph. State the ranges for x-values 
and y-values for your viewing window. 


29. f(x) = Sy 30. f(x) = aS 
31. f(x) = yea) pare ie 100 
33. f((x) = arate 

34. f@)}= Sa aon 

Applications 


35. Cost-benefit The percentage p of particulate pollu- 
tion that can be removed from the smokestacks of an 
industrial plant by spending C dollars is given by 


T 7100c 
Pa 00 .C 


(a) Find any C-values where the rate of change of p 
with respect to C does not exist. Make sure that 
these make sense in the problem. 

(b) Find C-values for which p is increasing. 

(c) If there is a horizontal asymptote, find it. 

(d) Can 100% of the pollution be removed? 


36. Cost-benefit The percentage p of impurities that 
can be removed from the waste water of a manufac- 


turing process at a cost of C dollars is given by 


_ _ 100C 
P $100 -.C 


(a) Find any C-values where the rate of change of p 
with respect to C does not exist. Make sure that 
these make sense in the problem. 

(b) Find C-values for which p is increasing. 

(c) Find any horizontal asymptotes. 

(d) Can 100% of the pollution be removed? 


37. Revenue A recently released film has its weekly 
revenue given by 


50t 


t? + 36’ a0 





R(t) = 


where R(f) is in millions of dollars and ¢ is in weeks. 


(a) Graph R(?). 
(b) When will revenue be maximized? 


38. 


59: 


40. 


41. 
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(c) Suppose that if revenue decreases for 4 consecu- 
tive weeks, the film will be removed from the- 
aters and will be released as a video 12 weeks 
later. When will the video come out? 


Production costs Suppose that the total cost of pro- 
ducing a shipment of a certain product is 


C = 5000x + eee 


x>0 

where x is the number of machines used in the pro- 

duction process. 

(a) Graph this total cost function. 

(b) Using how many machines will minimize the 
total cost? 


Wind chill If x is the wind speed in miles per hour 
and is greater than or equal to 5, then the wind chill 
(in degrees Fahrenheit) for an air temperature of 0°F 
can be approximated by the function 


289.173 — 58.5731 
fa) = oes 


cata : x= 


(a) Ignoring the restriction x = 5, does F(x) have a 
vertical asymptote? If so, what is it? 

(b) Does f(x) have a vertical asymptote within its 
domain? 

(c) Does f(x) have a horizontal asymptote? If so, 
what is it? 

(d) In the context of wind chill, does iim F(X) have a 


physical interpretation? If so, what is it, and is it 
meaningful? 


Profit An entrepreneur starts new companies and 
sells them when their growth is maximized. Suppose 
that the annual profit for a new company is given by 


where P is in thousands of dollars and x is the number 
of years after the company is formed. If she wants to 
sell the company before profits begin to decline, after 
how many years should she sell it? 


Productivity The figure is a typical graph of worker 

productivity per hour P as a function of time ¢ on the 

job. 

(a) What is the horizontal ? 
asymptote? 

(b) What is im P(t)? 

(c) What is the horizontal 
asymptote for P’(t)? 

(d) What is iim PAD)? 






Worker 
productivity 
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42. Sales volume The figure shows a typical curve that 
gives the volume of sales S as a function of time ft 
after an ad campaign. 

(a) What is the horizontal 
asymptote? 

(b) What is jim. S(t)? 

(c) What is the horizontal 
asymptote for S’(t)? 

(d) What is im S'(t)? 


S 







Sales 
volume 


t 


/ Farm workers The percentage of U.S. workers in farm 


occupations during certain years is shown in the table. 


Percent of All Workers 
Year in Farm Occupations 
1820 71.8 
1850 63.7 
1870 53 
1900 375 
1920 27 
1930 21.2 
1940 17.4 
1950 11.6 
1960 6.1 
1970 3.6 
1980 Zul 
1985 2.8 
1990 2.4 


Source: The World Almanac and Book of Facts, 1993 


Assume that the percentage of U.S. workers in farm occu- 
pations can be modeled with the function 


— 8.0912t + 1558.9 


F(t) = 1000 - + 987672 — 122.1831 + 21472.6 


where ft is the number of years past 1800. Use this model 
in Problems 43 and 44. 
43. (a) Find lim f(0). 
(b) Interpret your answer to (a). 
(c) Does f(t) have any vertical asymptotes within its 
domain t = 0? 
44. (a) Use a graphing utility to graph f(t) for t = 0 to 
t = 220. 
(b) From the graph, identify t-values where the 
model is inappropriate, and explain why it is 
inappropriate. 





45. Barometric pressure The figure shows a barograph 
readout of the barometric pressure as recorded by 
Georgia Southern University’s meteorological equip- 
ment. The figure shows a tremendous drop in baro- 
metric pressure on Saturday morning, March 13, 
1993: 

(a) If B(t) is barometric pressure expressed as a func- 
tion of time, as shown in the figure, does B(t) 
have a vertical asymptote sometime after 8 A.M. 
on Saturday, March 13, 1993? Explain why or 
why. not. 

(b) Consult your library or some other resource to 
find out what happened in Georgia (and in the 
eastern United States) on March 13, 1993, to 
cause such a dramatic drop in barometric pressure. 


fie aes te ete 
et SPA 


Ee SSS 
eA eG to eee 
Pr Pt 





Source: Statesboro Herald, March 14, 1993 
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KEY TERMS AND FORMULAS 
Section Key Terms Formula 
10.1 Relative maxima and minima 
Increasing f'~>0 
Decreasing FG) <0 
Critical points f'(@) = 0 or f’(x) undefined 
Sign diagram for f’(x) 
First-derivative test 
Horizontal point of inflection 
10.2 Concave up FT Qe 0 
Concave down f'(x~) <0 
Point of inflection May occur where f"(x) = 0 
or f”(x) undefined 
Sign diagram for f”(x) 
Second-derivative test 
10.3 Absolute extrema S 
Average cost Cx) = CQx)\/x 
Profit maximization 
Competitive market R(x) = p - x where 
p = equilibrium price 
Monopolistic market R(x) = p + x where p = f(x) 
is the demand function 
10.4 Inventory cost models 
10.5 Asymptotes 
Horizontal: y = b lim f(x) = bor 
lim f(x) = 6b 
I=? —CO 
Vertical: x = c for rational y unbounded near x = c 
function y = f(x)/g(x) if g(c) = O and f(c) #0 


REVIEW EXERCISES : 





Section 10.1 


In Problems 1-4, find all critical points and determine 
whether they are relative maxima, relative minima, or hor- 
izontal points of inflection. 

L., eri ex? 2.p=q° —4q-—5 


3x 
3. f(x) =1-—3x4+3x°-#% BESO) ee 


In Problems 5-10. 
(a) Find all critical values, including those where f’(x) is 
undefined. 
(b) Find the relative maxima and minima, if any exist. 
(c) Find the horizontal points of inflection, if any exist. 
(d) Sketch the graph. 
jay Sate — 7 1 
6. (Qs 40 — x 
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ae fx) =8 - Bx — 18x +5 
8. y=5x' - 7 — 1 
oy 1 | 

10. y = x7@= 4)" 


Section 10.2 

11. Is the graph of y = x* — 3x? + 2x — 1 concave up or 
concave down at x = 2? 

Find intervals where the graph of y = x4 — 2x3 — 
12x? + 6 is concave upward and intervals where it is 
concave downward, and find points of inflection. 
Find the relative maxima, relative minima, and points 
of inflection of the graph of y = x? — 3x2 — 9x + 10. 


12: 


13. 


In Problems 14 and 15, find any relative maxima, relative 
minima, and points of inflection, and sketch each graph. 
14. y=x3 — 12x 

15. y=2 + 5x? — 3x5 


Section 10.3 

16. Given R = 280x — x?, find the absolute maximum 
and minimum for R when (a) 0 = x S 200 and 
(b)0 =x = 100. 

17. Given y = 6400x — 18x? — x find the absolute maxi- 


mum and minimum for y when (a) 0 S x < 50 and 
(b)0 =x = 100. 


Section 10.5 


In Problems 18 and 19, use the graphs to find the follow- 
ing items. 

(a) vertical asymptotes 

(b) horizontal asymptotes 

(c) lim f@) 

(d) lim ft) 

18. y 





19: 





In Problems 20 and 21, find any horizontal asymptotes 

and any vertical asymptotes. 
— 3k 2 

20) = Dea 

In Problems 22-24: 

(a) Find any horizontal and vertical asymptotes. 

(b) Find any relative maxima and minima. 

(c) Sketch each graph. 


Die Sees 








are I Oxi eD 
22. Ys 49 23.9 = 2 
ERY: 
EY a 


Sections 10.1 and 10.2 | 


fe In Problems 25 and 26, a function and its graph are given. 

(a) Use the graph to determine (estimate) x-values where 
f'(x) > 0, where f’(x) < 0, and where f’(x) = 0. 

(b) Use the graph to determine x-values where 
f"(x) > 0, where f”(x) < 0, and where fF") = 0. 

(c) Check your conclusions to (a) by finding f’(x) and 
graphing it with a graphing utility. 

(d) Check your conclusions to (b) by finding f”(x) and 
graphing it with a graphing utility. 

25. f(x) = x3 — 4x? + 4x 
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= 0. 4 + 0.02x3 — 0.48x? + 0.08x + 4 3 
26. f(x) = 0.0025x* + 0.02x3 — 0.48x? + 0.08x og ess, ¢ a 2 =) 





40 6 
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a eee 
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=/ In Problems 27 and 28, f’(x) and its graph are given. 

(a) Use the graph of f’(x) to determine (estimate) where ae RIE AIRES. ee = Ea bag 
the graph of f(x) is increasing, where it is decreasing, SOT 2) aS reget for f(x) = 3x? SS: 
and where it has relative extrema. 

(b) Use the graph of f’(x) to determine where 
f(x) > 0, where f”(x) < 0, and where f”(x) = 0 

(c) Verify that the given f(x) has f’(x) as its derivative, 
and graph f(x) to check your conclusions in (a). 

(d) Calculate f”(x) and graph it to check your conclusions 
in (b). Ee 

27. f'@)=x* + 4x-—5 (sors) =4 a Ok sx) 





Applications 
Section 10.3 
-10 — — 31. Cost Suppose the total cost function for a product is 


C(x) = 3x? + 15x + 75 





i How many units minimize the average cost? Find the 
-15 minimum average cost. 


2 Pee ae 32. Revenue Suppose the total revenue function for a 
28. f'(x) = Gx? — x° oo) 4 product is given by 


R(x) = 32x — 0.01x? 


(a) How many units will maximize the total revenue? 
Find the maximum revenue. 

(b) If production is limited to 2500 units, how many 
units will maximize the total revenue? Find the 
maximum revenue. 





33. Profit Suppose the profit function for a product is 


7 In Problems 29 and 30, f”(x) and its graph are given. P(x) = 1080x + 9.6x? — 0.1x3 — 50,000 
(a) Use the graph to determine (estimate) where the 
graph of f(x) is concave upward, where it is concave 
downward, and where it has points of inflection. 34. Profit How many units (x) will maximize profit if 
(b) Verify that the given f(x) has f”(x) as its second deriv- R(x) = 46x — x? and C(x) = 5x2 + 10x + 32 
ative, and graph f(x) to check your conclusions in (a). 


Find the maximum profit. 
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35. 


36. 


37: 


38. 


39. 


41. 
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Profit A product can be produced at a total cost 
C(x) = 800 + 4x, where x is the number produced 
and is limited to at most 150 units. If the total rev- 
enue is given by R(x) = 80x — 7x, determine the 
level of production that will maximize the profit. 


Average cost The total cost function for a product is 
C = 2x? + 54x + 98. Producing how many units will 
minimize average cost? 


Revenue McRobert’s TV Shop sells 200 sets per 
month at a price of $400 per unit. Market research 
indicates that the shop can sell one additional set for 
each $1 that it reduces the price. At what selling price 
will the shop maximize revenue? 


Profit If, in Problem 37, the sets cost the shop $250 
each, when will profit be maximized? 


Profit Suppose that for a product in a competitive 
market, the demand function is p = 1200 — 2x and 
the supply function is p = 200 + 2x, where x is the 
number of units. A firm’s average cost function for 
this product is 

Ca 2000 


Find the maximum profit. Hint: First find the equilib- 
rium price. 


+190) -x 


. Profit The monthly demand function for a product 


sold by a monopoly is p = 800 — x, and its average 
cost is C = 200 + x. 

(a) Determine the quantity that will maximize profit. 
(b) Find the selling price at the optimal quantity. 


Profit Suppose that in a monopolistic market, the 
demand function for a commodity is 


* 
p= 7000 — 10x ~ > 


If a company’s average cost function for this com- 
modity is 


C(x) = 40,000 5 600 + 8x 


find the maximum profit. 


Section 10.4 


42. Reaction toadrug The reaction R to an injection of 


43. 


45. 


46. 


47. 


a drug is related to the dosage x according to 


R(x) = (500 — z) 
Find the dosage that yields the maximum reaction. 


Productivity. The number of parts produced per 
hour by a worker is given by 


N=4+ 37-23 


where ¢ is the number of hours on the job without a 
break. If the worker starts at 8 A.M., when will she be 
at maximum productivity during the morning? 


. Population Population estimates show that the 


equation P = 300 + 10r — ¢? represents the size of 
the graduating class of a high school, where t repre- 
sents the number of years after 1990, 0 = ¢ < 10. 
What will be the largest graduating class in the 
decade? 


Night brightness Suppose that an observatory is to 
be built between cities A and B, which are 30 miles 
apart. For the best viewing, the observatory should be 
located where the night brightness from these cities is 
minimum. If the night brightness of city A is 8 times 
that of city B, then the night brightness b between the 
two cities and x miles from A is given by 
8k k 

Pea 2) ep eer ae 

where k is a constant. Find the best location for the 
observatory; that is, find x that minimizes b. 


Product design A playpen manufacturer wants to 
make a rectangular enclosure with maximum play 
area. To remain competitive, he wants the perimeter 
of the base to be only 16 feet.~What dimensions 
should the playpen have? 


Printing design A printed page is to contain 56 
square inches and have a j-inch margin at the bottom 
and 1-inch margins at the top and on both sides. Find 
the dimensions that minimize the size of the page 
(and hence the costs for paper). 


48. Drug sensitivity The reaction R to an injection of a 
drug is related to the dosage x according to 


RG) = (soo - 3 


The sensitivity to the drug is defined by dR/dx. Find 
the dosage that maximizes sensitivity. 


49. Photosynthesis The amount of photosynthesis that 
takes place in a certain plant depends on the intensity 
of light x according to the equation 


f(x) = 145x? — 30x3 


The rate of change of the amount of photosynthesis 
with respect to the intensity is f’(x). Find the intensity 
that maximizes the rate of change. 


CHAPTER TEST 





Find the local maxima, local minima, horizontal points of 
inflection, and asymptotes, if they exist, for each of the 
functions in Problems 1—3. Graph each function. 
1. f(x) = x3 + 6x? + 9x + 3 
2. y=x> — 3x27 +3x+4 
x? —3x+6 
iD 


In Problems 4—6, use the function y = 3x° — 5x3 + 2. 

4. Over what intervals is the graph of this function con- 
cave upward? 

5. Find the points of inflection of this function. 

6. Find the relative maxima and minima of this function. 

7. Find the absolute maximum and minimum for 
f(x) = 2x3 — 15x? + 3 on the interval [—2, 8]. 

8. Find all horizontal and vertical asymptotes for the 


; 200x — 500 
function f(x) = Tyee 300. 


3. y= 


Chapter Test 805 


50. Inventory cost model A company needs 288,000 


items per year. Production costs are $1500 to prepare 
for a production run and $30 for each item produced. 
Inventory costs are $1.50 per year for each item 
stored. Find the number of items that should be pro- 
duced in each run so that the total costs of production 
and storage are minimum. 


. Use the graph of y = f(x) and the indicated points to 


complete the following chart. Enter +, —, or 0, 
according to whether f, f’, and f” are positive, nega- 
tive, or Zero at each point. 


Point: a if Vee eS 
A 
B 
C 
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10. 


12; 


13. 


14. 


Use the figure to complete the following. 
(a) lim fl) =? 
(b) What is the vertical asymptote? 





. If f(6) = 10, f’(6) = 0, and f”’(6) = —3, what can we 


conclude about the point on the graph of y = f(x) 
where x = 6? Explain. 

If x represents the number of years past 1900, the 
equation that models the number of Catholics per 
priest in the United States is 


y = 0.19x? — 16.59x + 1038.29 


(Source: Dr. Robert G. Kennedy, University of St. Thomas) 

(a) During which year does this model indicate that 
the number of Catholics per priest is a minimum? 

(b) What does this mean about the number of priests 
relative to the number of Catholics in the United 
States? 

The revenue function for a product is R(x) = 164x 

and the cost function for the product is 


C(x) = 0.01x? + 20x + 300 


where x is the number of units produced and sold. 

(a) Selling how many units of the product gives 
maximum profit? 

(b) What is the maximum possible profit? 

The cost of producing x units of a product is given by 


C(x) = 100 + 20x + 0.01x? 


Producing how many units will give a minimum aver- 
age cost? 


15: 


16. 


17: 


18. 


A firm sells 100 TV sets per month at $300 each, but 
market research indicates that it can sell 1 more set 
per month for each $2 reduction of the price. At what 
price will the revenue be maximized? 

An open-top box is made by cutting squares from the 
comers of a piece of tin and folding up the sides. If 
the piece of tin was originally 20 centimeters on a 
side, how long should the sides of the removed 
squares be to maximize the resulting volume? 

A company estimates that it will need 784,000 items 
during the coming year. It costs $420 to manufacture 
each item, $2500 to prepare for each production run, 
and $5 per year for each item stored. How many units 
should be in each production run so that the total 
costs of production and storage are minimized? 

The table below gives the national debt, in trillions of 
dollars, for the years 1990-1997, with White House 
estimates for 1998 and 1999. 

(a) Use x as the number of years past 1900 to create 
a model using the data from 1990 to 1997. 

Find what year the model indicates that the 
national debt reaches its maximum. 


(b) 





Year National Debt ($ Trillions) 
1990 3:2 
1991 3.6 
1992 4.0 
1993 4.4 
1994 4.6 
1995 49 
1996 a2, 
1997 5.4 
1998 5:5 
1999 S5 


Source: USA Today, Jan. 7, 1998 





i. Production Management 


Metal Containers, Inc., is reviewing the way it submits bids on U.S. Army con- 
tracts. The army often requests open-top boxes, with square bases and of speci- 
fied volumes. The army also specifies the materials for the boxes, and the base is 
usually made of a different material than the sides. The box is put together by 
riveting a bracket at each of the eight corners. For Metal Containers, the total 
cost of producing a box is the sum of the cost of the materials for the box and 
the labor costs associated with affixing each bracket. 

Instead of estimating each job separately, the company wants to develop an 
overall approach that will allow it to cost out proposals more easily. To accom- 
plish this, company managers need you to devise a formula for the total cost of 
producing each box and determine the dimensions that allow a box of specified 
volume to be produced at minimum cost. Use the following notation to help you 
solve this problem. 


Cost of the material for the Cost of the material for the 
base = A per square unit sides = B per square unit 
Cost of each bracket = C Cost to affix each bracket = D 


Length of the sides of the base = x Height of the box = h 
Volume specified by the army = V 


. Write an expression for the company’s total cost in terms of these quantities. 

. At the time an order is received for boxes of a specified volume, the costs of 
the materials and labor will be fixed and only the dimensions will vary. Find 
a formula for each dimension of the box so that the total cost is a minimum. 

3. The army requests bids on boxes of 48 cubic feet with base material costing 

the container company $12 per square foot and side material costing $8 per 

square foot. Each bracket costs $5, and the associated labor cost is $1 per 
bracket. Use your formulas to find the dimensions of the box that meet the 
army’s requirements at a minimum cost. What is this cost? 


NO 


Metal Containers asks you to determine how best to order the brackets it 
uses on its boxes. You are able to obtain the following information: The com- 
pany uses approximately 100,000 brackets a year, and the purchase price of each 
is $5. It buys the same number of brackets (say, m) each time it places an order 
with the supplier, and it costs $60 to process each order. Metal Containers also 
has additional costs associated with storing, insuring, and financing its inventory 
of brackets. These carrying costs amount to 15% of the average value of inven- 
tory annually. The brackets are used steadily and deliveries are made just as 
inventory reaches zero, so that inventory fluctuates between zero and n brackets. 
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If the total annual cost associated with the bracket supply is the sum of the 
annual purchasing cost and the annual carrying costs, what order size n 
would minimize the total cost? 


. In the general case of the bracket-ordering problem, the order size n that min- 


imizes the total cost of the bracket supply is called the economic order quan- 
tity, or EOQ. Use the following notations to determine a general formula for 
the EOQ. 

Fixed cost per order = F Unit cost = C > 

Quantity purchased per year = P — Carrying cost (as a decimal rate) = r 


B&@ li. Room Pricing in the Off Season 


The data in the table below, from a survey of resort hotels with comparable rates 
on Hilton Head Island, show that room occupancy during the off season 
(November through February) is related to the price charged for a basic room. 


Price per Day Occupancy Rate, % 


A. 


B. 


$ 69 53 
89 47 
a 46 
99 45 

109 40 
129 32 


The goal is to use these data to help answer the following questions. 


What price per day will maximize the daily off season revenue for a typical 
hotel in this group if it has 200 rooms available? 

Suppose that for this typical hotel the daily cost is $4592 plus $30 per occu- 
pied room. What price will maximize the profit for this hotel in the off season? 


The price per day that will maximize the off season profit for this typical hotel 
applies to this group of hotels. To find the room price per day that will maximize 
the daily revenue and the room price per day that will maximize the profit for 
this hotel (and thus the group of hotels) in the off season, complete the following. 


di 


Multiply each occupancy rate by 200 to get the hypothetical room occupancy. 
Create the revenue data points that compare the price with the revenue, R, 
which is equal to price times the room occupancy. 


. Use technology to create an equation that models the revenue, R, as a func- 


tion of the price per day, x. 


. Use maximization techniques to find the price that these hotels should charge 


to maximize the daily revenue. 


. Use technology to get the occupancy as a function of the price, and use the 


occupancy function to create a daily cost function. 


. Form the profit function. 
. Use maximization techniques to find the price that will maximize the profit. 








BASSAS EIDE ORNS Sais 


LGR OLLIE SILESIAN 


Prerequisite Problem Type 


ae eas 


b) Write with a positive exponent: Viti 


(a) Simplify: 





(a) Vertical lines have slopes. 
(b) Horizontal lines have slopes. 





Write the equation of the line passing 
through (~-2, ~2) with slope 5. 


Solve: x7 + y* ~ 9 = 0, for y. 


(a) Write log (x + A) ~ log, x as an 
expression involving one Joganthm. 
(b) Does In x* = 4 In x? 


geht fev 
(c) Does 5 lo 2,( — ) = log,( 1 ae ") ? 


(d) oat In (xy) to separate x and y. 
(e) If y = a’, then x = : 
(f) Simplify In e’. 





Find the derivative of 
(aay = 27 — 2x = 2 


(b) 7(q) = 400g — a7 


(c) y= V9- 


te 


If ie aes ., find the slope of the 
dx V9 st 


tangent to y = eK vate =. = 


For Section 


WW 


14.3 


11.3 


11.1 
11.2 


11.1- 
11.5 


11.3 


yrixts 


ye tV—o-¥ 





Answer Section for Review 
J ; : 

(a) 5 0.4 Rational 
a exponents 


tb) (x2 eae j)'? 


(a) Undefined 1.3 Slopes 


(b) O 


1.3 Equations of lines 


2.1 Quadratic 
equations 


5.2 Logarithms 


(a) log (3 ven tn) 


(b) Yes 
(c) Yes 
(d) Inx + Iny 


(e) log. y 
(f) x 


9.4--9.6 Derivatives 
(a)ayve= 2) 
(b) 7T’(g) = 400 — “4 
(c) y= 
—x(9 = x?) 1/2 


V5 
Slope = — > 9.3-9.7 Derivatives 


LEU 

















atives Continued 


In this chapter we will develop derivative formulas for logarithmic and exponen- 
tial functions and apply them to problems in the management, life, and social 
sciences. We will also develop methods for finding derivatives of one variable 
with respect to another even though the relationship between them may not be 
functional. This method is called implicit differentiation. 

We will use implicit derivatives with respect to time to solve problems 
involving the rates of change of two or more variables. These problems are 
called related-rates problems. 

The special business and economics applications include elasticity of 
demand and maximization of taxation revenue. 
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71.1 Derivatives of Logarithmic Functions 






OBJECTIVE “re ICATION PREVIEW 


® To find derivatives of logarithmic 
functions 


| (x) = 11.644 14.14 Inx | 


Figure 11.1 





In Chapter 5, “Exponential and Logarithmic Functions,” we defined the logarith- 
mic function y = log, x and developed properties of logarithms that will be 
important in this section. Although logarithmic functions can involve logarithms 
of any base, including base 10 (called common logarithms), most of the prob- 
lems in calculus and many of the applications to the management, life, and 
social sciences involve logarithms with base e, called natural logarithms. We 
state the properties of logarithms for natural logarithms next. 


Properties of Natura 
Logarithms 





Derivative of y = 


in x 


11.1 Derivatives of Logarithmic Functions 


813 





I. In e* = x, for any real number x 
Ie" =x for x > 0 
Il. In(MN) = In M + InN, for M and N positive real numbers 
IV. In(M/N) = In M — InN, for M and N positive real numbers 
V. In(M") = N In M, for M a positive real number and N any real number 








DP REP OA RIE A 7 TY PEER EE 





The formula for the derivative of y = In x follows. 











d 
If y = In, then > = =. 
The proof follows. 
If y = f(x) = In«, then 
d ws 
Def nal ea 
ax h-0 h 
e fm We +4) = nx 
h—0 h 
(ess 
In 
— * x 
ae lim h Property IV 
= me jin( 224) Introduce =. 
ho0ox h x x 
= iim +. in( 1+) 
ho x h x 
aa h\" 
= lim ~~ In its Property V 


The natural logarithmic function is continuous when it is defined, so 


Dy Re he bh) 
ie me ey 


x/h 
lim ( Lt 4) 
h-0 x 


by recalling from Problem 51 of Exercise 9.1 that 
= Sane 
lim ( ipa) e 


We can evaluate 


(1) 


and noting that equation (1) has this form. Thus 


x/h 
in( 1 +4) =e 


h->0 x 


and 
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Derivatives of the Natural 


Logarithmic Functions 


| EXAMPLE 17 
If y = x3 + 3 Inx, find dy/dx. 
| Solution 


# 3243(1)-ae+3 


| EXAMPLE 2 

If y = x? In x, find y’. 
salution 

By the Product Rule, 


y= xP 2 + (Inx)(2x) aorta 


We can use the Chain Rule to find the formula for the derivative of y = In u, 
where u = f(x). 


dy 1 dw 


dx u dx 


EXAMPLE 3 
Find f’(x) for each of the following. 
| (a) f(x) = In@’) (b) f(x) = In@x* — 3x + 7) 


i 


Solution 








al pe ee 2 
@) f@=3Q)=3=4 
Nebeoba Pei 2 Weer Cet Sareng 

0) FO) = 3747 Ne Ae 
| EXAMPLE 4 
| (a) Find f'(x) if f(x) = } In(2x6 — 3x + 2). 
Song nue in x 

(b) Find g’() if g(x) Tare 
| Solution 
| (a) f'(x) is 4 of the derivative of In(2x6 — 3x + 2). 
| fe)=77ase Rie 
| 3° 2x8— 3x42 
4x>-1 


~ 2x6 — 3x+2 






I1.1 Derivatives of Logarithmic Functions 815 


(b) We begin with the Quotient Rule. 


j 
i 
i 





(2x + 1)5—4—(2) — [In(2x + 1)]2 


einige) 

a) ACRE? 

| EXAMPLE 5 

| Use logarithm properties to find dy/dx when 

i 

| =Inixe = 2) 
| Solution 


We use logarithm Properties III and V to rewrite the function. 


y = Inx + In@ — 2)" Property II 
= Inx + 10 In(® — 2) Property V 


We now take the derivative. 








aber #0 ar ey aoe 
| ele Stes 
x xr-2 


CHECKPOINT | 
. 1. Ify = InGx + 2), find y’. 


& If y= ne find y’. 


ps If y = In Vx? + 1, find y’. 





We now return to the life span model in the Application Preview. 


EXAMPLE 6 


Assume that the average life span (in ry for people born in 1920-1989 can 
be modeled by 


I(x) = 11.64 + 14.14 In x 
where x is the number of years past 1900. 


(a) Find the function that models the rate of change of life span. 
(b) Does /(x) have a maximum value for x > 0? 

(c) Evaluate him I'(x). 

(d) What do (b) and (c) tell us about the average life span? 


Solution 
(a) The rate of change of life span is given by the derivative. 


I'(x) = 0+ 14.14 (2) sues 


x 





_¢-~yeeerennnnnnenn nnrrnnn a ntnnnnnnnnnnnannnnnnnnnannaannininian\an naan nanrninivnnnnnnnanihisiissasaoasnnb spigarsien anionseanasaiinnivanitatnnaaanmnnmnermanntintnnt 
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| (b) For x > 0, we see that /'(x) > 0. Hence /(x) is increasing for all values of 
x > 0, so /(x) never achieves a maximum value. That is, there is no maxi- 


mum life span. 
14.14 


| ©) lim ’'@) = lim ~~ =0 


_ (d) If this model is accurate, life span will continue to increase, but at an ever 


rn ntantaninaaenesrvaennebr@nanbSsbbanbinio 


slower rate. 


4 


EXAMPLE 7 
Suppose the cost function for x units of a product is given by 


C(x) = 18,250 + 615 In(4x + 10) 


where C(x) is in dollars. Find the marginal cost when 100 units are produced, 
and explain what it means. 


Solution 
Marginal cost is given by C’(x). 








so Ute 1 2460 
WE= C(x) = 615 ( = 1a )a- 4x + 10 


a ws 2460 0 24600 
a 4(100)+ 10 410 ° 
When 100 units are produced, the marginal cost is 6. This means that the 


approximate cost of producing the 101st item is $6. 


The change-of-base formula, introduced in Section 5.2, “Logarithmic 
Functions and Their Properties,” can be used to express logarithms with base a 
as natural logarithms (that is, logarithms with base e): 

log x = es 
8a tna 
We can apply this change-of-base formula to find the derivative of a logarithm 
with any base, as the following example illustrates. 





EXAMPLE 8 
If y = log,(x° + 1), find dy/dx. k 
Solution 
By using the change-of-base formula, we have 
In(x? + 1) 1 
= 3 
sJogaltoie Lh aaat) aii a In(x? + 1) 
Thus 
BY 2AM eile 3 aye EY 
dx In4°x+1°™ ~ G34+1)in4 
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EXAMPLE 9 
Let f(x) = x In x — x. Use the graph of the derivative of f(x) for x > 0 to answer 
the following questions. 





(a) At what value a does the graph of f’(x) cross the x-axis (that is, where is 
fe 0)? 
(b) What value a is a critical value for y = f(x)? 
| (c) Does f(x) have a relative maximum or a relative minimum at x = a? 


Solution 


% 


i@=x-: , + Inx — 1 = Inx. The graph of f’(x) = In x is shown in Figure 11.2. 


(a) The graph crosses the x-axis atx = 1, so f’(a) = Oifa = 1. 
(b) a = 1 is acritical value of f(x). 
(c) Because f’(x) is negative for x < 1, f(x) is decreasing for x < 1. 
Because f’(x) is positive for x > 1, f(x) is increasing for x > 1. 
Therefore, f(x) has a relative minimum at x = 1. 
The graph of y = x In x — x is shown in Figure 11.3. It has a relative mini- 
mum atx = 1. 


f'® 











Figure 11.2 Figure 11.3 
CHECKPOINT 
SOLUTIONS 6 
Sil = 
paw aD 
2. y' = +s -60 = &. or, by first using logarithm Property V, we get y = 6 In x, so 
pee) = 6 Ha 
yee 1) at 
_ 3. By first using logarithm Property V, we get y = In@? + 1)!° = 3ln (x? + 1). Then 
oats ley ae 2x 
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EXERCISE T7009 


Find the derivatives of the functions in Problems 1-10. 


lL. fx) =4Inx 2. y=3Inx 
3. y= In 8x 4. y=In5x 
_y=hx 6. fix) =Inx 


5 

7. f(x) = In(4x + 9) 8. y = In(6x + 1) 

9. y = In(2x? — x) + 3x 

100y = Ine = 2x) — 2 
11. Find dp/dq if p = in(q* + }). 

Wa en = in( + 1 

: dq 4 

In each of Problems 13-20, find the derivative of the 
function in (a). Then find the derivative of the function in 
(b) or show that the function in (b) is the same function as 
that in (a). 

13.-(a)-y = Inx— In@ — 1) 


iG 
(b) ies ln 1 
14. (a) y=In@ — 1) + InQQ& + 1) 
(b) y = Inf(@ — DQx + DI 
t5a). y = 5. n@aeb) 16. (a) y =3 In@* — 1) 


(b) y=in Vx? — 1 (b) y = In(x* — 1) 
17. (a) y = In(4x — 1) — 3 Inx 


—1 
(by = in( 485 ) 


18. (a) y=3Inx—-In@e + 1) 


ee 
» y=mn(25) 


19. (a) y=3lnx+3ln@ + 1) 
(b) y= In Vx + 1) 

20. (a) y=2Inx + In@’* —x + 1) 
(bey = ina — x 1) 














d Dea 
a1: Find @_ ifp = In f age 
: GaSe = ay ee 
D2 Find 7 ifs = In{t3(t? — 1]. 





d 174+3 
23. Find 2 ity = i i 


dt Vi-t 





Ske 3x +2\ 
24. Find 7 ify = in( 35 2) : 
In Problems 25-38, find dy/dx. 
25. y=x — nx 26. y = x? In(2x + 3) 
In x ees In x 
27. y= are 28. y ate 
29. y = In@x* + 3 30. y = In(3x + 1)!” 
31. y = (inx)* 32. y= (nx)! 
33. y = flaG* + 3)/° 34. y= ViIn(3x + 1) 
35. y = log, x 36. y = log, x 


37 y= tog a = 4 1) 38. y = log, x2) 


a) In Problems 39-42, find the relative maxima and relative 


minima, and sketch the graph with a graphing utility to 
check your results. 
39. y=xInx 

Al. y=x?—8Inx 


40. y= x? Inx 
42. y=Inx—-x 


Applications 


43. Marginal cost Suppose that the total cost (in dol- 
lars) for a product is given by 


C(x) = 1500 + 200 In(2x + 1) 


where x is the number of units produced. 

(a) Find the marginal cost function. 

(b) Find the marginal cost when 200 units are pro- 
duced, and interpret your result. 


44. Investing The number of years t¢ that it takes for an 
investment to double is a function of the interest rate 
7, compounded continuously, according to 


In 2 
ps 
- 


At what rate is the required time changing with 
respect to r if r = 10%, compounded continuously? 


45. Marginal revenue The total revenue from the sale 
of x units of a product is given by 


2500x 


= incon © 10) 


(a) Find the marginal revenue function. 
(b) Find the marginal revenue when 100 units are 
sold, and interpret your result. 


46. Supply Suppose that the supply of q units of a prod- 
uct at price x dollars is given by » 


gq = 10 + 50 In(3x + 1) 
Find the rate of change of supply with respect to price. 


47. Demand The demand function for a product is 
given by p = 4000/In(x + 10), where p is the price 
per unit when x units are demanded. 

(a) Find the rate of change of price with respect to 
the number of units sold when 40 units are sold. 

(b) Find the rate of change of price with respect to 
the number of units sold when 90 units are sold. 

(c) Find the second derivative to see whether the rate 
at which the price is changing at 40 units is 
increasing or decreasing. 


48. 


49. 


50. 


St. 


52. 


pH level The pH of a solution is given by 
pH = —log[H*] 


where [H*] is the concentration of hydrogen ions (in 


gram atoms per liter). What is the rate of change of 4# 53. 


pH with respect to [H*]? 


Reynolds number If the Reynolds number relating 
to the flow of blood exceeds R, where 


R =A ln(r) — Br 


and r is the radius of the aorta and A and B are posi- 
tive constants, the blood flow becomes turbulent. 
What is the radius r that makes R a maximum? 


Decibels The loudness of sound (L, measured in 
decibels) perceived by the human ear depends on 
intensity levels (J) according to 


L = 10 log(i/I,) 


where /, is the standard threshold of audibility. Using 
the change-of-base formula, we get 


_ 10 In(J/Iy) 
—  eeintO 


At what rate is the loudness changing with respect to 
the intensity when the intensity is 100 times the stan- 
dard threshold of audibility? 


Richter scale The Richter scale reading, R, used for 
measuring the magnitude of an earthquake with 
intensity J is determined by 


_ In(1/Iy) 
Seino 


where /, is a standard minimum threshold of intensity. 
If J, = 1, what is the rate of change of the Richter 
scale reading with respect to intensity? 


Violent crime The following data represent the 
number of violent crimes (murders, rapes, and armed 
robberies) per 100,000 people for the years 


1987-1992. 

Year Violent Crimes (per 100,000) 
1987 610 

1988 637 

1989 663 

1990 We 

1991 758 

1992 765 


Source: FBI Crime Report 


he 
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Letting t = 0 in 1980, these data can be modeled by 
y = —22.9 + 321 Int. If this model is accurate, at 
what rate did violent crimes change in 1990? 


Poverty threshold The table below gives the aver- 
age poverty thresholds for individuals for 1987-1994. 
(a) Use a logarithmic equation to model these data, 
with x equal to the number of years past 1980. 
Use this model to predict the rate at which the 
poverty threshold will be growing in 2003. 


(b) 


Year Poverty Threshold Income 
1987 $5778 
1988 6022 
1989 6310 
1990 6652 
1991 6932 
1992 7143 
1993 7363 
1994 7547 


Source: U.S. Bureau of the Census 


Grade point averages The core grade point aver- 
ages (based on 15 college-preparatory high school 
courses) of University of South Carolina freshman 
classes from 1992 to 1997 are shown in the table 
below. 

(a) Find a logarithmic equation that models GPA as 
a function of the year of entering USC. (That is, 
use x = 0 as 1900.) 

Using this model, find the rate at which the grade 
point average was changing in 1997. 


(b) 


Year Core H.S. Grade Point Average 
1992 2.81 
1993 2.91 
1994 293 
1995 3.02 
1996 3.10 
1997 3.11 


Source: University of South Carolina 
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77.2 Derivatives of Exponential Functions 


OBJECTIVE 


= Jo find derivatives of exponential 
functions 





In the previous section we found derivatives of logarithmic functions. In this sec- 
tion we turn our attention to exponential functions. The formula for the deriva- 
tive of y = e* is developed as follows. 

From Property I of logarithms, we know that 


Ine*=x 


Taking the derivative, with respect to x, of both sides of this equation, we have 


d Cd cia 
Hs In e* = ae 
Using the Chain Rule for logarithms gives 
ie. (at 38- 
eee 1 
and solving for a e* yields 
She 
a et =e* 
dx 


Thus we can conclude the following. 





A NTS IN BENE OS LOE EI EINE SINR IDS Ee 
owas 
= x 
Derivative of y = e A ee 
If y = e*, then — = e*. , 
dx . 





EXAMPLE 1 
| If p = e4, find dp/dq. 
Solution 
j ap er 
dq“ 


As with logarithmic functions, the Chain Rule permits us to expand our 
derivative formulas. 
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Derivatives of Exponential If y = e“, where u is a differentiable function of x, then 
Functions 
dy es du 
dx dx 
EXAMPLE 2 
| If fia) = e**, find f’(x). 
| Solution 
f'(®) = e+ 12x? = 12x2e4" 
| EXAMPLE 3 
If p = ge‘, find dp/dq. 
| Solution 
Using the Product Rule, we get 
| dp 5q 5q 5 
| ae Ve se ite" (1) = oge se" 
| EXAMPLE 4 
| If.s = 3te***, find ds/dt. 
| Solution 
é = 31- ee *5t( 6p +5)+ et +5. 3 
= (1812 + 15263? + 5# + 3e31? + St 
CHECKPOINT | 
, 1. If y = 2e*, find y’. 
| 2. Ify = e* + ®, find y’. 
| 3. If s = te’, find ds/dt. 
| EXAMPLE 5 
| If y = e™’, find y’. 
j 
Solution 
i 
yi = et. Or = Sone 


By Property Il of logarithms (see the previous section and Section 5.2, 
“T_ogarithmic Functions and Their Properties”), e'"“ = u, and we can simplify 
the derivative to 
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' Note that if we had used this property before taking the derivative, we would 
have had 


y= elnx? = x? 


| Then the derivative is y’ = 2x. 


Let us now return to the problem described in the Application Preview. 


\ 


EXAMPLE 6 

The future value when $100 is invested at 8%, compounded continuously, is 
S(t) = 100e°°8, where t is the number of years. At what rate is the money in this 
account growing 


| (a) at the end of 1 year? 
| (b) at the end of 10 years? 


: S'(t) = 100e°*'(0.08) = 8e%8 

| (a) The rate of growth of the money at the end of 1 year is 

| S'(1) = 8e° = 8.666 

Thus the future value will change by about $8.67 during the next year. 
| (b) The rate of growth of the money at the end of 10 years is 

S’(10) = 8¢°80% = 17.804 

| Thus the future value will change by about $17.80 during the next year. 


EXAMPLE 7 
If u = w/e, find u’. 


| Solution 
The function is a quotient, with the denominator equal to e”. Using the Quotient 
Rule gives 
er wie 3 
Use ( ery 
“a e” — 3we” 
ew 
Lew 


3w 


é 





| EXAMPLE 8 


North Forty, Inc. is a wilderness camping equipment manufacturer. The revenue 
function for its best-selling backpack, the Sierra, can be modeled by the function 


| Ri) = 25xe() — 0.01x) 
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where R(x) is the revenue in thousands of dollars from the sale of x thousand 
| Sierra backpacks. Find the marginal revenue when 75,000 packs are sold, and 
explain what it means. 
Seretion 
The marginal revenue function is given by R'(x), and to find this derivative we 
» use the Product Rule. 
R'(x) = MR = 25z[e! - 9! - (—0.01)] + e — 911025) 

MR = 25e(! ~ lx] — 0.01x) 


| To find the marginal revenue when 75,000 packs are sold, we use x = 75. 
i ee 
MR (75) = 25e“! ~ 9751 — 0.75) ~ 8.025 


| This means that the sale of one (thousand) more Sierra backpacks will yield 
| approximately $8.025 (thousand) in additional revenue. 


CHECKPOINT 
~~ 4. If the sales of a product are given by S = 1000e~°**, where x is the number of 
days after the end of an advertising campaign, what is the rate of decline in sales 
20 days after the end of the campaign? 


In a manner similar to that used to find the derivative of y = e*, we can 
develop a formula for the derivative of y = a* for any base a. 





ee 
Derivative ofy =a" If y = a’, then 
dy 


ioe a*|Ina 


If y = a“, where uw is a differentiable function of x, then 


Dae 


ae a ae Ina 
EXAMPLE 9 
| If y = 4%, find dy/dx. 
Solution 
dy 
i —=— = 4 1n4 
i 4 In 


a) 
Za 





Graphing Utilities We can make use of a graphing utility to study the behavior of an exponential 
function and its derivative. 
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EXAMPLE 10 
| For the function y = e* — 3x”, complete the following. 





| (a) Approximate the critical values of the function to four decimal places. 
| (b) Determine whether relative maxima or relative minima occur at the critical 
values. 


| Solution 
| @) The derivative is y’ = e* — 6x. Using the built-in features of a graphing utti- 
ity, we find that y’ = 0 at x = 0.2045 (see Figure 11. 4a) and at x = 2.8331. 
(b) From the graph of y’ = e* — 6x in Figure 11.4(a), we can observe where 
y’ > 0 and where y’ < 0. From this we can make a sign diagram to deter- 
mine relative maxima and relative minima. 





on 
oe ee 
Moat ee ae eee Oak 
x 
.2045 2.8331 


The graph of y = e* — 3x? in Figure 11.4(b) shows that the relative maxi- 
mum point is (0.2045, 1.1015) and that the relative minimum point is 
(2.8331, —7.0813). 





| 
| 
| 
| 
| 
| 





Zero 
X=.20488145 
—8 -8 
Graph of y’ = e* - 6x Graph of y = e* — 3x2 
Figure 11.4 (a) (b) 
CHECKPOINT 
SOLUTIONS | = 
Giny = 2e**(4) = 8e* 
= (2x + 6)e* + 


; “ =e" (1) + tle"(20)] =e” + 212e". 


4, The rate of decline is given by dS/dx. 


| 3. By the Product Rule 


= 1000e-°7(—0.2) = —200e~°2* 


= —200e(-°2X20) 


II 


—200e~* ~ —3.663 sales/day 











EXERCISE 17.2 


ESS 





Find the derivatives of the functions in Problems 1-32. 
l. y=5e*-x 2. y= x* = 3e7 
3. f(x) = e — xe 4. f(x) = 4e* — Inx 








5. y=er 6. y sero! 

7. y = 6¢3** 8. y=1-2e-* 

9. y = Qe? +19 10. y= eVr=9 

ll. y= ek? 12. y=e+ e™ 

13. y= en 14. y = 2e¥? 

15. y= eo + eo ® 16. y= = + = 

17. s = fet 18. p = 4ger" 

19. y = e* — (e*4 20. y = 4(e*)3 — 4e* 
21. y = In(e* + 2) 22. y = In(e* + 1) 
23. y = e-* In(2x) 24. y = e?* In(4x) 
25, y= ite coal hamer pera 

ines re 

27. y = (e® + 410 28. y= eas 

29. y=6 30. y = 3" 

31. y=4F 52 y 

33. (a) What is the slope of the line tangent to y = xe~* 

atx = 1? 


(b) Write the equation of the line tangent to the 
graph of y = xe“ atx = 1. 
34. (a) What is the slope of the line tangent to y = 
e*/(1 + e*) atx = 0? 
(b) Write the equation of the line tangent to the 
graph of y = e-*/(1 + e) atx =0. 
. The equation for the standard normal probability dis- 
tribution is 
1 ere 
V 2a 
(a) At what value of z will the curve be at its highest 
point? 
(b) Graph this function with a graphing utility to ver- 


ify your answer. 
Find the mode of the normal distribution* given 


by 





y= 


1 eae 10)°/2 

27 

(b) What is the mean of this normal distribution? 
(c) Use a graphing utility to verify your answers. 





Vi = 


*The mode occurs at the highest point on normal curves and equals 
the mean. 
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g/ In Problems 37-40, find any relative maxima and minima. 


Use a graphing utility to check your results. 


== pes 
37. y= . 3845 Es 
39. ya "27 40. y= 3 
Applications 


41. Future value If $P is invested for n years at 10%, 
compounded continuously, the future value is given 
by the function 


sS= Pe9.1n 
(a) At what rate is the future value growing at any 
time (for any n)? 
(b) At what rate is the future value growing after 
1 year (n = 1)? 
(c) Is the rate of growth of the future value after 
] year greater than 10%? Why? 


42. Future value The future value that accrues when 
$700 is invested at 9%, compounded continuously, is 


S(t) = 700e°% 
where f is the number of years. 
(a) At what rate is the money in this account grow- 
ing when t = 4? 
(b) At what rate is it growing when t = 10? 


43. Sales decay After the end of an advertising cam- 
paign, the sales of a product are given by 


S = 100,000e~°* 


where S is weekly sales and ¢ is the number of weeks 
since the end of the campaign. Find the rate of change 
of S (that is, the rate of sales decay). 


44. Sales decay The sales decay for a product is given by 
S = 50,000e~°* 


where S is the daily sales and ¢ is the number of days 
since the end of a promotional campaign. Find the 
rate of sales decay. 


45. Marginal cost Suppose that the total cost in dollars 
of producing x units of a product is given by 


C(x) = 10,000 + 600xe 7/6 


Find the marginal cost when 600 units are produced. 
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46. 


47. 


48. 


49. 


50: 


51, 


52. 
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Marginal revenue Suppose that the revenue in dol- 
lars from the sale of x units of a product is given by 


R(x) = 1000xe~*° 
Find the marginal revenue function. 


Drugs in a bloodstream The concentration y of a 
certain drug in the bloodstream at any time ¢ (in 
hours) is given by 

y = 100(1 — e792") 
Find the rate of change of the concentration after 
1 hour. Give your answer to three decimal places. 
Radioactive decay The amount of the radioactive 
isotope thorium-234 present at time ¢ is given by 

Q(t) = 100¢~9.02828" 


Find the rate of radioactive decay of the isotope. 


Spread of disease Suppose that the spread of a dis- 
ease through the student body at an isolated college 
campus can be modeled by 
on 10,000 
YT + 9999¢- 099 


where y is the total number affected at time f¢ (in 
days). Find the rate of change of y. 


Spread of arumor The number of people M(t) in a 
community who are reached by a particular rumor at 
time ¢ (in days) is given by 


50,500 
N(t) aa ee 100e~°7 
Find the rate of change of M(t). 


Chemical reaction The number of molecules of a 
certain substance that have enough energy to activate 
a reaction is given by 


y = 100,000e~'* 


where y is the number of molecules and x is the 
(absolute) temperature of the substance. What is the 
rate of change of y with respect to temperature? 


Newton’s law of cooling When a body is moved 
from one medium to another, its temperature T will 
change according to the equation 


T=T,+ Ce 


where T, is the temperature of the new medium, C is 
the temperature difference between the mediums 
(old — new), t is the time in the new medium, and k is 
a constant. If 7), C, and k are held constant, what is 
the rate of change of T with respect to time? 


33. 


54. 


56. 


D7. 


58. 


World population Suppose that world population 
can be considered to be growing according to the 
equation 


N=N,(1 +n! 


where N, and r are constants. Find the rate of change 
of N with respect to t. 


Blood pressure Medical research has shown that 
between heartbeats, the pressure in the aorta of a nor- 
mal adult is a function of time and can be modeled by 
the equation 


P= 95e~0-491t 


(a) Use the derivative to find the rate at which the 
pressure changes at any time t. 

(b) Use the derivative to find the rate at which the 
pressure changes after 0.1 second. 

(c) Is the pressure increasing or decreasing? 


- Richter scale The intensity of an earthquake is 


related to the Richter scale reading R by 


ay 
ae 10° 

where /, is a standard minimum intensity. If i= 1, 
what is the rate of change of the intensity J with 
respect to the Richter scale reading? 


Decibel readings The intensity level of sound, J, is 
given by 

let id 

i = 10 


where L is the decibel reading and I, is the standard 
threshold of audibility. At what rate is I/I, changing 
with respect to L when L = 20? 


National health care Using data from the 
Congressional Budget Office (reported in Newsweek, 
October 4, 1993), the national health expenditure H 
can be modeled by 


H = 45¢0.0898 


where ¢ is the number of years past 1960 and H is in 
billions of dollars. If this model is accurate, at what 
rate did health care expenditures change in 1997? 


Revenue According to data published in USA Today 
(March 1, 1994), the revenue R from wireless tech- 
nology can be modeled by 


R = 0.572¢038601 


where ¢ is the number of years past 1985 and R is in 
billions of dollars. If this model is accurate, at what 
rate did revenue change in 1999? 


B/ 59. 


U.S. debt 
(in billions of dollars) 


U.S. debt The following table shows the U.S. 
national debt and the percent of federal expenditures 
devoted to payment of the interest on this debt for 
selected years from 1900 to 1989. 


U.S. Debt Percent to 
Year (billions) Interest 
1900 $1.2 0.0 
1910 1.1 0.0 
1920 24.2 0.0 
1930 16.1 0.0 
1940 43.0 10.5 
1945 258.7 4.1 
1955 272.8 9.4 
1965 313.8 9.6 
1975 53322 9.8 
1985 1823.1 18.9 
1987 2350.3 19.5 
1989 2857.4 25.0 


Source: World Almanac, 1991 
Assume that the amount of the national debt (in bil- 
lions of dollars) can be modeled by the function 

d(x) = 1956.16 + 29x — 2018.91e"! + 0.44e%/10 


where x is the number of years past 1900. This func- 
tion and the data points are graphed in the following 


figure. 


d(x) 
d(x) = 1956.16 + 29x — 2018.91e*/10 + 0.44e%/10 








(a) What function describes how fast the national 
debt is changing? 

Find the instantaneous rate of change of the 
national debt model d(x) in 1940 and 1985. 

The Gramm-Rudman Balanced Budget Act 
(passed in 1985) was designed to limit the 
growth of the national debt and hence change the 
function that modeled it. Why was this legislation 


necessary? 


(b) 
(c) 


EY 


a 
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60. Social Security The number of workers available to 


support Social Security beneficiaries is declining, as 
the following table indicates. 


Year No. of Workers per Retiree 
1950 16.5 
1960 5.0 
1980 37 
1990 3.4 


Source: Social Security Administration 


These data can be modeled by the equation 
y = 16.03e7 0.0346" 


where t = 0 in 1940. Using this model, find the rate 
at which the number of workers was changing in 
1990 (when t = 50). 


The following table gives the 
purchasing power of $1 based on consumer prices for 
1963-1995. Using these data with x = 0 in 1960, the 
dollar’s purchasing power, P, can be modeled by 


P = 4.2885¢7 0057515 


Use the model to find the rate of decay of the pur- 
chasing power of $1 in 1990. 








Purchasing Purchasing Purchasing 
Year Power of $1| Year Power of $1| Year Power of $1 
1963 3.265 1974 2.029 1985 0.928 
1964 Se 1975 1.859 1986 0.913 
1965 3.166 1976 Tey 1987 0.880 
1966 3.08 1977 1.649 1988 0.846 
1967 2.993 1978 1.532 1989 0.807 
1968 2.873 1979 1.38 1990 0.766 
1969 2.726 1980 eS 1991 0.734 
1970 2.574 1981 1.098 1992 0.713 
1971 2.466 1982 1.035 1993 0.692 
1972 2.393 1983 1.003 1994 0.675 
1973 De 1984 0.961 1995 0.656 


Source: U.S. Bureau of Labor Statistics 


62. Postal rates 


Using U.S. Postal Service data, the cost 
of first-class postage, y, for a letter weighing 1 ounce 
or less can be modeled by 


y= 2.5206 e29-95789x 


where x is the number of years past 1950. Use the 
model to find the rate of change of postal costs in 
1974 and in 1995, with correct units. 
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B& 63. TV cable rates The average monthly rates for basic (b) Use your model to predict the rate of growth in 


cable, without premium channels, for the years this price index in 2005. 
1982-1997 are given in the table. 
(a) These eee be modeled by an exponential Xear___ Consumer Price Index 
function. Write the equation of the function, 1940 14 
using x as the number of years past 1980. 1950 24.1 
(b) At what rate does this model indicate that the 1960 29.6 
basic cable rate will be growing in 2003? Give 1970 38.8 
the correct units. 1980 82.4 
1990 130.7 
Year Basic Cable Rate Year Basic Cable Rate 15 152.4 a 
1982 $8.30 1990 $16.78 Source: Bureau of Labor Statistics 
1983 8.61 199] 18.10 f@ 65. Prison population The prison population has grown 
1984 8.98 1992 19.08 exponentially from 1980 to 1995. 
1985 9.73 1993 1939 (a) Use x = 0 in 1900 to find an exponential func- 
1986 10.67 1994 21.62 tion that models the data given in the table below. 
1987 12.18 1995 23.07 (b) What does your model predict as the rate of 
1988 13.86 1996 24.41 growth of the prison population in the year 2000? 
1989 tT 1997 26.00 
Source: Nielsen Media Research and Paul Kagan Associates, The Prison Prison 
Island Packet, April 19, 1998 bc AMM SSE PAO Sate I 
1980 319,598 1988 606,810 
f@ 64. Consumer price index The consumer price index 1981 360,029 1989 683,382 
(CPI) is calculated by finding the total price of vari- 1982 402,914 1990 743,382 
ous items that have been averaged according to a 1983 423,898 1991 792,535 
prescribed formula. The following table gives the 1984 448,264 — 1992 850,566 
consumer price indexes of all urban consumers 1985 487,593 1993 909,381 
(CPI-U) for selected years from 1940 to 1995. 1986 526,436 1994 990,147 
(a) With x representing years past 1900, find an 1987 562,814 1995 1,078,545 
exponential equation that models these data. Source: Bureau of Justice Statistics, U.S. Dept. of Justice 


771.3 Implicit Differentiation 


OBJECTIVES 
= To find derivatives by using 
implicit differentiation 
= Jo find slopes of tangents by 
using implicit differentiation 





Figure 11.5 
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When an equation has the form F(x, y) = 0, we can say that y is defined implic- 
itly as a function of x whether or not we can soive for y. For example, the equa- 
tion xy — 4x + 1 = 0 is in the form F(x, y) = 0, but we can solve for y to write 
the equation in the form y = (4x — 1)/x. We can say that xy — 4x + 1 = 0 
defines y implicitly as a function of x, whereas y = (4x — 1)/x defines the func- 
tion explicitly. 

The equation x? + y? — 9 = Ohas a circle as its graph. If we solve the equa- 
tion for y, we get y = +V/9 — x’, which indicates that y is not a function of x. 
We can, however, consider the equation as defining two functions, y = V9 — x? 
and y = — V9 — x (see Figure 11.5). We say that the equation x2 + y? - 9 = 0 
defines the two functions implicitly. 





(a) (b) 


Even though an equation such as 
Inxy + xe? +x-3=0 


may be difficult or even impossible to solve for y, and even though the equation 
may not represent y as a single function of x, we can use the technique of 
implicit differentiation to find the derivative of y with respect to x. The word 
implicit means we are implying that y is a function of x without verifying it. We 
simply take the derivative of both sides of f(x, y) = 0 and then solve alge- 
braically for dy/dx. 

For example, we can find the derivative dy/dx from x? + y* — 9 = 0 by tak- 
ing the derivative of both sides of the equation. 


ety -= 2 (0) 


SF 2) tage ge 30a) 


We have assumed that y is a function of x; the derivative of y? is treated like 
the derivative of u”, where u is a function of x. Thus the derivative is 


d 
2x + 2y' 7 +0=0 


830 
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Solving for dy/dx gives 


Let us now compare this derivative with the derivative of the two functions 
= V9—- x2 andy = — V9 — x’. The derivative of y = V9 — x’ is 
e v/s ri 
9 — x2) ¥(—2x) = 
=3( Osx" 
and the derivative of y = —V9 — xis 
dy _ 
a) 


aes 
9-2 


Note that if we substituted +V9-— 2x for y in our “implicit” derivative, we 
would get the two derivatives that were obtained from the “explicit” functions. 


$(9 = 2)-V(=2x) = 


| EXAMPLE 1 
Find the slope of the tangent to the graph of x7 + y? — 9 = Oat (V5, 5; 2): 


| 
| Solution 
| The slope of the tangent to the curve is the derivative of the equation, evaluated 
at the given point. Taking the derivative implicitly gives us dy/dx = —x/y. 
| Evaluating the derivative at (V5, 2) gives the slope of the tangent as — V5/ Pe 
We also found the derivative of x? + y? — 9 = 0 by solving for y explicitly. 


The function whose graph contains (V5, 2) is y = V9 — x?, and its derivative is 
Wy ioe 


i 

| iy soto 

| dx V/9— x? 

Evaluating the derivative at (v5, 2), we get the slope of the tangent: EN 5/2: 


Thus we see that both methods give us the same slope for the tangent but that the 
implicit method is easier to use. 


& (22) + F(A) + £ (—3y*) + Z (4y) = £ (0) 


DA ey ee 


dx de 
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‘ dy 
- Next we solve for —. 
dx 


dy _ 





dy _=2x-4 

ac =-6y +4 

aye xt 2 
di sy 2 


EXAMPLE 3 


Write the equation of the tangent to the graph of x° + xy + 4 = 0 at the point 
(2, —6). 


Solution 
Taking the derivative implicitly gives 


4 73) 4 4 oT ree 
i et a (Oy) + 4) eee) 
The a (xy) indicates that we should take the derivative of the product of x and y. 


Because we are assuming that y is a function of x, and because x is a function 


of x, we must use the Product Rule to find 4 (xy). 


nina reennwnAeyvrrenniininehA aaa atnnennreyyarennannnanninnoni een hnhiana~annnnnanneyeyennaannncii hia sSiaNthih WANs anannnennrenw/wanmntnnnarn er 


d dy dy 
a) Pee eee ey 
dy 
Thus we have 3x2 eet +0=0 
pe eee (Noe SRO eae 
: Solving for dy/dx gives Fina z 
The slope of the tangent to the curve at x = 2, y = —6is 
—3(2)? —(- 
| oe oye S, 


The equation of the tangent line is 
y = (6S SO ory = — ox 


A graphing utility can be used to graph the function of Example 3 and the 
line that is tangent to the curve at (2, —6). To graph the equation, we solve the 
equation for y, getting 

ex 4 
x 
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The graph of the equation and the line that is tangent to the curve at (2, —6) are 
shown in Figure 11.6. 


y 





Figure 11.6 


CHECKPOINT | 

. 1. Find the following: 

Laloats)g x Gulp witha aoS mal). alae 
: dx dx dx 





d 
2: Find > for x3 + y* = x’y?. 


| EXAMPLE 4 
At what point(s) does x? + 4y? — 2x + 4y — 2 = 0 have a horizontal tangent? 
At what point(s) does it have a vertical tangent? 


Solution 
First we find the derivative implicitly. 
2x + 8y-y —2+4y —0=0 


,_ 2-2 _ 1-x 
y  Byt4 4y42 


nwa 








Horizontal tangents will occur where y’ = 0—that is, where x = 1. We can now 
find the corresponding y-value(s) by substituting 1 for x in the original equation 
and solving. 
1+ 4y?— 2:4 4y—2=0 
4y? + 4y—3=0 
(2y — 1)2y + 3) =0 
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Figure 11.7 
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oS - x2 + 4y2—-2x4+4y-2 =i() 


Vertical tangents will occur where the derivative is undefined—that is, 


| where y = —}. To find the corresponding x-value(s), we substitute —} in the 


| equation for y and solve for x. 
244 a Ree = —-2=0 
A 2 @ 


(x — 3)\(x+ 1)=0 
=) 2Or ee — — 


x 
N 
| 

Y 
| 

we 
Il 
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Thus vertical tangents occur at (3,—3) and (— 1,—4); see Figure 11.7. 


EXAMPLE 5 
If In xy = 6, find dy/dx. 


3 


; 


Saiution 
Using the properties of logarithms, we have 


Inx+Iny=6 


| which leads to the implicit derivative: 


BS 


Tee 
Fone 
| Solving gives 


dy y 
dx x 


| EXAMPLE 6 
| Find dy/dx if 4x? + e = 6y. 
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| Solution 


We take the derivative of both sides. 





3 d 55 | d xy 

: Se ee) ee = 6y 

| ae) ate ix 69? 

| aide at 

een pao One 

| i A 
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i xy ped 4 — cee . 

| &x +e (2+) oF 
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| d d 
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| 8x + ye 6 Se 

| d 

| 8x + ye™ = (6— xe”) a 

| Sx yer dy 

| 6—xe® dx 

| EXAMPLE 7 

In the Application Preview, the demand for Precision, Inc., stereo headphones 

| was given by 

_ _10,000 

| P(x +1 


| where p was the price per set in dollars and x was hundreds of headphone sets 
demanded. Find the rate of change of demand with respect to price when 19 
(hundred) sets are demanded. 


| Solution. 
The rate of change of demand with respect to price is dx/dp. Using implicit dif- 
ferentiation, we get the following. 


diets deltel0,000- |< <a 
eae dp | 





10,000(x + 1)~?] 


= 10,000| ~2(x + ye 





Ae — 20,000 dx 
(x +1)? dp 
(eh ty dx 
—20,000 dp 


When 19 (hundred) headphone sets are demanded we use x = 19, and the rate of 
change of demand with respect to price is _ 


dx _ (19 41s n-8000 
dp \x=19 — 20,000 — 20,000 
This result means that when 19 (hundred) headphone sets are demanded, if the 


price per set is increased by $1, then the expected change in demand is a 
decrease of 0.4 hundred, or 40, headphone sets. 


= -04 


/ 





Graphing Utilities 


Figure 11.8 


CHECKPOINT 
SOLUTIONS | 





11.3 Implicit Differentiation 835 


To graph a function with a graphing utility, we need to write y as an explicit 


function of x (such as y = V4 -— x’). If an equation defines y as an implicit 
function of x, we have to solve for y in terms of x before we can use the graphing 
utility. Sometimes we cannot solve for y, and other times, such as in 


x23 ate y*3 = g2/3 


y cannot be written as a single function of x. If this equation is solved for y and a 
graphing utility is used to graph that function, the resulting graph usually shows 
only the portion of the graph that lies in quadrants I and II, and sometimes only 
the part in quadrant I. The complete graph is shown in Figure 11.8. Thus, for the 
graph of an implicitly defined function, a graphing utility must be used carefully 
(and sometimes cannot be used at all). 


2/3 + y2/3 = 92/3 





dy 


, 1. @) 4 (x?) = 3x? (b) 4 (4) = 4° 


: 
; 


(c) 4 (x25) = 2(5" #) + y5(2x) (by the Product Rule) 
2. For x? + y* = xy>, we can use the answers to Question (1) to obtain 
d d 
3x? + dy? = x? & 2) + y8(2x) 


d 
3x? + dy? & = Sx2y 4 m+ 2x" 


3x? — 2xy? = (5x*y* — yee i 


3x? — 2xy? _ dy 
Sey Ay de 
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EXERCISE 717.3 





In Problems 1-6, find dy/dx at the given point without 
first solving for y. 


. x2 — 4y —-17 = Oat (1, —4) 


3x? — 10y + 400 = 0 at (10, 70) 


_ xy? = Bat (2, 2) 

_ e& = xat (1,0) 

. x? + 3xy — 4 = Oat (1, 1) 
x7 + Sry + 4 = Oat (1, —)) 


Find dy/dx for the functions in Problems 7—10. 


ls 

8. 

o: 
10. 
it: 
12. 
13: 
14. 
15: 
16. 
Bye 
18. 
19. 
20. 
2h. 


Za: 


x? +2y?-4=0 

x+y?-—4y+6=0 
e+4x+y?-3y+1=0 

x —5x+y-3y-3=0 

If x? + y? = 4, find y’. 

If p? + 4p — q = 4, find dp/dq. 

If xy? — y? = 1, find y’. 

If p? — q = 4, find dp/dq. 

If p?q = 4p — 2, find dp/dq. 

If x? — 3y* = 2x5 + Ty? — 5, find dy/dx. 
If 3x° — 5y3 = 5x? + 3y°, find dy/dx. 
If x? + 3x2y4 = y + 8, find dy/dx. 

If x* + 2x3y? = x — y°, find dy/dx. 

If (x + y)* = 5x+y3, find dy/dx. 

Find dy/dx for x* + 3x3y? — 2y> = (2x + 3y)?. 
Find y’ for 2x + 2y = Vx? + y’. 


For Problems 23-26, find the slope of the tangent to the 
curve. 


2S 
24. 
25. 
26. 
ile 


28. 
29. 
30. 
Sh: 
32. 
33. 
34, 
Do: 


36. 


x? + 4x + y? + 2y — 4 = Oat (1, -1) 

x? — 4x + 2y? — 4 = Oat (2, 2) 

x? + Ixy + 3 = Oat (—1, 2) 

y +x* =4at (0, 4) 

Write the equation of the line tangent to the curve 
x7 — 2y? + 4 = 0 at.(2, 2). 

Write the equation of the line tangent to the curve 
x? + y? + 2x ~ 3 = Oat (—1,.2): 

Write the equation of the line tangent to the curve 
4x? + 3y? — 4y — 3 = Oat (—1, 1). 

Write the equation of the line tangent to the curve 
xy + y? = Oat (3, 0). 

If In x = y?, find dy/dx. 

If In(x + y) = y?, find dy/dx. 

If y? In x = 4, find dy/dx. 

If In xy = 2, find dy/dx. 

Find the slope of the tangent to the curve x? + In y = 4 
at the point (2, 1). 

Write the equation of the line tangent to the curve 
x In y + 2xy = 2 at the point (1, 1). 


Si: 
38. 
39: 
40. 
41. 
42. 
43, 


45. 


47. 


48. 


49. 


50. 


Siz 


If xe” = 6, find dy/dx. 

If x + e” = 10, find dy/dx. 

If e” = 4, find dy/dx. 

If x — xe’ = 3, find dy/dx. 

If ye* — y = 3, find dy/dx. 

If x*y = e** 9, find dy/dx. 

Find the slope of the line tangent to the graph of 
y =xey* atx = 1. 


. Find the slope of the line tangent to the curve ye* = 4 


at (0, 4). 
Write the equation of the line tangent to the curve 
xe* = 3 at (3, 0). 


. Write the equation of the line tangent to the curve 


ye* = 4 at (0, 4). 
At what points does the curve defined by 
x? + 4y? — 4x —-4 = Ohave 
(a) horizontal tangents? 
(b) vertical tangents? 
At what points does the curve defined by 
x? + 4y? — 4 = Ohave 
(a) horizontal tangents? 
(b) vertical tangents? 
In Problem 11, the derivative y’ was found to be 
y= wet 
y 
when x? + y? = 4. Take the implicit derivative of the 
equation for y’ to show that 
Pluses Augie 3 

y y2 
Find y’ implicitly for x} — y3 = 8. Then, by taking 
derivatives implicitly, use it to show that 


n _ 2x(y ~ xy’) 
ae 
Use the result of Problem 49 in (a) and (b) below. 


(a) Substitute —x/y for y’ in the expression for y” 
and simplify to show that 


hoe ee) 
B re care 
by) 


(b) Does y” = —4/y3? Why or why not? 


yy. 


52. Use the result of Problem 50. 
(a) Substitute x*/y? for y’ in the expression for y” and 
simplify to show that 


a aeated ee) 
y3 
(b) Does y” = —16x/y°? Why or why not? 


53. Find y" for Vx + Vy = | and simplify. 
54°F Moree als 
zy 


&/ In Problems 55 and 56, find the maximum and minimum 


values of y. Use a graphing utility to verify your conclu- 
sion. 

55-7 +y—9=0 

56. 4x2 + y? -— 8k =0 


Applications 


57. Advertising and sales Suppose that a company’s 
sales volume y (in thousands of dollars) is related to 
its advertising expenditures x (in thousands of dol- 
lars) according to 


xy — 20x + 10y =0 


Find the rate of change of sales volume with respect 
to advertising expenditures when x = 10 (thousand 
dollars). 


58. Insect control Suppose that the number of mosqui- 
toes N (in thousands) in a certain swampy area near a 
community is related to the number of pounds of 
insecticide x sprayed on the nesting areas according 
to 


Nx — 10x + N = 300 


Find the rate of change of N with respect to x when 
49 pounds of insecticide is used. 


59. Production Suppose that a company can produce 
12,000 units when the number of hours of skilled 


labor y and unskilled labor x satisfy 
384 = (x + 184 (y + 2)!" 


Find the rate of change of skilled-labor hours with 
respect to unskilled-labor hours when x = 255 and 
y = 214. This can be used to approximate the change 
in skilled-labor hours required to maintain the same 
production level when unskilled-labor hours are 


increased by 1 hour. 


60. 


61. 


62. 


63. 


65. 
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Production Suppose that production of 10,000 units 
of a certain agricultural crop is related to the number 
of hours of labor x and the number of acres of the 
crop y according to 


300x + 30,000y = 11xy — 0.0002x? — Sy 


Find the rate of change of the number of hours with 
respect to the number of acres. 


Demand If the demand function for a product is 
given by 


p(q + 1)? = 200,000 


find the rate of change of quantity with respect to 
price when p = $80. Interpret this result. 


Demand If the demand function for a commodity is 
given by 


p*(2q + 1) = 100,000 


find the rate of change of quantity with respect to 
price when p = $50. Interpret this result. 


Radioactive decay The number of grams of radium, 
y, that will remain after t years if 100 grams existed 
originally can be found by using the equation 
Z Tage 
0.000436t in 2) 

Use implicit differentiation to find the rate of change 
of y with respect to t—that is, the rate at which the 
radium will decay. 


. Disease control Suppose the proportion of people 


affected by a certain disease is described by 


Eee 
in( . =) =0.5¢ 


where f is the time in months. Find dP/dt, the rate at 
which P grows. 





Temperature-humidity index The 


humidity index (THI) is given by 
THI = t — 0.55(1 — h)(t — 58) 


temperature- 


where ¢ is the air temperature in degrees Fahrenheit 
and h is the relative humidity. If the THI remains con- 
stant, find the rate of change of humidity with respect 
to temperature if the temperature is 70°F (Source: 
“Temperature-Humidity Indices,’ UMAP Journal, 
Fall 1989). 
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7117.4 Related Rates 


OBJECTIVE 
= Jo use implicit differentiation to 
solve problems that invoive 
related rates 





We have seen that the derivative represents the instantaneous rate of change of 
one variable with respect to another. When the derivative is taken with respect to 
time, it represents the rate at which that variable is changing with respect to time 
(or the velocity). For example, if distance x is measured in miles and time ¢ in 
hours, then dx/dt is measured in miles per hour and indicates how fast x is 
changing. Similarly, if V represents the volume (in cubic feet) of water in a 
swimming pool and tf is time (in minutes), then dV/dt is measured in cubic feet 
per minute (ft?/min) and might measure the rate at which the pool is being filled 
with water or being emptied. 

Sometimes, two (or more) quantities that depend on time are also related to 
each other. For example, the height of a tree h (in feet) is related to the radius r 
(in inches) of its trunk, and this relationship can be modeled by 


h = kr8 


where k is a constant.* Of course, both / and r are also related to time, so the 
rates of change dh/dt and dr/dt are related to each other. Thus they are called 
related rates. 

The specific relationship between dh/dt and dr/dt can be found by differen- 
tiating h = kr? implicitly with respect to time t. 


EXAMPLE 1 


Suppose that for a certain type of tree, the height of the tree (in feet) is related to 
the radius of its trunk (in inches) by 


h = 1578 


oe 


| Suppose that the rate of change of r is i inch per year. Find how fast the height is 
| changing when the radius is 8 inches. 


*T. McMahon, “Size and Shape in Biology,” Science 179 (1979): 1201. 
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Saletion 


| To find how the rates dh/dt and dr/dt are related, we differentiate h = 157°? 
implicitly with respect to time ¢. 
dh -1/3 ar 


Ba = 10r 5 


) Using r = 8 inches and dr/dt = 3 inch per year gives 


a = 10(8)7"3(3/4) = 2 = 3} feet per year 


The work in Example | shows how to obtain related rates, but the different 
units (feet per year and inches per year) may be somewhat difficult to interpret. 
For this reason, many applications in the life sciences deal with percentage 
rates of change. The percentage rate of change of a quantity is the rate of 
change of the quantity divided by the quantity. 


EXAMPLE 2 


As mentioned in the Application Preview, Poiseuille’s law expresses the flow of 
blood F as a function of the radius r of the vessel according to 


F = kr* 
where k is a constant. When the radius of a blood vessel is restricted, such as by 
cholesterol deposits, drugs can be administered that will increase the radius of 
the blood vessel (and hence the blood flow). Find the percentage rate of change 


of the flow of blood that corresponds to the percentage rate of change of the 
radius of a blood vessel caused by the drug. 


Solution 

We seek the percentage rate of change of flow, (dF/dt)/F, that results from a 
given percentage rate of change of the radius (dr/dt)/r. We first find the related 
rates of change by differentiating 


F = kr* 


implicitly with respect to time. 
BE 3 dr 
dt K( 4 ir) 


Then the percentage rate of change of flow can be found by dividing both sides 
of the equation by F. 


sssengonnaasoaon ooanvonanunienwmrnnnnninwnwrnrnnnnnnvenannninenvann nnn nnnnntennannnreannsnannasannnnantensnasaannnanatse:eaeenininehransars sennnnt rensansiniannarsiissSvisiunainionnsninnhinithiianivivinnininniiinwnnnnninnininamnniwnnnnnnnnennnneninnneneereewnenin 





aF 3 dr 
dt | Akr At 
F F 


If we replace F on the right side of the equation with kr* and reduce, we get 


aF 3 dr dr 
ae ae (4) 


F kr* 
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' Thus we see that the percentage rate of change of the flow of blood is 4 times 

the corresponding percentage rate of change of the radius of the blood vessel. 
_ This means that a drug that would cause a 12% increase in the radius of a blood 
| vessel at a certain time would produce a corresponding 48% increase in blood 
| flow through that vessel at that time. 





In these examples, the equation relating the time-dependent variables has 
been given. For some problems, the original equation relating the variables must 
first be developed from the statement of the problem. These problems can be 
solved with the aid of the following procedure. 





Note that you should not substitute numerical values for any quantity that 
varies with time until after the derivative is taken. If values are substituted before 
the derivative is taken, that quantity will have the constant value resulting from 
the substitution and hence will have a derivative equal to zero. 
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EXAMPLE 3 
A hot air balloon has a velocity of 50 ft/min and is flying at a constant height of 
500 ft. An observer on the ground is watching the balloon approach. How fast is 


the distance between the balloon and the observer changing when the balloon is 
1000 ft from the observer? 


Balloon 





Figure 11.9 Observer 


Solution 

If we let r be the distance between the balloon and the observer and x be the hor- 
izontal distance from the balloon to a point directly above the observer, then we 
see that these quantities are related by the equation 


x* +5002 = (See Figure 11.9) 


Because the distance x is decreasing, we know that dx/dt must be negative. Thus 
we are given that dx/dt = —50 at all times, and we need to find dr/dt when 

= 1000. Taking the derivative with respect to t of both sides of the equation 
x? + 500? = r? gives 


"anew vrntinniniy yen nanan NORTON 


hte RB 
x, (0 = ore 


Using dx/dt = —50 and r = 1000, we get 
= dr 
2x(—50) = 2000 a 
ap DS 100) Sie 
dt 2000 20 
Using r = 1000 in x? + 500? = r? gives x? = 750,000. Thus x = 5003, and 
dr _ ~S00V3 _ 
dt 20 





~25V/3 ft/min 


‘obossoa SOHO RRMA AASB a vn AA Avy Nn YH AMAAAAM Vv LAR ASANO NMAIANAEDADAABNANSONAD NY 


CHECKPOINT | 


. 1. If Vrepresents volume, write a mathematical symbol that represents “the rate of 
change of volume with respect to time.” 

2. (a) Differentiate x? + 64 = y’ implicitly with respect to time. 

(b) Suppose that we know that y is increasing at 2 units per minute. Use (a) to 
find the rate of change of x at the instant when x = 6 and y = 10. 

3. True or false: In solving a related-rates problem, we substitute all numerical val- 
ues into the equation before we take derivatives. 
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CHECKPOINT 
SOLUTIONS 





EXERCISE 11.4 





EXAMPLE 4 

Suppose that oil is spreading in a circular pattern from a leak at an offshore rig. 
If the rate at which the radius of the oil slick is growing is | ft/min, at what rate 
is the area of the oil slick growing when the radius is 600 ft? 


Solution 
_ The area of the circular oil slick is given by 


| A= ar - 
| where r is the radius. The rate at which the area is changing is 


ue = oe ee 


dt dt 
| Using r = 600 ft and dr/dt = 1 ft/min gives 


a = 27(600 ft)(1 ft/min) = 12007 ft?/min 


| Thus when the radius of the oil slick is 600 ft, the area is growing at the rate of 
i 1200 ft?/min, or approximately 3770 ft?/min. 


Vr dV/dt 
dara ay 
2 Op ae ahr Oss 
| yo 0 
dt Yat 
dy : : 
(b) Use 7, = 2,x = 6, and y = 10 in (a) to obtain 
dx _ dx 20 10 
Ge OC) BO Ne etars 


3. False. The numerical values for any quantity that is varying with time should not 
be substituted until after the derivative is taken. 





In Problems 1-4, find dy/dt using the given values. 9. If x? + y? = 22, find dy/dt when x = 3, y = 4, 
1. y = x3 — 3x, forx = 2, dx/dt = 4 dx/dt = 10, and dz/dt = 2. 
2. y = 3x3 + 5x? — x for x = 4, dx/dt = 3 10. If s = 2ar(r + h), find dr/dt when r = 2, h = 8, 


3. xy = 4, for x = 8, dx/dt = —2 


dh/dt = 3, and ds/dt = 107. 


4. xy =x + 3, forx = 3, dx/dt = —1 11. A point is moving along the graph of the equation 


In Problems 5-8, assume that x and y are differentiable 
functions of t. In each case, find dx/dt given that x = 5, 2 


y = 12, and dy/dt = 2. 


5. x2 + y* = 169 6. y? 
7. y? = 2xy + 24 8. xy — 6) = 12yv + 6 


y = —4x*. At what rate is y changing when x = 5 and 
is changing at a rate of 2 units/sec? 

. A point is moving along the graph of the equation 
y = 5x° — 2x. At what rate is y changing when x = 4 


—x*=119 : i 
and is changing at a rate of 3 units/sec? 


ES. 


14. 


15. 


16. 


The radius of a circle is increasing at a rate of 
2 ft/min. At what rate is its area changing when the 
radius is 3 ft? (Recall that for a circle, A = mr.) 

The area of a circle is changing at a rate of | in?/sec. 
At what rate is its radius changing when the radius is 
2 in.? 

The volume of a cube is increasing at a rate of 
64 in*/sec. At what rate is the length of each edge of 
the cube changing when the edges are 6 in. long? 
(Recall that for a cube, V = x>.) 

The lengths of the edges of a cube are increasing at 
a rate of 8 ft/min. At what rate is the surface area 
changing when the edges are 24 ft long? (Recall that 
for a cube, S = 6x?.) 


Applications 


LT. 


18. 


19: 


20. 


Profit Suppose that the daily profit (in dollars) from 
the production and sale of x units of a product is 
given by 
Pe: 
P = 180x 1000 2000 
At what rate is the profit changing when the number 
of units produced and sold is 100 and is increasing at 


a rate of 10 units per day? 
Profit Suppose that the monthly revenue and cost 
(in dollars) for x units of a product are 


2 
Ris 400% nand.iCo= 5000 + 70x 


20 
At what rate is the profit changing if the number of 
units produced and sold is 100 and is increasing at a 
rate of 10 units per month? 


Demand Suppose that the price p (in dollars) of a 
product is given by the demand function 


1000 — 10x 


Pi Ae 


where x represents the quantity demanded. If the daily 
demand is decreasing at a rate of 20 units per day, at 
what rate is the price changing when the demand is 
20 units? 

Supply The supply function for a product is given 
by p = 40 + 100V 2x + 9, where x is the number of 
units supplied and p is the price in dollars. If the price 
is increasing at a rate of $1 per month, at what rate is 
the supply changing when x = 20? 


pA 


22: 
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Capital investment and production Suppose that 
for a particular product, the number of units x pro- 
duced per month depends on the number of thousands 
of dollars y invested, with x = 30y + 20y?. At what 
rate will production increase if $10,000 is invested 
and if the investment capital is increasing at a rate of 
$1000 per month? 


Boyle’s law Boyle’s law for enclosed gases states 
that at a constant temperature, the pressure is related 
to the volume by the equation 


where k is a constant. If the volume is increasing at a 
rate of 5 cubic inches per hour, at what rate is the 
pressure changing when the volume is 30 cubic 
inches and k = 2 inch-pounds? 


Tumor growth For Problems 23 and 24, suppose that a 
tumor in a person’s body has a spherical shape and that 
treatment is causing the radius of the tumor to decrease at 
arate of | millimeter per month. 


De 


24. 


Paes 


26. 


At what rate is the volume decreasing when the 
radius is 3 millimeters? Recall that V = $73. 

At what rate is the surface area of the tumor decreas- 
ing when the radius is 3 mm? (Recall that for a 
sphere, S = 477.) 


Allometric relationships—fish For many species of 
fish, the allometric relationship between the weight W 
and the length L is approximately W = kL>, where k 
is a constant. Find the percentage rate of change of 
the weight as a corresponding percentage rate of 
change of the length. 


Blood flow The resistance R of a blood vessel to the 
flow of blood is a function of the radius r of the blood 
vessel and is given by 


ee 


~ 


where k is a constant. Find the percentage rate of 
change of the resistance of a blood vessel in terms of 
the percentage rate of change in the radius of the 
blood vessel. 


844 


27. Allometric relationships—crabs 


28. 


29. 


30. 


at 


32, 
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For fiddler crabs, 
data gathered by Thompson* show that the allometric 
relationship between the weight C of the claw and the 
weight W of the body is given by 


Cc =0.11W! 


Find the percentage rate of change of the claw weight 
in terms of the percentage rate of change of the body 
weight for fiddler crabs. 


Body weight and surface area For human beings, 
the surface area S of the body is related to the body’s 
weight W according to 


S = kw 


where k is a constant. Find the percentage rate of 
change of the body’s surface area in terms of the per- 
centage rate of change of the body’s weight. 


Cell growth A bacterial cell has a spherical shape. 
If the volume of the cell is increasing at a rate of 
4 cubic micrometers per day, at what rate is the radius 
of the cell increasing when it is 2 micrometers? 
(Recall that for a sphere, V = $2rr°.) 


Water purification Assume that water is being puri- 
fied by flowing through a conical filter that has a 
height of 15 inches and a radius of 5 inches. If the 
depth of the water is decreasing at a rate of 1 inch per 
minute when the depth is 6 inches, at what rate is the 
(volume of) water flowing out of the filter at this 
instant? 


Volume and radius Suppose that air is being 
pumped into a spherical balloon at a rate of 5 in*/min. 
At what rate is the radius of the balloon increasing 
when the radius is 5 in.? 


Boat docking Suppose that a boat is being pulled 
toward a dock by a winch that is 5 ft above the level 
of the boat deck. If the winch is pulling the cable at a 
rate of 3 ft/min, at what rate is the boat approaching 
the dock when it is 12 ft from the dock? Use the fig- 
ure below. 





*d’Arcy Thompson, On Growth and Form (Cambridge, England: 
Cambridge University Press, 1961). 


33: 


34. 


35% 


36. 


ons 


38. 


39. 


Ladder safety A 30-ft ladder is leaning against a 
wall. If the bottom is pulled away from the wall at a 
rate of 1 ft/sec, at what rate is the top of the ladder 
sliding down the wall when the bottom is 18 ft from 
the wall? 


Flight A kite is 30 ft high and is moving horizon- 
tally at a rate of 10 ft/min. If the kite string is taut, at 
what rate is the string being played out when 50 ft of 
string is out? 


Flight A plane is flying at a constant altitude of 
1 mile and a speed of 300 mph. If it is flying toward 
an observer on the ground, how fast is the plane 
approaching the observer when it is 5 miles from the 
observer? 


Distance Two boats leave the same port at the same 
time, with boat A traveling north at 15 knots and boat 
B traveling east at 20 knots. How fast is the distance 
between them changing when boat A is 30 nautical 
miles from port? 


Distance Two cars are approaching an intersection 
on roads that are perpendicular to each other. Car A is 
north of the intersection and traveling south at 40 
mph. Car B is east of the intersection and traveling 
west at 55 mph. How fast is the distance between the 
cars changing when car A is 15 miles from the inter- 
section and car B is 8 miles from the intersection? 


Water depth Water is flowing into a barrel in the 
shape of a right circular cylinder at the rate of 
200 in*/min. If the radius of the barrel is 18 in., at 
what rate is the depth of the water changing when the 
water is 30 in. deep? 


Water depth Suppose that water is being pumped 
into a rectangular swimming pool of uniform depth at 
10 ft*/hr. If the pool is 10 ft wide and 25 ft long, at 
what rate is the water rising when it is 4 ft deep? 


~ 
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OBJECTIVES 
® 7o find the elasticity of demand 


= To find the tax per unit that will 
maximize tax revenue 





Elasticity of Demand 


We know from the law of demand that consumers will respond to changes in 
prices; if prices increase, the quantity demanded will decrease. But the degree of 
responsiveness of the consumers to price changes will vary widely for different 
products. For example, a price increase in insulin will not greatly decrease the 
demand for it by diabetics, but a price increase in clothes may cause consumers 
to buy less and wear their old clothes longer. When the response to price 
changes is considerable, we say the demand is elastic. When price changes cause 
relatively small changes in demand for a product, the demand is said to be 
inelastic for that product. 

Economists measure the elasticity of demand on an interval by dividing the 
rate of change of demand by the rate of change of price. We may write this as 

___ change in quantity demanded _ change in price 
4 original quantity demanded original price 

or 


_ Ag. AP 


E,= q Pp 


The demand curve usually has a negative slope, so we have introduced a 
negative sign into the formula to give us a positive elasticity. 
We can write the equation for elasticity as 


ed eV 
¢ ~~ 7-q: — Ap 


If g is a function of p, then we can write 


Aq _ f(p + Ap) ~f() 
Ap Ap 


and the limit as Ap approaches 0 gives the point elasticity of demand: 


ae dae 
ae q dp 
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Figure 11.10 


Elasticity The elasticity of demand at the point (q,, P,), 1S 





eee 
q dp (das Pa) 





EXAMPLE 1 
| Find the elasticity of the demand function p + 5q = 100 when 


(a) the price is $40, (b) the price is $60, and (c) the price is $50. 
Solution 
| Solving the demand function for q gives g = 20 — 5p. Then dg/dp = —5 and 


are) 


| 1 
| (a) When p = 40, q = 12nd n= ~2 (5) 
ie When p = 60,q = 8 and n= -2 ( -1) 











| (©) When p = 50, q = 10 and n= -2(-1) 


_ 50 (-4) ey 
q 5 / | (10, 50) 1 5 E 


Note that in Example 1 the demand equation was p + 5q = 100, so the 
demand “curve” is a straight line, with slope m = —5. But the elasticity was 
n = 3 at (12, 40), 7 = 3 at (8, 60), and 7 = 1 at (10, 50). This illustrates that the 
elasticity of demand may be different at different points on the demand curve, 
even though the slope of the demand “curve” is constant. (See Figure 11.10.) 
Economists use 7 to measure how responsive demand is to price at different 
points on the demand curve for a product. 


P 





This example shows that the elasticity of demand is more than just the slope 
of the demand curve, which is the rate at which the demand is changing. Recall 
that the elasticity measures the consumers’ degree of responsiveness to a price 
change. 
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Economists classify demand curves according to how responsive demand is 
to price changes by using elasticity. 


Elasticity of Demand 
= If m > 1, the demand is elastic, and the percent decrease in demand is 
greater than the corresponding percent increase in price. 
a if 7 <= * the demand j is inchastic, and the percent decrease in demand will 
respondi cent increase in price. 
itary elastic, and the percent decrease in 
ly equal to the corresponding percent increase in 









We can also use implicit differentiation to find dq/dp in evaluating the point 
elasticity of demand. 


| EXAMPLE 2 

The demand for a certain product is given by 

_ 1000 
Pa 1)? 


where p is the price per unit in dollars and q is demand in units of the product. 
Find the elasticity of demand with respect to price when g = 19. 


Solution 
To find the elasticity, we need to find dq/dp. Using implicit differentiation, we 
get the following: 





i 
£ (p) = £[1000(q + 1)~7) 
dp dp 
dq 
= — + = 3) de 
| 1 1000] 2(q+1) “1 
| | = 2000 dg 
(q+ 1) ap 
(q+1)? _ dq 
| —2000 dp 
When gq = 19, we have p = 1000/(19 + 1)? = 1000/400 = 5/2 and 
dq ACIS) piBOOR Si 
| dp | (q=19) — 2000 — 2000 
| The elasticity of demand when gq = 19 is 
| ese tealey 812) 10 
= =—< 
Te ae rte ates set 


Thus the demand for this product is inelastic. 
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Elasticity is related to revenue in a special way. We can see how by comput- 
ing the derivative of the revenue function 
R= pq 
with respect to p. 
dR dq 
—— = -~—+ ° ] 
dp P dp q 
q dq p dq 
q P q 4p 
=q-n) +4 
= ql) 
From this we can summarize the relationship of elasticity and revenue. 
ME ee PES IOUS SORE RSE I EE OE RNR eee? 





Elasticity al Roventcl "The rate aoe change of revenue R with especk to price p is related to TS in 
the following way. 


Hence if price increases, revenue decreases, 


; dR 
= Elastic (7 > 1) means dp = 0. ‘ and if price decreases, revenue increases. 


: dR Hence if price increases, revenue increases, 
= Inelastic (7 < 1) means — > 0. ee 
dp and if price decreases, revenue decreases. 


= Unitary elastic (7 = 1) means - = 0. Hence an increase or decrease in price 


will not change revenue. Revenue is optimized at this point. 





| EXAMPLE 3 
| The demand for a product is given by 


=10V100-—g, 0<q<=100 


, (a) Find the point at which demand is of unitary elasticity, and find intervals in 
which the demand is inelastic and intervals in which it is elastic. 





(b) Find where revenue is increasing, where it is decreasing, and where it is 
maximized. 

| (c) Use a graphing utility to show the graph of the revenue function R = pg, 
with 0 = g = 100, and confirm the results from (b). 





Solution 
| The elasticity is 


_10V100—q dq 


q dp 
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| Finding dq/dp implicitly, we have 
ate . — y-1n { 24 
1 10| 5 (100 q) ( 2) | 


dq dM 
do. 


so 


100 — 


sie n= ~via | 1 Vi00=a] = 200 — 2q 


q 
(a) Unitary elasticity occurs where 7 = 1. 


stoi usnisaisicsneansuayosussnnaranp nana nnvevanniwnnnnaninna nent 


ee 200 — 2q¢ 
q 

q = 200 — 2q 

3q = 200 

q = 663 


sO unitary elasticity occurs when 66% units are sold, at a price of $57.74. For 
values of g between 0 and 663, 7 > 1 and demand is elastic. For values of q 
between 663 and 100, 7 < 1 and demand is inelastic. 

(b) When g increases over 0 < q < 663, p decreases, so n > 1 means R 
increases. Similarly, when q increases over 663 < q < 100, p decreases, so 
7 < 1 means R decreases. Revenue is maximized where 7 = 1, atg = 663, 
p = 57.74. 

(c) The graph of this revenue function, 


= 10qgV1l-q 


is shown in Figure 11.11 and confirms our conclusions from (b). 





Figure 11.11 


CHECKPOINT | 
pea at ar i Li Write the formula for point elasticity, 7 
i | 2. (a) If 7 > 1, the demand is called 
(b) If 7 < 1, the demand is called 
| (c) If n = 1, the demand is called 


10 
_ 3. Find the elasticity of demand for q = — — 1 when p = 10 andq = 9. 
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Figure 11.12 


Taxation in a Competitive Market 


Many taxes imposed by governments are “hidden.” That is, the tax is levied on 
goods produced, and the producers must pay the tax. Of course, the tax becomes 
a cost to the producers, and they pass that cost on to the consumer in the form of 
higher prices for goods. 

Suppose the government imposes a tax of ¢ dollars on each unit produced 
and sold by producers. If we are in pure competition in which the consumers’ 
demand depends only on price, the demand function will not change. The tax 
will change the supply function, of course, because at each level of output q, the 
firm will want to charge a price higher by the amount of the tax. 

The graphs of the market demand function, the original market supply func- 
tion, and the market supply function after taxes are shown in Figure 11.12. 
Because the tax added to each item is constant, the graph of the supply function 
is t units above the original supply function. If p = f(q) defines the original sup- 
ply function, then p = f(q) + t defines the supply function after taxation. 


Equilibrium price 
after tax 


Equilibrium price 





Note in this case that after the taxes are imposed, no items are supplied at 
the price that was the equilibrium price before taxation. After the taxes are 
imposed, the consumers simply have to pay more for the product. Because taxa- 
tion does not change the demand curve, the quantity purchased at market equi- 
librium will be less than it was before taxation. Thus governments planning 
taxes should recognize that they will not collect taxes on the original equilibrium 
quantity. They will collect on the new equilibrium quantity, a quantity reduced 
by their taxation. Thus a large tax on each item may reduce the quantity 
demanded at the new market equilibrium so much that very little revenue results 
from the tax! 

If the tax revenue is represented by T = tg, where t is the tax per unit and 
q is the equilibrium quantity of the supply and demand functions after taxation, 
we can use the following procedure for maximizing the total tax revenue in > 
competitive market. 


11.5 Applications in Business and Economics 851 


Maximizing Total Tax Revenue 





Procedure 


To find the tax per itern (under pure competition) 
that will maximize total tax revenue: 


1. Write the supply function after taxation. 


2. Set the demand function and the new supply 
function equal, and solve for 1. 






) venue fancicn, i = tg, by 


its derivative with h respect to < 





4. Set T= 0, and tein e3 This iS ee. q that 
should maximize T. Use the second-derivative 


‘test to verify i it. 


> Substitute the value of q into the. equation fe fort 
Gin step 2). This i is the value of ¢ that will | 
maximize T- 


y g, and then take. 


Example 


If the demand and supply functions are given by 
p = 600 — gand p = 200 + 4y, respectively, 
find the tax ¢ that will maximize the total tax. 
revenue 7 


1. p= 200+ 3g +t 


q= 200+ 394 


2. 600 — 397 


400 - 44 mt 


5. T= tq = 400g — ae 


| rq) 2. 400 - Sq 
4, 0 = 400 — 54 
: He aS 
Tq) = -§. Thus T is maximized at g = 150. 


5. 1 = 400 - $(150) = 200 


~ A tax of $200 per item will maximize the total 
_ tax revenue. The total tax revenue for the period 
~ would be $200 - (150) = $30,000. 


Note that in the example just given, if a tax of $300 were imposed, the total 
tax revenue the government would receive would be 


($300)(75) = $22,500 


This means that consumers would spend $100 more for each item, suppliers 
would sell 75 fewer items, and the government would lose $7500 in tax revenue. 
Thus everyone would suffer if the tax rate were raised to $300. 


CHECKPOINT 


. 4. For problems involving taxation in a competitive market, if supply is p = f(q) and 
demand is p = a(q), is the tax t added to f(q) or to 9(q)? 
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| EXAMPLE 4 


The demand and supply functions for a product are p = 900 — 20g — +q* and 
p = 200 + 10g, respectively. Find the tax per unit that will maximize the tax 
| revenue T, 


i 
t 
i 
; 
| Solution 

| After taxation, the supply function is p = 200 + 10q + 1, where ¢ is the tax per 
| unit. The demand function will meet the new supply function where 
i 


900 — 20g - 34° = 200+ 10g+t 


t= 700 — 30g — ¢° 


Then the total tax T is T = tq = 700g — 30g” — 3q°, and we maximize T as 
follows: 

T'(q) = 700 — 60g — ¢? 
| 0 = -(q + 70)(q — 10) 
g=10: or g¢=-70 


Because g = —70 is meaningless, we test g = 10. 
T(0) =0 
T'(0) = 700 >0 => absolute maximum at g = 10 


T’(q) <0 for all g > 10 
The maximum possible tax revenue is 
T(10) = $3666.67 


The tax per unit that maximizes T is 


t = 700 — 30(10) -5(10) = $366.67 


An infamous example of a tax increase that resulted in decreased tax rev- 
enue and economic disaster is the “luxury tax” that went into effect in 1991. 
This was a 10% excise tax on the sale of more expensive jewelry, furs, airplanes, 
certain expensive boats, and automobiles costing over $30,000. The 
Congressional Joint Tax Committee had estimated that the luxury tax would 
raise $6 million from airplanes alone, but it raised only $53,000 while it 
destroyed the small-airplane market (one company lost $130 million and 480 
jobs in a single year). It also capsized the boat market. The luxury tax was 
repealed at the end of 1993 (except for automobiles).* 


*Fortune, Sept. 6, 1993; Motor Trend, December 1993. 


CHECKPOINT 
SOLUTIONS | eis 
Seen eet Peg 
gra up 
2. (a) elastic 
13 24 — =100 
SAP iad, D> 
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(b) inelastic 
dq _ 
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(c) unitary elastic 


—-1l when p=10,q=9 


n= aoe 1) = » (elastic) 


| 4, Tax tis added to supply: p = f(g) +t 


EXERCISE 17.5 





Elasticity of Demand 


i 


(a) Find the elasticity of the demand function 
p + 4q = 80 at (10, 40). 
(b) How will a price increase affect total revenue? 


. (a) Find the elasticity of the demand function 


2p + 3g = 150 at the price p = 15. 
(b) How will a price increase affect total revenue? 


. (a) Find the elasticity of the demand function 


p?+2p+q=49atp =6. 
(b) How will a price increase affect total revenue? 


. (a) Find the elasticity of the demand function 


pq = 81 atp = 3. 
(b) How will a price increase affect total revenue? 


. Suppose that the demand for a product is given by 


pq + p = 5000. 

(a) Find the elasticity when p = $50 and q = 99. 

(b) Tell what type of elasticity this is: unitary, elastic, 
or inelastic. 

(c) How would revenue be affected by a price 
increase? 


. Suppose that the demand for a product is given by 


2p7q = 10,000 + 9000p. 

(a) Find the elasticity when p = $50 and g = 4502. 

(b) Tell what type of elasticity this is: unitary, elastic, 
or inelastic. 

(c) How would revenue be affected by a price 
increase? 


. Suppose that the demand for a product is given by 


pq + p + 100g = 50,000. 

(a) Find the elasticity when p = $401. 

(b) Tell what type of elasticity this is. 

(c) How would a price increase affect revenue? 





8. 


10. 


Suppose that the demand for a product is given by 
(p+1)Vq+1= 1000 


(a) Find the elasticity when p = $39. 
(b) Tell what type of elasticity this is. 
(c) How would a price increase affect revenue? 


. Suppose the demand function for a product is given 


by 


1 5000 — q 

i tp iar) 
where p is in hundreds of dollars and q is the number 
of tons. 
(a) What is the elasticity of demand when the quan- 

tity demanded is 2 tons and the price is $371? 

(b) Is the demand elastic or inelastic? 
Suppose the weekly demand function for a product is 


5000 _ 
| e7 





= 1 

where p is the price in thousands of dollars and q is 
the number of units demanded. What is the elasticity 
of demand when price is $1000 and the quantity 
demanded is 595? 
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/ In Problems 11 and 12, the demand functions for spe- 
cialty steel products are given. For both problems: 


it. 


(a) Find the elasticity of demand as a function of 
quantity demanded, q. 

(b) Find the point at which demand is of unitary 
elasticity and find intervals in which the demand 
is inelastic and intervals in which it is elastic. 

(c) Use information about elasticity in (b) to decide 
where the revenue iS increasing, where it is 
decreasing, and where it is maximized. 

(d) Graph the revenue function R = pq, and use it to 
find where revenue iS maximized. Is it at the 
same quantity as that determined in (c)? 


p=120W125—-q 12. p=30V49-q¢ 


Taxation in a Competitive Market 


13: 


14. 


15. 


16. 


If the weekly demand function is p = 30 — gq and the 
supply function before taxation is p = 6 + 2q, what 
tax per item will maximize the total tax revenue? 

If the demand function for a fixed period of time is 
given by p = 38 — 2q and the supply function before 
taxation is p = 8 + 3q, what tax per item will maxi- 
mize the total tax revenue? 

If the demand and supply functions for a product are 
p = 800 — 2q and p = 100 + 0.5q, respectively, find 
the tax per unit ¢ that will maximize the tax revenue T. 
If the demand and supply functions for a product are 
p = 2100 — 3q and p = 300 + 1.5q, respectively, 
find the tax per unit ¢ that will maximize the tax rev- 
enue T. 


17: 


18. 


19: 


20. 


21. 


Zee 


If the weekly demand function is p = 200 — 2q? and 
the supply function before taxation is p = 20 + 3g, 
what tax per item will maximize the total tax revenue? 
If the monthly demand function is p = 7230 — 5q? and 
the supply function before taxation is p = 30 + 30g?, 
what tax per item will maximize the total revenue? 
Suppose the weekly demand for a product is given by 
p + 2q = 840 and the weekly supply before taxation 
is given by p = 0.02q? + 0.55¢ + 7.4. Find the tax 
per item that produces maximum tax revenue. Find 
the tax revenue. 

If the daily demand for a product is given by the func- 
tion p + q = 1000 and the daily supply before tax- 
ation is p = q?/30 + 2.5q + 920, find the tax per item 
that maximizes tax revenue. Find the tax revenue. 

If the demand and supply functions for a product are 
p = 2100 — 10g — 0.5q? and p = 300 + 5q + 0.5q?, 
respectively, find the tax per unit ¢ that will maximize 
the tax revenue T. 

If the demand and supply functions for a product are 
p = 5000 — 20g — 0.7q? and p = 500 + 10g + 0.3q, 
respectively, find the tax per unit ¢ that will maximize 
the tax revenue T. 
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KEY TERMS AND FORMULAS 
Section Key Terms Formula 
11.1 Logarithmic function y = log, x, defined by x = a” 
Natural logarithm In x = log, x 
Logarithmic Properties I-V In e* = x; e™* = x; 
for natural logarithms In(MN) = In M + InN; 
in(M/N) = In M — InN; 
In(M’) = Nin M) 
Change-of-base formula log ee ae 
Derivatives of logarithmic functions 4 (in x) = ; 
soa ela ae 
a (In u) = lee 
11.2 Exponential function fa) =a 
e e= lim (1 + a)'4 
Derivatives of exponential functions é (e*) = e* 
dee 
dx dx 
d u— u du 
eo Ge Ina 
11.3 Implicit differentiation 
11.4 Related rates 
Percentage rates of change 
11.5 Elasticity of demand 7 = ane aa 
; q 4p 
Elastic nol 
Inelastic ol 
Unitary elastic n=1 
Taxation in competitive market 
Supply function after taxation p=fiq@t+t 
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REVIEW EXE. 


Sections 11.1 and 11.2 
In Problems 1-8, find the indicated derivative. 


1. 
2 


a: 


oo 


10. 


Ify = e*—* find dy/dx. 
If y =In e*, find y’. 


d 
Ss q oe 





. If y = xe”, find dy/dx. 
If y = 3>*— 4, find dy/dx. 
. Ify = 1+ Inx", find dy/dx. 
ee De 
_ Ify = =~, find =. 
pene as dy 
.Ify= 1 — po» find 7 


. Write the equation of the line tangent to y = 4e*° at 


x=1. 
Write the equation of the line tangent to y = x In x at 
x=1. 


Section 11.3 
In Problems 11-16, find the indicated derivative. 


be 
a2. 
13: 
14. 
15. 
16. 
v7: 


18. 


If y In x = 5, find dy/dx. 

Find dy/dx for e” = y. 

Find dy/dx for y? = 4x — 1. 

Find dy/dx if x? + 3y? + 2x — 3y +2 =0. 

Find dy/dx for 3x? + 2x3y? — y> = 7. 

Find the second derivative y” if x? + y? = 1. 

Find the slope of the tangent to the curve 

x* + 4x — 3y? + 6 = Oat (3, 3). 

Find the points where tangents to the graph of the 
equation in Problem 17 are horizontal. 


Section 11.4 


19: 


20. 


Suppose 3x? — 2y? = 10y, where x and y are differen- 
tiable functions of t If dx/dt = 2, find dy/dt when 
x= 10andy=5S. 

A right triangle with legs of lengths x and y has its 
area given by 


1 
A= 5x 


If the rate of change of x is 2 units per minute and the 
rate of change of y is 5 units per minute, find the rate 
of change of the area when x = 4 and y = 1. 





Applications 
Section 11.2 


21. Compound interest If the future value of $1000 
invested for n years at 12%, compounded continu- 
ously, is given by ‘ 


S = 10000012 


find the rate at which the future value is growing after 
1 year. 


22. Compound interest 
(a) In Problem 21, find the rate of growth of the 
future value after 2 years. 
(b) How much faster is the future value growing at 
the end of 2 years than after 1 year? 


23. Radioactive decay A breeder reactor converts stable 
uranium-238 into the isotope plutonium-239. The 
decay of this isotope is given by 


A(t) = Ae eo ee See 


where A(t) is the amount of isotope at time 1, in years, 

and A) is the original amount. This isotope has a half- 

life of 24,101 years (that is, half of it will decay away 

in 24,101 years). 

(a) At what rate is A(t) decaying at this point in 
time? 

(b) At what rate is A(t) decaying after 1 year? 

(c) Is the rate of decay at its half-life greater or less 
than after 1 year? 


24. Marginal cost The average cost of producing x 
units of a product is C = 600e~0, What is the mar- 
ginal cost when 600 units are produced? 


25. Inflation The impact of inflation on a $20,000 pen- 
sion can be measured by the purchasing power P of 
$20,000 after t years. For an inflation rate of 5% per 
year, compounded annually, P is given by 


P = 20,000e-°.0495: 
At what rate is purchasing power changing when 
t = 10? (Source: Viewpoints, VALIC, Summer 1993) 
Section 11.4 


26. Evaporation A spherical droplet of water evapo- 
rates at a rate of 1 mm/min. Find the rate of change 
of the radius when the droplet has a radius of 2.5 mm. 


Die 


28. 


Worker safety A sign is being lowered over the side 
of a building at the rate of 2 ft/min. A worker han- 
dling a guide line is 7 ft away from a spot directly 
below the sign. How fast is the worker taking in the 
guide line at the instant the sign is 25 ft from the 
worker’s hands? See the figure below. 






Guide line 


Suppose that in a study of water 


Environment 
birds, the relationship between the square miles of 
wetlands A and the number of different species S of 
birds found in the area was determined to be 


S = kale 


where k is constant. Find the percentage rate of 
change of the number of species in terms of the per- 
centage rate of change of the area. 


Section 11.5 


ae, 


30. 


ee 


Taxes Can increasing the tax per unit sold actually 
lead to a decrease in tax revenues? 


Taxes If the demand and supply functions for a 
product are 
2 


3 and p = 400+ 2q 


p = 2800 — 8q — 
respectively, find the tax per unit ¢ that will maximize 
the tax revenue T. 


Taxes If the supply and demand functions for a prod- 
uct are 


5000 


respectively, find the tax ¢ that maximizes the tax rev- 
enue 7: 


Oz. 


33; 


34, 


e/ 35. 


Review Exercises 
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Elasticity A demand function is given by 
pq = 27 

(a) Find the elasticity of demand at (9, 3). 
(b) How will a price increase affect total revenue? 
Elasticity Suppose the demand for a product is 
given by 

p*(2q + 1) = 10,000 
Find the elasticity of demand when p = $20. 


Elasticity Suppose the weekly demand function for 
a product is given by 


p = 100e~°'4 
where p is the price in dollars and q is the number of 


tons demanded. What is the elasticity of demand when 
price is $36.79 and the quantity demanded is 10? 


Revenue A product has the demand function 
p = 100 — 0.5¢ 


(a) Find the elasticity 7(g) as a function of g, and 
graph the function 


{Q=@— 1 


Find the q-intercept of f(g), which gives the 
quantity for which the product has unitary elas- 
ticity. 
The revenue function for this product is 

R(q) = pg = (100 — 0.59)q 


Graph R(q) and find the q-value for which the 
maximum revenue occurs. 

What is the relationship between elasticity and 
maximum revenue? 


(b) 


(c) 


(d) 


858 


Chapter 1] Derivatives Continued 


CHAPTER TEST 





Find the derivatives of the following functions. 


— hod 
—_ 


ae 
N 


13: 


14. 


15: 


SO co oy i Sw HD 





. y= 4 In? + 1) 
. y= In@* + 1) 
_inx 
ae eet 
y= Se + x? 
Si= tet 
gue 
ASE 

. fix) = 103%) 

- o(x) = 2 log. (4x +7) 

. Find y’ if 3x* + 2y2 + 10 =0. 

. Find y’ if xe” = 10y. 

. Letix? + y2s=-100. ne = 2, find © when x = 6 
and y = 8. 

. The sales of a product are given by S = 80,000e~°*, 
where S is the daily sales and ¢ is the number of days 
after the end of an advertising campaign. Find the 
rate of sales decay 10 days after the end of the ad 
campaign. 

Suppose the demand function for a product is given 
by (p + 1)q* = 10,000, where p is the price and g is 
the quantity. Find the rate of change of quantity with 
respect to price when p = $99. 

Suppose the weekly revenue and weekly cost for a 
product are given by R(x) = 300x — 0.001x? and 
C(x) = 4000 + 30x, respectively, where x is the num- 
ber of units produced and sold. Find the rate at which 
profit is changing with respect to time when the num- 
ber of units produced and sold is 50 and is increasing 
at a rate of 5 units per week. 

If the demand for a product is p? + 3p + gq = 1500, 


find the elasticity of demand at p = 30. If the price is 
raised to $31, does revenue increase or decrease? 


16. The following table gives the world population, in 


L?. 


18. 


19. 


millions, for selected years. If the equation that mod- 
els these data is 


Y = 160¢2.00648(x — 1500) 
where x = | in year 1, what does this model give as 


the rate of. growth of world population (a) in 1930? 
(b) in 1997? 


Year World Population (millions) 
1 200 
1650 500 
1850 1000 
1930 2000 
1975 4000 
1997 5800 


Source: World Almanac, 1997 


The percent of income claimed by federal, state, and 
local taxes for median households with two incomes 
is given in the table below. Using the number of years 
from 1950 as x and the percent as y, the logarithmic 
equation that models the data is 


y = 19.08889 + 4.3271 Inx 


What does this model predict as the rate of increase 
of the percent claimed for taxes in 2000? 


Year Percent of Income 
Paid in Taxes 

1955 2 

1965 28.8 

1975 34.2 

1985 34.8 

1997 35.6 


Source: Tax Foundation 


The U.S. national debt can be modeled by the equation 
y = 1.5336(1.08909 


where x is the number of years from 1900 and y is in 
billions of dollars. Use the model to predict the rate 
of growth of the national debt in 2005. 

If the demand and supply functions for a product are 
Pp = 1100 — 5q and p = 20 + 0.4q, respectively, find 
the tax per unit ¢ that will maximize the tax revenue 
T = tq. 


Extended Applications Group Projects 


|. Inflation 





Hollingsworth Pharmaceuticals specializes in manufacturing generic medicines. 
Recently it developed an antibiotic with outstanding profit potential. The new 
antibiotic’s total costs, sales, and sales growth, as well as projected inflation, are 
described as follows. 


Total monthly costs to produce x units (1 unit is 100 capsules): 


Cae 15,000 + 10x 0=x <= 11,000 
15,000 + 10x + 0.001(x — 11,000)? x = 11,000 


Sales: 10,000 units per month and growing at 1.25% per month 

Selling price: $17 per unit 

Inflation: Approximately 0.25% per month, affecting both total costs and 
selling price 


Company owners are pleased with the sales growth but are concerned about 
the projected increase in variable costs when production levels exceed 11,000 
units per month. The consensus is that improvements eventually can be made 
that will reduce costs at higher production levels, thus altering the current cost 
function model. To plan properly for these changes. Hollingsworth Pharma- 
ceuticals would like you to determine when the company’s profits will begin to 
decrease. To help you determine this, answer the following. 


1. If inflation is assumed to be compounded continuously, the selling price and 
total costs must be multiplied by the factor e°'. In addition, if sales growth 
is assumed to be compounded continuously, then sales must be multiplied by 
a factor of the form e”, where r is the monthly sales growth rate (expressed as 
a decimal) and f is time in months. Use these factors to write each of the fol- 
lowing as a function of time : 


(a) selling price p per unit (including inflation) 
(b) number of units x sold per month (including sales growth) 
(c) total revenue (Recall that R = px.) 


2. Determine how many months it will be before monthly sales exceed 11,000 
units. 
3. If you restrict your attention to total costs when x = 11,000, then, after 
expanding and collecting like terms, C(x) can be written as follows: 
C(x) = 136,000 — 12x + 0.001x* for x = 11,000 


Use this form for C(x) with your result from Question 1(b) and with the infla- 
tionary factor e°-' to express these total costs as a function of time. 
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4. Form the profit function that would be used when monthly sales exceed 
11,000 units by using the total revenue function from Question 1(c) and the 
total cost function from Question 3. This profit function should be a func- 
tion of time ft. 

5. Find how long it will be before the profit is maximized. You may have 
to solve P’(t) = 0 by using a graphing calculator or computer to find the 
t-intercept of the graph of P’(t). In addition, because P’(t) has large numeri- 
cal coefficients, you may want to divide both sides of P’(t) = 0 by 1000 
before solving or graphing. \ 


be Il. Knowledge Workers 


In January 1997, Working Woman made the following points about today’s econ- 
omy and the place of women in the economy. 


= The telecommunications industry employs more people than the auto and auto 
parts industries combined. 

= More Americans make semiconductors than make construction equipment. 

= Almost twice as many Americans make surgical and medical instruments as 
make plumbing and heating products. 

® The ratio of male to female knowledge workers (engineers, scientists, techni- 
cians, professionals, and senior managers) was 3 to 2 in 1983. The following 
table, which gives the number (in millions) of male and female knowledge 
workers from 1983 to 1997, shows how that ratio is changing. 


Year Female Knowledge Male Knowledge 
Workers (millions) Workers (millions) 


1983 11.0 15.4 
1984 11.6 15.9 
1985 123 16.3 
1986 12.9 16.7 
1987 13.6 16.8 
1988 14.3 17.6 
1989 153 18.1 
1990 15.9 18.6 
199] 16.1 18.4 
1992 16.7 18.66 
1993 i723 18.7 ~ 
1994 18.0 19.0 
1995 18.5 19.8 
1996 19.0 19.6 
1997 19.5 19.8 


Source: Working Woman, January 1997 


To compare how the growth in the number of female knowledge workers com- 
pares with that of male knowledge workers, do the following. 


1. Find a logarithmic equation (with x = 0 in 1980) that models the number of 
females, and find a logarithmic equation (with x = 0 in 1980) that models the 
number of males. 

2. Find the rate of growth with respect to time of the number of female knowl- 
edge workers by taking the derivative of the equation that models the number. 

3. Find the rate of growth with respect to time of the number of male knowledge 
workers by taking the derivative of the equation that models the number. 

4. Compare the two rates of growth in the year 2000 and determine which rate 
is larger. 

5. If these models indicate that it is possible for the number of females to equal 
the number of males, during what year do they indicate that this will occur? 
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Warm-up 





Prerequisite Problem Type For Section Answer Section for Review 
Write as a power: 12.1~ fay 0.4 Radicals 
(eV ibs 9 12.4 (Dye oe 
Expand (x7 + 4). 12.2 Ee 0.5 Special powers 
NV 
Divide x4 ~ 2x3 + 4x? - 7x~ 1 12.3 ert 4+ 3 i ee 0.5 Division 


Dy ates 2k 





Find the derivative of 12.1 9.4 Derivatives 
(a) fix) = 2x! 12.2 (a) f(y =x 
(b) w= x? — 3x 12.3 (b) we? = 3x2 ~-3 

mee 4): ne ne: ays 
Meet er oie what is y”? 12.2 Oc t4) 20 9.6 Derivatives 
(a) If y = In uw, what is y’? 123 (a) y' = : =e CPE ctl 
(b) If y = e", what is y’? (b)iy” =e’ Derivatives 
Solve for y: 12.5 y=enre 5.2 Logarithmic 
Iny=kt+C functions 
Solve for k: 12.5 k = —().00012378 5.3 Exponential 
0.5 = @60% equations 








we 


ee 





Chapter 





inite Integrals 


If the marginal cost for a product is $36 at all levels of production, we know 
that the total cost function is a linear function. In particular, C(x) = 36x + FC, 
_where FC is the fixed cost But if the marginal cost changes at different levels 
of production, the total cost function cannot be linear. In this chapter we will 
_use integration to find total cost functions, given information about marginal 
costs and fixed costs. 

Accountants can use linear regression to translate information about mar- 
ginal cost into a linear equation defining (approximately) the marginal cost 
function. By integrating this marginal cost function, it is possible to find an 
(approximate) function that defines the total cost. 

: We can also use integration to find total revenue functions from marginal 
_revenue functions, to optimize profit from information about marginal cost and 
marginal revenue, and to find national consumption functions from information 
_about marginal propensity to consume. 

Integration can be used in the social and life sciences to predict growth or 
_ decay from expressions giving rates of change. For example, we can determine 
equations for population size from the rate of growth; we can write equations 
_for the number of radioactive atoms remaining in a substance if we know the 
_rate of disintegration of the substance; and we can determine the volume of 
blood flow from information about the rate of flow. 
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864 Chapter 12 Indefinite Integrals 


72.1 The Indefinite integral 


OBJECTIVE 
® Jo find certain indefinite integrals 





We have studied procedures for and applications of finding derivatives of a given 
function. We now turn our attention to reversing this process of differentiation. 
When we know the derivative of a function, the process of finding the function 
itself is called antidifferentiation. For example, if the derivative of a function is 


2x, we know that the function could be f(x) = x? because £ (x*) = 2x. But the 


function could also be f(x) = x? + 4 because 2 (x? + 4) = 2x. It is clear that 
any function of the form f(x) = x* + C, where C is a constant, will have f’(x) = 
2x as its derivative. Thus we say that the general antiderivative of f’(x) = 2x is 


f(x) = x* + C, where C is an arbitrary constant. 


GE SSS 
Antiderivative A function F(x) is called an antiderivative of a function f(x) if, for every x in 
the domain of f F’(x) = f(x). If C is an arbitrary constant, then F(x) + C is 
called the general antiderivative of f(x) because all antiderivatives of F(x) have 
this form. 








| EXAMPLE 1 
If f’(x) = 3x’, what is f(x)? 
Solution ; 
The derivative of the function f(x) = x? is f’(x) = 3x?. But other functions also 
have this derivative. They will all be of the form f(x) = x° + C, where Cis a 


constant. Thus we say that f(x) = x° + C is the general antiderivative of 
tf’) = 3x7. 
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EXAMPLE 2 
If f’(x) = x, what is f(x)? 
Solution 


We know that the derivative of f(x) = x1 is 42°, so the derivative of f(x) = 4x* is 
f' (x) = x. Thus any function of the form f(x) = ix* + C will have the derivative 
f'() =x. 


It is easily seen that 


iff'(x) = x*, then f(x) = x + C is the general antiderivative; 
6 


x, then f(x) = Z + C is the general antiderivative. 


if f (x) 


In general, we have the following. 






2 = = = ntl 
Antiderivative of §) = x" If f'(x) =x", then fl) = x 





+C, forn#-—1. 





We can see that this general formula applies for any n # —1 by noting that 
the derivative of 





ntl a } a tol) x" ar as 
fe) Seeaee is f'(x)= aay +0=x 
Later, we will discuss the case where n = —1. 
EXAMPLE 3 
What is the general antiderivative of f’(x) = x~'"? 
Solution 
Using the formula, we get 
BAC = wih HC 
= — + = 
a= 7, 


We can check by noting that the derivative of 2x’? + Cis x7". 


Note that the general antiderivative in Example 3 is a function (actually a 
number of functions, one for each value of C). Several members of this family of 
functions are shown in Figure 12.1 on the next page. Note that at any given 
x-value, the tangent line to each curve would have the same slope, indicating that 
all family members have the same derivative. 
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The process of finding an antiderivative is called integration. The function 
that results when integration takes place is called an indefinite integral or, more 
simply, an integral. We can denote the indefinite integral (that is, the general 
antiderivative) of a function f(x) by J f(x) dx. Thus we can write f x? dx to indi- 
cate the general antiderivative of the function f(x) = x*. The expression is read 

as “the integral of x* with respect to x.” In this case, x is called the integrand. 
The integral sign, J, indicates the process of integration, and the dx indicates 
that the integral is to be taken with respect to x. Because the antiderivative of x2 
is (x°/3) + C, we can write 


[Pa=F+c 


We can now use the integral sign and rewrite the formula for integrating 
powers of x. 


ELE EEE EES 








EXAMPLE 4 


pits and 0) | dae 


x4/3 
(a) hee J. x9 dx = 7g + C 


| 
| =3x8+0=2V¥+¢ 
| 
| 


(b) We write the power of x in the numerator so that the integral has the form in 
the formula above. 


SS x 2+! x = 
a J STE le aoa ae ia 
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Other formulas will be useful in evaluating integrals. The following table shows 
how some new integration formulas result from differentiation formulas. 


_pegratiog Formulas 





Derivative Resulting Integral 





SS fra a=) dk =xt+C 





eee — Jewndrmef aon 
: 4 pes + val = a u(x) + ay x) : { u(x) & elds = ue) ad oe yx) dx 
a — Soe ax  & . 8 a SEE E ; ee eS 


The formulas above indicate that we can integrate functions term by term 
just as we were able to take derivatives term by term. 


EXAMPLE 5 
Evaluate if 4 dx. 


| Solution 





[4ar= 4] a = 440) = 44+C 


i 
j 
i 
(Because C, is an unknown constant, we can write 4C, as the unknown con- 
i 


stant C.) 
| EXAMPLE 6 
Evaluate | 8x dx. 
Solution 
6 6 
[eras [xa=a(% +c) =-2+¢ 
EXAMPLE 7 
Evaluate { (3 + 4x) dx. 
Solution 
[ (e+ an ar = [eac+ | arax 
4 2 
= (£+<,) + (4, © +c) 


x4 


4 
eo 2 
4+ +C 


Note that we need only one constant because the sum of C, and C, is just a new 
i constant. 
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EXAMPLE 8 
Evaluate f (x? — 4)? dx. 


Solution 
We expand (x? — 4)* so that the integrand is in a form that fits the basic integra- 
tion formulas. 


5 3 
| w2-apar= | (87+ 16) a= — + 16x+C 





CHECKPOINT | 
See ee hema Ae True or false: 

(a) (4x3 — 2x) dx = f 4x8dx — f 2x dx 
=(4+O-@?+O=x%*-+ 
pl peg tt arenes peal 
@ | drama te-pre 
| 2. Evaluate f (2x3 + x7!? — 4x75) dx. 


We now return to the Application Preview problem and consider how to find 
total revenue from marginal revenue. 


EXAMPLE 9 
Sales records at Jarus Technologies show that the rate of change of the revenue 
(that is, the marginal revenue) for an 64 MB memory board is MR = 300 — 0.2x, 
where x represents the quantity sold. Find the total revenue function for the 
product. 
Solution 
We know that the marginal revenue can be found by differentiating the total rev- 
enue function. That is, 

R'(x) = 300 — 0.2x 


Thus integrating the marginal revenue function gives the total revenue function. 
R(x) = | (300 — 0.2x) dx = 300x — 0.1x?+ K* 


We can use the fact that there is no revenue when no units are sold to evaluate K. 
Setting x = 0 and R = 0 gives 0 = 300(0) — 0.1(0)? + K, so K = O. Thus the 
total revenue function is 


R(x) = 300x — 0.12 


*Here we are using K rather than C to represent the constant of integration to avoid confusion 
between the constant C and the cost function C = C(x). 
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ro 





Graphing Utilities We can check that the R(x) we found in Example 9 is correct by verifying that 
R'(x) = 300 — 0.2x and R(O) = 0. Also, graphs can help us check the reason- 
ableness of our result. Figure 12.2 shows the graphs of MR = 300 — 0.2x and of 
the R(x) we found. Note that R(x) passes through the origin, indicating R(O) = 0. 
Also, reading both graphs from left to right, we see that R(x) increases when 
MR > 0, attains its maximum when MR = 0, and decreases when MR < 0. 


MR R(x) 


300 


R(x) = 300x — 0.1x2 | 





200 


Thousands 





Figure 12.2 (a) (b) 


We mentioned in Chapter 9, “Derivatives,” that graphing utilities have a 
numerical derivative feature that can be used to check graphically the derivative 
of a function that has been calculated with a formula. We can also use the 
numerical integration feature on graphing utilities to check our integration (if we 
assume temporarily that the constant of integration is 0). We do this by graphing 
the integral calculated with a formula and the numerical integral from the graph- 
ing utility on the same set of axes. If the graphs lie on top of one another, the 
integrals agree. Figure 12.3 illustrates this for the function f(x) = 3x? — 2x + 1. 
Its integral, with the constant of integration set equal to 0, is shown as y, = x° — 
x + x in Figure 12.3(a). Of course, it is often easier to use the derivative to 
check integration. 







jY1sXA3~X*24+X 
iY2=fnint (3x“*2~-2X 
+1,%,0,%) 





Y3= 





Graphs of y; and y, 


Figure 12.3 (a) (b) 
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CHECKPOINT 
SOLUTIONS | 


CREP RUNES OTSA LLIN IDES 


~ Leta) Balsen /\(4a! cialtnhete sO O ol 2a lie Or) 


=sae sia ob CG 


sell Sos nal ol (ett 
(o) False, { sts de = [4-54 m= 5x dx 


2. fQ@d4+x7 - 


EXERCISE 12.7 








1. If f’(x) = 42°, what is f(x)? 
2. If f’(x) = 5x‘, what is f(x)? 
3. If f’(x) = x°, what is f(x)? 

4. If g'(x) = x4, what is g(x)? 


Evaluate the integrals in Problems 5-26. Check your 
answers by differentiating. 


5. [ x’ dx 6. [ ® dx 

7. [ 8x5 dx 8. f 16x? dx 

9. f (33 + x!3) dx 10. f (52 + x!) dx 
11. f 3 — x32) dx 12. f (8 + 2%) dx 


14. f (x2 -4x-4) dx 
16. [17+ Ve) dx 


13. f (x4 — 9x2 + 3) dx 
15. f (2+ 2Vx) dx 








17. [ 6WX dx 18. [3Wx2 dx 
5 6 
19. [aa 20. | Sax 
dx 2 dx 
| ah 
a. | 95 Ve 


3. | (e-4+5 dx 24. | (2-7-3) ae 
x x 
as. | (2-4 Fa) 
5 


26. | (38 aa) 


In Problems 27-32, use algebra to rewrite the integrands; 


then integrate and simplify. 
27. J («+ 5)*x dx 28. f (2x + 1)°x dx 
29. J (4x2 — 1)2x3 dx 30. J G8 + 1)*x dx 


a. {eta 2. | Sas 








¥ Ve 


§/ In Problems 33 and 34, find the antiderivatives and graph 


the resulting family members that correspond to C = 0, 
C=4,C=-4,C=8,andC = -8. 

33. f(2x + 3) dx 

34. S(4 — x) dx 


In each of Problems 35-38, a family of functions is given 
and graphs of some members of the family are shown. 
Write the indefinite integral that gives the family. 


35. Fa) =5x-= + 


y 2 
FO)= Sx— eC 






438+ 


Rovers 
(x)= “y t3x+C y 


36. F(x) = 


STP a) = © = 3x +.G 





Y| F(x) =x3 - 3x2 +C 
{a ASL Aen 


88. F@)s-r = eC 


F(x) = 12x-x3+C 


3) 





Applications 


a9: 


41. 


42. 


43. 


45. 


Revenue If the marginal revenue for a month for a 
commodity is MR = 3, what is the total revenue 
function? 


_ Revenue If the marginal revenue for a month for a 


commodity is MR = 5, what is the total revenue 
function? 


Revenue If the marginal revenue for a month for a 
commodity is MR = 0.4x + 3, find the total revenue 
function. 


Revenue If the marginal revenue for a month for a 
commodity is MR = 0.5x + 2, find the total revenue 
function. 


Revenue If the marginal revenue for a month is 
given by MR = 3x + 1, what is the total revenue 
from the production and sale of 50 units? 


_ Revenue If the marginal revenue for a month is 


given by MR = 5x + 3, find the total revenue from 
the sale of 75 units. 


Stimulus-response 
organ receives a stimulus at time 7, the total number 
of action potentials is P(t). If the rate at which action 
potentials are produced is 1° + 4t? + 6, and if there 
are 0 action potentials when t = 0, find the formula 


for P(t). 


Suppose that when a sense @ 


46. 


47. 


48. 


49. 


50. 
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Projectiles Suppose that a particle has been shot 
into the air in such a way that the rate at which its 
height is changing is v = 320 — 321, in feet per 
second, and suppose that it is 1600 feet high when 
t = 10. Write the equation that describes the height of 
the particle at any time ¢. 


Pollution A factory is dumping pollutants into a 

river at a rate given by dx/dt = 1°*/600 tons per week, 

where f is the time in weeks since the dumping began 

and x is the number of tons of pollutants. 

(a) Find the equation for total tons of pollutants 
dumped. 

(b) How many tons were dumped during the first 
year? 


Population growth The rate of growth of the popu- 
lation of a city is predicted to be 

ap _ 1.08 

ae 1000r 
where p is the population at time ¢, and ¢ is measured 
in years from the present. Suppose that the current 
population is 100,000. What is the predicted 
(a) rate of growth 5 years from the present? 
(b) population 5 years from the present? 


Average cost The DeWitt Company has found that 
the rate of change of its average cost for a product is 


eee 

Cid) EN pebetage 
in dollars, where x is the number of units. The aver- 
age cost of producing 20 units is $40.00. 
(a) Find the average cost function for the product. 
(b) Find the average cost of 100 units of the product. 


Oil leakage An oil tanker hits a reef and begins to 

leak. The efforts of the workers repairing the leak 

cause the rate at which the oil is leaking to decrease. 

The oil was leaking at a rate of 31 barrels per hour at 

the end of the first hour after the accident, and the 

rate is decreasing at a rate of one barrel per hour. 

(a) What function describes the rate of loss? 

(b) How many barrels of oil will leak in the first 6 
hours? 

(c) When will the oil leak be stopped? How much 
will have leaked altogether? 


. Revenue Assume that the rate of change of sales 


revenue for Scott Paper Company can be modeled by 


as 0.062t + 0.776 
at 


872 


B/ 52. 


By 53. 
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where t is the number of years past 1980, and sales 

revenues are in billions of dollars. 

(a) If sales revenue in 1987 was $3.9769 billion, find 
the function that gives sales revenue. Graph this 
function. 

(b) The data in the table show Scott Paper Com- 
pany’s sales revenue in billions of dollars for 
selected years. Graph the data in the table. 

(c) Compare the graphs in parts (a) and (b) 


Sales Revenue Sales Revenue 


Year (billions) Year (billions) 
1983 $2.6155 1989 4.8949 
1984 2.7474 1990 5.1686 
1985 2.934 1991 4.9593 
1986 3.3131 1992 5.0913 
1987 3.9769 1993 4.7489 
1988 4.5494 


Source: Scott Paper Company, 1993 Annual Report 


Revenue Assume that the rate of change of AT&T’s 
total revenues can be modeled by 


AR _ 9.5061 — 4.03 


dt 

where t is the number of years past 1980, and total 

revenues are in billions of dollars. 

(a) If AT&T’s total revenue in 1985 was $63.13 bil- 
lion, find the function for total revenue. Graph 
this function. 

(b) The data in the table give AT&T’s total revenue 
for selected years. Graph the data in the table. 

(c) Compare the graphs in parts (a) and (b). 


Total Revenue Total Revenue 
Year (billions) Year (billions) 
1985 $63.13 1990 62.191 
1986 69.906 1991 63.089 
1987 60.53 1992 64.904 
1989 61.1 1993 67.156 


Source: AT&T Annual Report, 1993 


Personal savings Suppose the rate of personal sav- 
ings in the United States is given by 


aPS 


= 2.11? — 65.4t + 491.6 
dt 





where ¢ is the number of years past 1970, and per- 

sonal savings PS is in billions of dollars. 

(a) If personal savings in 1980 was $153.8 billion, 
find the function that models personal savings. 
Graph this function. 

(b) The data in the table show personal savings in the 
United States for selected years. Graph the data 
in the table. 

(c) Compare the graphs in parts (a) and (b). 


Personal Savings Personal Savings 


Year (billions) Year (billions) 
1980 $153.8 1988 155.7 
1985 189.3 1989 152.1 
1986 187.5 1990 175.6 
1987 142.0 1991 199.6 


Source: Survey of Current Business, March 1993 


. Consumer debt Assume that the rate of change of 


consumer debt as a percentage of disposable income 
can be modeled by 
a = 0.011227 — 0.2431? + 1.36f — 1.3 

where ¢ is the number of years past 1980. 

(a) If consumer debt in 1980 was 18.2% of dispos- 
able income, find the function that models con- 
sumer debt as a percentage of disposable income. 
Graph this function. 

(b) The data in the table show consumer debt as a 
percentage of disposable income for selected 
years. Graph the data in the table. 

(c) Compare the graphs in parts (a) and (b). 


Consumer Debt Consumer Debt 
as a Percentage of as a Percentage of 
Year Disposable Income Year Disposable Income 
1980 18.2 1990 ° 20.0 
1982 16.9 1991 18.9 
1983 17.7 1994 19.7 
1985 20.8 1995 213 
1986 21.4 1996 Pe 
1988 21.0 


Source: Federal Reserve System 
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712.2 The Power Rule 


OBJECTIVE 
m Jo evaluate integrals of the form 
fu®-uldx = futdu 
ffn#—T 





Our goal in this section is to extend the Powers of x Formula, 





xnt 1 
J. dee ag tO G1) 
to powers of a function of x. In order to do this, we must understand the symbol 
dx. 

Recall from Section 9.3, “The Derivative,” that the derivative of y = f(x) 
with respect to x can be denoted by dy/dx. As we will see, there are advantages 
to using dy and dx as separate quantities whose ratio dy/dx equals f'(x). 





OLE OL NEEL IELTS EEE OEE TLE EE LETC LLL EE IEEE EEE EOS RES 
Differentials If y = f(x) is a differentiable function with derivative dy/dx = f'(x), then the 
differential of x is dx, and the differential of y is dy, where 


dy = f'(x) dx 





Although differentials are useful in certain approximation problems, we are 
interested in the differential notation at this time. 
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| EXAMPLE 1 
| Find the differential dy if y = x* — 4x* + 5. 


Solution 
Gy = f(x) dx (ia 281) dx 


If the dependent variable in a function is u, then du = u'(x) dx. 


| EXAMPLE 2 
If u = x? + 4, find du. 





| Solution 
| Because u is a function of x (that is, u = u(x)), 


| du = u'(x) dx = 2x dx 


In terms of our goal of extending the Powers of x Formula, we would sus- 
pect that if x is replaced by a function of x, then dx should be replaced by the 
differential of that function. Let’s see whether this is true. 

Recall that if y = [u(x)]”, the derivative of y is 


dy = ns , 
> = n[u(x)]"1 - w'(x) 
Using this formula for derivatives, we can see that 


| uy -u' (x) dx = [u(x)]"+C 


It is easy to see that this formula is equivalent to the following formula, which is 
called the Power Rule for Integration. 


SEN NE EE EE RE OT IIE NNER GNIS NSIS I ENE 





| n+1 ie 
Power Rule for Integration | [u(x) "+ u'(x) dx = (ua) +C, n#-1 


nites 
a ae a ee ae ee le eee 


Using the fact that 
du = u'(x)dx or du=u' dx 


we can write the Power Rule in the following alternative form. 


me 2 sees ees NERO INL EEE NR I EER TAT OS INE Ua a et ps 


Power Rule | vie’ ae 
(Alternative Form) n+] 








Gs n#-—1 





Seer ee en ROL 


12.2 The Power Rule 875 


Note that this formula has the same form as the formula 


atl 


n oy Kee 
ac n+ 1 





ates n#=—| 


with the function u substituted for x and du substituted for dx. 


Evaluate f (x? + 4)5 - 2x dx. 


Solution 


EXAMPLE 3 
To use the Power Rule, we must be sure that we have the function u(x), its deriv- 
ative u’(x), and n. 
u=x + 4, n=5 
ul’ = 2x 


| All required parts are present, so the integral is of the form 


[o-ve-fea 


uo ON 4)? 
6a Moy 


ll 


I (x? + 4)°2x dx 


We can check the integration by noting that the derivative of 
(x? + 4)6 


BO as aoe es 


EXAMPLE 4 


Evaluate {V/2x + 3-2 dx. 


Solution 
If we let u = 2x + 3, then u’ = 2, and so we have 


| Var#3-240= | Vaw a= | Vaca 
1/2 ul? 

= fu du = 35+ 

[ vier3 2a = £(2e+ 3) + 


| Because u = 2x + 3, we have 
CHECK: The derivative of $(2x + 3)?2 + Cis (2x + 3)!2- 2. 


Some members of the family of functions given by 
levacese ras 2 


are shown in Figure 12.4 on the next page. Note from the graphs that the domain 
of each function is x = —3/2. This is because 2x + 3 must be nonnegative so 
that (2x + 3)?” = (V2x + 3) is a real number. 


3 ( 2 (2x +3) + 
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Figure 12.4 


F(x) = $ (2x +3246 


y 





| EXAMPLE 5 

| Evaluate S (2 + 4) + x dx. 
5 

; 


Solution 

If we let u = x? + 4, then u’ = 2x. Thus we do not have an integral of the form 
Ju" + wu’ dx, as we had in Example 3 and Example 4; the factor 2 is not in the 
integrand. To get the integrand in the correct form, we can multiply by 2 and 
divide it out as follows: 


| (244) acm | (xt +4) 5(2x) dx 
| Because } is a constant factor, we can factor it outside the integral sign, getting 
| (x7 + 4)*- 2x dx 
Now the integral is in the form 4 w4 - u’ dx. Thus 


[ crsatexde=Z [t+ 4) 20a 


yetet 4) 
e3 5 


= T(t +4) +6 


| EXAMPLE 6 
; Evaluate [ V2? — 4 - 5x2 dx. 
Solution 


If we let u = x° — 4, then u’ = 3x2. Thus we need the factor 3, rather than 5, in 
the integrand. If we multiply by the constant factor 3 (and divide it out), we have 


[ Ve=4- setac= f Ema Sr a 


5 (e-ayrsta 


novoracensenneenaccncnansesnseviseeie: 
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| This integral is of the form 3 f u!?- u’ dx, resulting in 


Sa wore are 0 a0 
Ge Sle oa i a eg en 


Note that we can factor a constant outside the integral sign to obtain the 
integrand in the form we seek, but if the integral requires the introduction of a 
variable to obtain the form u" - u’ dx, we cannot use this form and must try 
something else. 


EXAMPLE 7 
Evaluate f (x? + 4)? dx. 


Solution 


If we let u = x* + 4, then u’ = 2x. Because we would have to introduce a vari- 
| able to get u’ in the integral, we cannot solve this problem by using the Power 
| Rule. We must find another method. We can evaluate this integral by squaring 
and then integrating term by term. 


[ cr apac= | (t+ ae + 16) ax 


i ee 
Riget 3 foal Oto 


Note that if we tried to introduce the factor 2x into the integral of Example 
7, we would get 


[ crrapac= | e447 Lean as 
<3 | tsa Han ax 


But we cannot factor the 1/x outside the integral, so we do not have the proper 
form. Again, we can only introduce a constant factor to get an integral in the 
proper form. 


EXAMPLE 8 
Evaluate J (2x2 — 4x)? (x — 1) dx. 


Solution 

If we want to treat this as an integral of the form / u" u’ dx, we will have to let 
u = 2x* — 4x. Then uw’ will be 4x — 4. Multiplying and dividing by 4 will give 
us this form, as follows. 


sonsnaongaonononntansontinnwwanennnnninnnanan 
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| (28-428 @- 1) a= (2x7 = 4x)? 2 - A(x - 1) de 


Ble Ble pe oO 


| (2x? = 4x? (AeA 


Ni 


| EXAMPLE 9 
x7-1 
| Evaluate | ae dx. 
Solestion 

This integral can be treated as f u~3u' dx if we let u = x9 — 3x. Then we can 
| multiply and divide by 3 to get u’ = 3(x? — 1). 





= 4 f (8-319 (302-3) 


ee — 


Cae 


re 
pd ile aia 
6(x° — 3x)? 


CHECKPOINT | 


; 1. Which of the following can be evaluated with the Power Rule? 
(a) S (4x2 + 1) (8x de) (b) S (4x2 + 1) (x dx) 
a) J (4x2 + 1)!9 (8 dx) (d) J (4x2 + 1) dx 
_ 2. Which of the following is equal to [(2x3 + 5)-? (6x2 dx)? 
Oe ace ox or 2x 5)! 

ay os x] SE 4c oy a Or ae 

= 3's 
(2x7 + 5)! 
(c) Lee. stnGe 


/ 3. True or false: Constants can be factored outside the integral sign. 


4. Evaluate: 
(a) [0d + 9) (3x? dx) (b) S08 + 9)!5 (2 dx) (c) S03 + 9)? @ dx) 


We now return to the problem introduced in the Application Preview. 
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EXAMPLE 10 
Suppose that the marginal revenue for a product is given by 


600 


ip = oe 
V3x+ 1 
Find the total revenue function. 
| Solistion 
R(x) = | WR ae = ayn +2| 





| (3x +1)'? 
| 


600(3x + 1)7' dx + | 2 dx 


+) feet NslzG ax) +2| ae 
en Sens) le i. 
“ 172 Da 


400V 3x+1+2x+ K 


We know that R(0) = 0, so we have 


0 = 400V1+0+K or K = —400 


| Thus the total revenue function is 


R(x) = 400V3x + 1 + 2x — 400 


Note in Example 10 that even though R(0) = 0, the constant of integration 


K was not 0. This is because x = 0 does not necessarily mean that u(x) will also 
be 0. 


CHECKPOINT 
SOLUTIONS | 
jd. 





Expressions (a) and (b) can be evaluated with the Power Rule. For (a), we let u = 
4x* + 1 so that the integral becomes 


[vow ax = [wa 


For (b), we let u = 4x* + 1 again, and the integral becomes 


L 10 4’ ol 10 
ac dx tau 


Expressions (c) and (d) do not fit the format of the Power Rule, because neither 
integral has an x with the dx, outside the power (so they need to be multiplied out 
before integrating). 


_u=2e+5,sou’ = 6° 


S (23 + 5)-2(6x2) dx = f u7?u’ dx = f um? du 
a eC = eee tre 


Thus (c) is the correct choice. 
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| 3. True 


6 
4. (a) f 8 + 99532) dx = fw! dx = 24+ C= 


(b) {G8 + 9)8@2 dx 


349)6 
6 : 6 ee 
yaa l (3 + 9)!5(3x? dr) 
see tine wee eee 
igh aT gE OUTCOMES «gyre tee 


(c) The Power Rule does not fit, so we expand the integrand. 


| ce +9)%(eas) = [cs 18x3 + 81)x dx 


EXERCISE 12.2 


| (x’ + 18x* + 81x) dx 


2 REBT Bie 
Alsen ig ea 





Evaluate the integrals in Problems 1-32. Check your 
results by differentiation. 

1. f (2 + 3)32x dx 2. J Bx + 1)9x2 dx 

3. f (15x2 + 10)*(30x) dx 4. J (8x4 + 5)3(32x3) dx 

5. f Gx — 83 — 3x2) dx 

6. J (4x2 — 3x)4(8x — 3) dx 
7. S02 + 5)3x dx 8. f (x2 — 4)%x dx 

9. f 7(4x — 1)§ dx 10. f 3(5 — x)-3 dx 
ll. f 02+ 1)3xdx 12. J x4 + 7)-4(5x8 dx) 
13. f (x — 1)Q2 — 2x + 5)* dx 
14. f (2x3 — xt — 2) dx 
15. f 203 — 104 — 4x + 3) dx 
16. f 3008 — 2x)(X5 — 6x2 + 7)? dx 
17. f 7x3 Vx4 + 6 dx 18. f 3x V5 —x* de 
19. f (x3 + 1)°(3x dx) 20. f (x2 — 5)°(2x2 dx) 
21. f (Bx2 — 1)°(8x2 dx) =. 22. f (2x4 + 3)?(8x dx) 


23. f Vx? — 3x (x2 - 1) dx 
24. f Wx? + 2x (x + 1) dx 


x? dx x dx 
DSF Los = 1 26. | é5 = 1S 
3x4 dx 5x? dx 
2k (2x°— 57% 28. (x4 = 8); 
al 3x° — 2x3 
29. I ee —- 30. ae 
31. 5 a ee at 3 xt tena oto ee 
Vx7-—67°+2 Vx>+3x+ 10 


a/ In Problems 33 and 34, (a) evaluate each integral and 


(b) graph the members of the solution family for C = —5, 
C = 0, and C = 5. 


33. f x2 — 1 dx 34. f (3x — 11)!8 dx 


Each of Problems 35 and 36 has the form f Kx) dx. 

(a) Evaluate each integral to obtain a family of functions. 

(b) Find and graph the family member that passes 
through the point (0, 2). Call that function F (x). 

(c) Find any x-values where f(x) is not defined but F(@) 
is. 

(d) At the x-values found in (c), what kind of tangent line 
does F(x) have? 


3dx 
3 
J Great) 
ee SRO eS 
36. @ (oa yi 
In each of Problems 37 and 38, a family of functions is 
given, together with the graphs of some functions in the 


family. Write the indefinite integral that gives the family. 
37. F@). = - I)? +C 


F(x) = (x?- 1434 
5 





38. F(x) = 54(42 +9)-1 + 


F(x) = 54(4x2 +9) '+C | 


J 





Applications 


39. 


40. 


41. 


42. 


Revenue Suppose that the marginal revenue for a 
product is given by 


eee 30) 
MR = Cars 


Find the total revenue. 


Revenue The marginal revenue for a new calculator 
is given by 


40,000 


MR = 60,000 — (10 + x) 


where x represents hundreds of calculators. Find the 
total revenue function for these calculators. 


Physical productivity The total physical output of a 
number of machines or workers is called physical 
productivity and is a function of the number of 
machines or workers. If P = f{x) is the productivity, 
dP/dx is the marginal physical productivity. If the 
marginal physical productivity for bricklayers is 
dP/dx = 90(x + 1)*, where P is the number of bricks 
laid per day, find the physical productivity of 4 brick- 
layers. Note: P = 0 when x = 0. 


Production The rate of production of a new line of 
products is given by 


400 | 


ages so oe 
= 200) - (6+ 40) 


dt 

where x is the number of items and ¢ is the number of 
weeks the product has been in production. 

(a) Assuming that x = 0 when t = 0, find the total 

number of items produced as a function of time t. 

(b) How many items were produced in the fifth 


week? 


43. 


45. 


46. 
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Typing speed The rate of change in typing speed of 

the average student is ds/dx = 5(x + 1)~'?, where x 

is the number of typing lessons the student has had. 

(a) Find the typing speed as a function of the number 
of lessons if the average student can type 10 
words per minute with no lessons (x = 0). 

(b) How many words per minute can the average stu- 
dent type after 24 lessons? 


. Productivity Because a new employee must learn 


an assigned task, production will increase with time. 
Suppose that for the average new employee, the rate 
of performance is given by 


GN EV ISN 
dt 3Vt4+1 


where N is the number of units completed ¢ hours 
after beginning a new task. If 2 units are completed 
after 3 hours, how many units are completed after 8 
hours? 


Film attendance An excellent film with a very 
small advertising budget must depend largely on 
word-of-mouth advertising. In this case, the rate at 
which weekly attendance might grow can be given by 


dA Si 000 712000 
dts” (¢+40}2. (6F0)* 


where ¢ is the time in weeks since release and A is 

attendance in millions. 

(a) Find the function that describes weekly atten- 
dance at this film. 

(b) Find the attendance at this film in the tenth week. 


Product quality and advertising An inferior prod- 
uct with a large advertising budget does well when it 
is introduced, but sales decline as people discontinue 
use of the product. Suppose that the rate of weekly 
sales is given by 


400 200 


SM) eee Cae 





where S is sales in millions and ¢ is time in weeks. 

(a) Find the function that describes the weekly sales. 

(b) Find the sales for the first week and the ninth 
week. 
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47. Demographics Because of the decline of the steel 


48. 


49. 


industry, a western Pennsylvania town predicts that 
its public school population will decrease at the rate 


dN __~300_ 
dx Vx+9 


where x is the number of years and A is the total 
school population. If the present population (x = 0) is 
8000, what population size is planned for in 7 years? 


Franchise growth A new fast-food firm predicts 
that the number of franchises for its products will 
grow at the rate 


Ba oVi+ I 


where t¢ is the number of years, 0 = t = 10. If there is 
one franchise (n = 1) at present (t = 0), how many 
franchises are predicted for 8 years from now? 


Poverty line Suppose the rate of change of the num- 
ber of people (in millions) in the United States who 
lived below the poverty level can be modeled by 





number of people, in millions, in the United 
States who lived below the poverty level. Graph 
this function. 

(b) The data in the table show the number of people, 
in millions, in the United States who lived below 
the poverty level for selected years. Graph the 
data in the table with t = 0 in 1900. 

(c) Compare the graphs in (a) and (b). 


. U.S. public debt Suppose the rate of change of the 


interest paid on the public debt of the United States 
as a percentage of federal expenditures can be mod- 
eled by 


@ — — 0.06172(0.11 + 3)3 + 1.2823(0.12+ 3)? 


dt 
— 8.43(0.1t+ 3) + 17.58 
where t is the number of years past 1930. 


Interest Paid as 
a Percentage 


Interest Paid as 
a Percentage 


“ = — 0.004635 (t — 60)? + 0.2412(r — 60) — 2.4165 


where t is the number of years past 1900. 


Persons Below 


Persons Below 


the Poverty Level the Poverty Level 

Year (millions) Year (millions) 
1960 39.9 1990 33.6 

1965 3332 199] BS, 

1970 25.4 1992 38 

1975 25.9 1993 39.3 

1980 29.3 1994 38.1 

1986 32.4 1995 36.4 

1989 S15 1996 36.5 


Source: Bureau of the Census, U.S. Dept. of Commerce 


(a) If 33.6 million people lived below the poverty 


level in 1990, find the function that models the 


of Federal of Federal 
Year Expenditures Year Expenditures 
1930 0.0 1970 9.9 
1940 10.5 1975 9.8 
1950 13.4 1980 ag 
1955 9.4 1985 18.9 
1960 10.0 ~ 1990 tal 
1965 9.6 1995 220 


Source: Bureau of Public Debt, U.S. Dept. of the Treasury 


(a) If 9.6% of federal expenditures was devoted to 
interest payments on the public debt in 1965, find 
the function D(t) that models the interest paid on 
the public debt of the United States as a percent- 
age of federal expenditures. Graph this function. 

(b) The data in the table give the interest paid on the 
public debt of the United States as a percentage 
of federal expenditures for selected years. Graph 
the data in the table with t = 0 in 1930. 

(c) Compare the graphs in (a) and (b). 
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me) 5 51. Union membership Suppose the rate of change of Union Membership as a Percentage 

the percentage of U.S. workers who belonged to Year of U.S. Labor Force 
unions can be modeled by 1930 [1.6 
au 1935 1322 
ms =O1eis Ons 2)* 1940 26.9 
; s 1945 3055 
2.1317(0.1¢ + 2) + 7.3900 1950 315 
where t is the number of years past 1920. 1955 3852 
(a) If 18.0% of U.S. workers belonged to unions in 1960 31.4 
1985, find the function U(t) that models the per- 1965 28.4 
centage of U.S. workers who belonged to unions. 1970 213 
Graph this function. 1975 Zo 
(b) The data in the table show the percentage of U.S. 1980 21.9 
workers who belonged to unions for selected 1985 18.0 
years. Graph the data (t = 0 in 1920). 1990 16.1 
(c) Compare the graphs in (a) and (b). 1993 15.8 
1994 13.5 
1995 14.9 
1996 14.5 


Source: Bureau of Labor Statistics, U.S. Dept. of Labor 


12.3 Integrals Involving Logarithmic and 
Exponential Functions 


OBJECTIVES 
= Jo evaluate integrals of the form 


] 
| dx or, equivalently, | i du 


® Jo evaluate integrals of the form 





| e’ u’ dx of equivalently, | e" du 


where Vi is the value of the bone in hundreds of thousands of dollars and fis 
the time in years since the home was purchased. To find the market value of - 
such a home 10 years after it was purchased, we would first have to inte- 
grate dV/dt. That is, we must be able to integrate an exponential. 

In this section, we consider integration formulas that result in natural 
logarithms and formulas for i integrating exponentials, — 


Recall that the Power Rule for integrals applies only ifn + —1. That is, 





ve f 
[ewae= se ifn # —] 


The following formula applies when n = —1. 
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Logarithmic Formula If wis a function of x, then 


u'u’ dx = [ta = [ia = In|ul +C 
u u 








This formula is a direct result of the fact that 


deep 


d = 
a, (in ul) = 7 u ‘ 


We use the absolute value of u because the logarithm is defined only when the 
quantity is positive. We can see this result by considering the following. 





For u > 0: £ (im |ul) = (Inu) = 2 ow 
d d 1 Pe oer 
For u <0: dy (iM |e Neseg Lake tte oe ae ype me et 


In addition to this verification, we can graphically illustrate the need for the 
absolute value sign. Figure 12.5(a) shows that f(x) = 1/x is defined for x # 0, 
and from Figures 12.5(b) and 12.5(c), we see that F(x) = f 1/x dx = In |x| is 
also defined for x # 0. But y = In x is defined only for x > 0. - 


y Dy y 





(a) (b) (c) 


Figure 12.5 


EXAMPLE 1 





’ Evaluate dx. 


4x+8 


Solution 
This integral is of the form 


Figure 12.6 
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with u = 4x + 8 andu’ = 4. Thus 


; 
; 
i 
; 
: 





4 
| gigar = injar+s| +c 


Figure 12.6 shows several members of the family 





F(x) = (45 = In |4x+8/+C 


We can choose different values for C and use a graphing utility to graph families 
of curves such as those in Figure 12.6. 





F(x) = In |4x+ 8)+C 


EXAMPLE 2 

Mia 
Evaluate | Ee a dx. 
Solution 


This integral is of the form / (u'/u) dx, almost. If we let u = x2 — 6x + 1, then 
u’ = 2x — 6. If we multiply (and divide) the numerator by 2, we get 


x-3 valishes 206 eS) 
[Bnet |e 
1 2% = 6 


> Poet 


= ee ee 
= 5 [ta 7 in |ul + 


seven neenaninieonnnagnn 


=F in |x?- 6x +1] +C 


If an integral contains a fraction in which the degree of the numerator is 
equal to or greater than that of the denominator, we should divide the denomina- 
tor into the numerator as a first step. 
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i _ EXAMPLE 3 

— 2x3 + 4x? -—7x-1 
Devaluate {= aes dx. 
| Solution 


i 


i 
: 


| 





CHECKPOINT | 








| 2. (a) Divide 4x + 1into 4x. — (b) Evaluate | 


Eee Formula 


| petaeee the numerator is of higher degree than the denominator, we begin by 
dividing x* — 2x into the numerator. 


Xe +4 
x? — 2x)x4— 28+ 422 -—7x-—1 
xt -— 2 Y 
ey ene ore 
4x* — 8x 
je 1} 


Thus 


xe 2s HA ae 5 eal 
| Oe a={ (2 4+ 5h) ae 


eyes ta) Sees 


SEF ae ae in |x? —2x|+C 








3 
1. True or false: 
@QHealeaiees B) =in| V2r1|[+c 
se was : 


(c) [2ac=2Inb| +c 





x 1 
(d) | yae--]- cap earls til+e 





(e) To evaluate | dx, our first step is to divide 4x + 1 into 4x. 


4x 
4x+1 





4x 
4x+1 ote 


We know that 
& (e“) =e"-u 


The corresponding integral is given by the following. 





If wis a function of x, 


fecwae=|edu=e+c 


i a 
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EXAMPLE 4 
Evaluate f 5e* dx. 


| Solution 
LSet dx=S5 fede =5e&+C 


| EXAMPLE 5 
Evaluate { 2xe** dx. 





| Solution 
| Letting u = x implies that u’ = 2x, and the integral is of the form f e“- u' dx. 


Thus 


| | axe ax= |e“ de= [erwdrmet tone" +c 


| EXAMPLE 6 





i 

i 2 

| Evaluate | 2 ge 
| e 


| Solution 


| In order to use J e+ u' dx, we write the exponential in the numerator. Thus 


[xe =llee (x? dx) 














e 
| This is almost of the form J e“ - u’ dx. Letting u = —x gives u’ = —3x2. Thus 
| e* (Pax) = -5 |e (—3¢de) = te + c= lan 
| 3 3 3e* 

CHECKPOINT | 
. 3. True or false: 
— @ Se Qedy=e?-P+C 0) Se*de=—Je*+C 
| Geel 1 fort Bae eta: 
@ [%-1(4)+c @ | aaa) ep 


We now return to the real estate inflation rate problem in the Application 
Preview. 


EXAMPLE 7 
Suppose the rate of change of the value of a house that cost $100,000 can be 
modeled by 

dv 


aes 0.077t 
fs 7.7e 


ren ea vneonaman annninsananwannnnniininwnnennannnin 
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Figure 12.7 


_ where V is the market value of the home in hundreds of thousands of dollars and 
t is the time in years since the home was purchased. 


(a) Find the function that expresses the value V in terms of t. 
(b) Find the predicted value after 10 years. 
: 


_ Solution 


/(@) V= | ot at = | 7.7e90 dt 


a oorn{ 1 
| V=7.7 | e | Gar coors dt) 


| V= 79( sa] | e°°77().077 dt) 
V = 1002" 7 C 
Using V = 100 (thousand) when ¢t = 0, we have 
100 = 100+ C 
0=C 
| Thus we have the value as a function of time given by 


V= 100e9:977« 


sassssss 


(b) The value after 10 years is found by using t = 10. 

i 

i V = 100299770 = 100¢e°77 = 215.98 

Thus, after 10 years, the predicted value of the home is $215,980. 





EXAMPLE 8 
Figure 12.7 shows the graphs of g(x) = 5e-* and h(x) = - 10xe-*. One of these 
| functions is f(x) and the other is [ F(x) dx with C = 0. 


: 
(a) Decide which of g(x) and A(x) is f(x) and which is J f(x) dx. 
(b) How can the graph of f(x) be used to locate and classify the extrema of 
i J f(x) dx? 
(c) What feature of the graph of f(x) occurs at the same x-values as the inflec- 
tion points of the graph of J f(x) dx? 








2 
-—10xe-* 


CHECKPOINT 
SOLUTIONS 
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| Solution 


i 
i 


| (a) 


0) 





© 


i: 


The graph of h(x) looks like the graph of g’(x) because h(x) > 0 where g(x) 
is increasing, h(x) < 0 where g(x) is decreasing, and h(x) = O where g(x) 
has its maximum. However, if h(x) = g’(x), then, equivalently, 


J mc) dx = [ew dx =e(4).+.C 
so A(x) = f(x) and g(x) = J f(x) dx. We can verify this by noting that 
|- l0xe~* dx = 5 | eo 2x dx) = Se" +C 


We know that f(x) is the derivative of (x) dx, so, as we saw in (a), the 
x-intercepts of f(x) locate the critical values and extrema of / F(x) dx. 

The first derivative of [ f(x) dx is f(x), and its second derivative is f’(x). 
Hence the inflection points of / f(x) dx occur where S'(x) = 0. But f(x) has 
its extrema where f’(x) = 0. Thus the extrema of f(x) occur at the same 
x-values as the inflection points of J f(x) dx. 


(a) True 
(b) False; aS ~ | (x2 + 1)-"2(2x dx) 
x 
2 1/2 
- E+ cats D2+C 
(c) True 


(d) False. We cannot factor the variable x outside the integral sign. 
(e) True 


1 
. (a) 4x + 1)4x 


4x tal 
= 
os 1 


SS ae fk 4g 41g 


4x dx _ ae I Ey a3 
wy | 2H - (; ain) Se zinlax+if+c 











. (a) False. The correct solution is e+C (see Example 5). 


(b) True 


1 1 
(c) False: | 4¢= | ¢ e”8 dee et iene 


(d) False; | etl (3dr) =et14C 
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EXERCISE 12.3 





Evaluate the integrals in Problems 1-32. 























1 3x7 ie 2. [ es 
"1 P4+4 xe 
dz 
S 4, 
[s Be lh 
x 6. [= 5 ax 
S | ei x 
4x se 
oa 8. 
1 [ota (ae 
3x2 -—9 4x3 + 2x 
9 | aa 10. [ia 
+] (x + 2)dx 
u. foSthva i. x+4x-9 
x—xrt+1 2x +x? + 2x +3 
ee aoe 
xe ie.S Se eee 
Ss [Ba 16. I 25 dx 
17. f 3e3* dx 18. { 4e* dx 
19. fe*dx 20. f e* dx 
21. f 1000¢" dx 22. f 1600¢°* dx 
23. f 840e-°* dx 24. f 250-95 dx 
25. f Be dx 26. f xe* dx 
3 wae 
OF: [a 28. | tee 
ae x 
29. aoe a 30. wae 


ai | (o-e) 32. | (28-35) 


In Problems 33 and 34, graphs of two functions labeled 
g(x) and h(x) are given. Decide which is the graph of f(x) 
and which is one member of the family f f(x) dx. Check 
your conclusions by evaluating the integral. 


332 
y y 


in x)= Qe-(1/2)x 






h(x) = —e-(1/2)x 











In Problems 35 and 36, a function f(x) and its graph are 
given. Find the family F(x) = f f(x) dx and graph the 
member that satisfies F(0) = 
35: 





In Problems 37-40, a family of functions is given and 
graphs of some members are shown. Find the function 
f(x) such that the family is given by Jf f(x) dx. 

37. Fx)=xtink|+C 38. F@) = —In? +4)+C 


y y 





F(x) =x+In|x|+C 


F(x) = —In (x2+4)+C€ 


39. F(x) = 5xe* + C 


(ar eo al 
4) F(x) =S5xe-*+C 
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40. F(x) = e& 4 + e048 4 © 





F(x) = 694% 4 e042 4.C 


Applications 


41. Revenue Suppose that the marginal revenue from 


42. 


43, 


the sale of a product is MR = R’(x) = 6e°*, What is 
the revenue on the sale of 100 units of the product? 


Concentration of a drug Suppose that the rate at 
which the concentration of a drug in the blood 
changes with respect to time fis given by 





€_ (be — ae”), 


t= 
bia a 


CQ) = 
where a, b, and c are constants depending on the drug 
administered, with b > a. Assuming that C(t) = 0 
when t = 0, find the formula for the concentration of 
the drug in the blood at any time t. 


Radioactive decay The rate of disintegration of a 
radioactive substance can be described by 


& = n(—K)e ™ 

where 7, is the number of radioactive atoms present 
when time ¢ is 0, and K is a positive constant that 
depends on the substance involved. Using the fact that 
the constant of integration is 0, integrate dn/dt to find 
the number of atoms 7 that are still radioactive after 


time t. 


. World population Because the world contains only 


about 10 billion acres of arable land, world popula- 
tion is limited. Suppose that the world population is 
limited to 40 billion people and that the rate of popu- 
lation growth is proportional to how close the world 
is to this upper limit. Then the rate of growth would 
be given by dP/dt = K(40 — P), where K is a posi- 
tive constant. This means that 


1 1 
es £| piper 


45. 


46. 


47. 


48. 


49. 
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(a) Evaluate this integral to find an expression relat- 
ing P and ¢. 

(b) Use the properties relating logarithms and expo- 
nential functions to write P as a function of t. 


Memorization The rate of vocabulary memoriza- 
tion of the average student in a foreign language is 
given by 

dv 40 


dt gen 


where ¢ is the number of continuous hours of study, 
0 < t= 4. How many words would the average stu- 
dent memorize in 3 hours? 


Population growth The rate of growth of world 
population can be modeled by 


dn 


i ot ere InCie ry, 


r<] 

where f¢ is the time in years from the present and N, 
and r are constants. What function describes world 
population if the present population is N,? Use the 
formula f (a" In a)u’ dx = a“ + C. 


Compound interest If $P is invested for n years at 
10%, compounded continuously, the rate at which the 
future value is growing is 

dS ae O.1n 

ae 0.1Pe 
(a) What function describes the future value at the 

end of n years? 

(b) In how many years will the future value double? 


Temperature changes When an object is moved 
from one environment to another, its temperature T 
changes at a rate given by 

al eS 

es kCe 
where ¢ is the time in the new environment (in hours), 
C is the temperature difference (old — new) between 
the two environments, and k is a constant. If the tem- 
perature of the body (and the old environment) is 
70°F, and C = —10°F, what function describes the 
temperature T of the object t hours after it is moved? 


Blood pressure in the aorta The rate at which 
blood pressure decreases in the aorta of a normal 
adult after a heartbeat is 

dp 


SES os ~0.491 
a 46.645e 
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where f is time in seconds. 

(a) What function describes the blood pressure in the 
aorta if p = 95 whent = 0? 

(b) What is the blood pressure 0.1 second after a 
heartbeat? 


Sales and advertising A store finds that its sales 
decline after the end of an advertising campaign, with 
its daily sales for the period declining at the rate 
S'(t) = —147.78e-°, 0 = t S 100, where ¢ is the 
number of days since the end of the campaign. 
Suppose that S = 7389 when t = 0. 
(a) Find the function that describes the number of 
daily sales t days after the end of the campaign. 
(b) Find the total number of sales 10 days after the 
end of the advertising campaign. 


Life expectancy Suppose the rate of change of the 
expected life span / at birth of people born in the 


United States can be modeled by 
dl _ 14.1372 
det 20 


where ft is the number of years past 1920. 

(a) If the expected life span was 72.6 years for peo- 
ple born in 1975, find the function that models 
the life span. Graph this function. 

(b) The data in the table give the expected life span 
for people born in various years. Graph the data. 

(c) Compare the graphs in (a) and (b). 


Life Span Life Span 

Year (years) Year (years) 
1920 54.1 1988 74.9 
1930 9,7 1989 De 
1940 62.9 1990 75.4 
1950 68.2 1991 T35 
1960 69.7 1992 75.8 
1970 70.8 1993 toi 
1975 72.6 1994 tha) 
1980 73.7 1996 76.1 
1987 75.0 


Source: World Almanac, 1991 


Violent crime Suppose the rate of change of the 
number of violent crimes per 100,000 people in the 
United States can be modeled by 


de _ 321 


dt t+5 


when ft is the number of years past 1985. 


(a) If there were 758 violent crimes per 100,000 peo- 
ple in 1991, find the function c(t) that models the 
number of violent crimes. Graph this function. 

(b) The data in the table give the number of violent 
crimes per 100,000 people for selected years. 
Graph the data in the table. 

(c) Compare the graphs in (a) and (b). 


Violent Crimes 


Year (per 100,000) 
1987 610 

1988 637 

1989 663 

1990 dae 

199] 758 

1992 765 
Source: FBI Crime Report, 
1993 


/ 53. Revenue Suppose the rate of change of revenue 


from wireless technology can be modeled by 


dR = 0.3486r 
Ae 0.1994e 
where ¢ is the number of years past 1984 and R is rev- 
enue in billions of dollars. 
(a) Find a model for revenue, R(t), if revenue from 
wireless technology was $11 billion in 1993. 
(b) Graph the function you found in (a) and compare 
it to the graph in the figure. 
(c) What does your model predict for revenue from 
wireless technology in 1995? 


Revenue from 
wireless 
technology 

20 


—_ 
an 


— 
N 


co 


2 
5 
n 
oO 
~— 
3 
a 
= 
I 
5 
s 
— 


p 


9 = 
Rey el FI) Uh koe} 
Year 





Source: USA Today, March 1, 1994 
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je / 54. Health care costs Suppose the rate of change of 
national health care costs in the United States can be 
modeled by 


National Health Expenditure 








2000 











dHC 
dt 


where tf is the number of years past 1960 and HC is the 

national health care expenditure in billions of dollars. 

(a) Use the fact that 1991 health care costs totaled 
$752 billion to find a function HC(f) that models 
health care costs. 

(b) Graph the function you found in (a) and compare 


a 4.0428 029-089841 


S 


In billions of dollars 
Oo 
S 
5 





cree aa 






5 it to = graph in the ne cor ae g 1970 1990 1992" 1996* 2000 
c) What does your model project for he care Ye ee 
costs for the year 2000? = See 






Source: Congressional Budget Office, printed in Newsweek, 
October 4, 1993 


12.4 Applications of the Indefinite Integral in 
Business and Economics 


OBJECTIVES 

= 7o use integration to find total 
cost functions from information 
involving marginal cost 

= 7o optimize profit, given 
information regarding marginal 
cost and marginal revenue 

= Jo use integration to find national 
consumption functions from 
information about marginal 
propensity to consume and 
marginal propensity to save 





Total Cost and Profit 


We know that the marginal cost for a commodity is MC = C’(x), where C(x) is 
the total cost function. Thus if we have the marginal cost function, we can inte- 
grate to find the total cost. That is, C(x) = MC dx. 

If, for example, the marginal cost is MC = 4x + 3, the total cost is given by 


C(x) 


[ica 


| (443) ae 
27+ 3x+K 


894 


Chapter 12 Indefinite Integrals 


where K represents the constant of integration. Now, we know that the total rev- 
enue is 0 if no items are produced, but the total cost may not be 0 if nothing is 
produced. The fixed costs accrue whether goods are produced or not. Thus the 
value for the constant of integration depends on the fixed costs FC of production. 
Thus we cannot determine the total cost function from the marginal cost 
unless additional information is available to help us determine the fixed costs. 


EXAMPLE 1 

| If the marginal cost function for a month for a certain product is MC = 3x + 50, 
_ and if the fixed costs related to the product amount to $100 per month, find the 
total cost function for the month. 


Solution 
_ The total cost function is 


| (3x4 50) ax 


= BE + 50x+K 


C(x) 


But the constant of integration K is found by using the fact that C(0) = FC = 
100. Thus 


3(0)? + 50(0) + K = 100, so K = 100 


and the total cost for the month is given by 


seaosneniannenninennaass’ssononnanennenannsAreissbbunnemninenA wi nasnittinvarnennwnnanshh’iiva nvnnannstaithannnanhAn Ashi nsOnniwnnawAn 


C(x) = BE + 50x + 100 


| EXAMPLE 2 

Suppose monthly records show that the rate of change of the cost (that is, the 
marginal cost) for a product is MC = 3(2x + 25)!” and that the fixed costs for 
the month are $11,125. What would be the total cost of producing 300 items per 
month? 





Solution 
| We can integrate the marginal cost to find the total cost function. 


= | ica | 302x425)" a 
= 3. (3) | (2x + 25)"/2(2 dx) 


Bott coe 

nal a4 a 

| (2x + 25)?? + K 

We can find K by using the fact that fixed costs are $11,125. 
C(O) = 11,125 = (25)? + K 

11,125 = 125+ Kk, or K= 11,000 
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| Thus the total cost function is 


C(x) = (2x + 25)°? + 11,000 


and the cost of producing 300 items per month is 


C(300) = (625)?” + 11,000 
i = 26,625 (dollars) 


It can be shown that the profit is usually maximized when MR = MC. To 
see that this does not always give us a maximum positive profit, consider the fol- 
lowing facts concerning the manufacture of widgets over the period of a month: 


1. The marginal revenue is MR = 400 — 30x. 

2. The marginal cost is MC = 20x + 50. 

3. When 5 widgets are produced and sold, the total cost is $1750. The profit 
should be maximized when MR = MC, or when 400 — 30x = 20x + 50. 
Solving for x gives x = 7. To see whether our profit is maximized when 7 
units are produced and sold, let us examine the profit function. 


The profit function is given by P(x) = R(x) — C(x), where 
R(x) = | aaa and= (x) = | MCax 
Integrating, we get 
R(x) = I (400 — 30x) dx = 400x — 15x*+ K 
but K = 0 for this total revenue function, so 


R(x) = 400x — 15x2 


The total cost function is 
C(x) = { (20x + 50) dx = 10x°+ 50x+ K 


The value of fixed cost can be determined by using the fact that 5 widgets cost 
$1750. This tells us that C(S) = 1750 = 250 + 250 + K, so K = 1250. 
Thus the total cost is C(x) = 10x” + 50x + 1250. Now, the profit is 


P(x) = R(x) — CQ) 
or 
P(x) = (400x — 15x”) — (10x? + 50x + 1250) 
Simplifying gives 
P(x) = 350x — 25x? — 1250 


We have found that MR = MC if x = 7, and the graph of P(x) is a parabola that 
opens downward, so profit is maximized at x = 7. But if x = 7, profit is 


P(7) = 2450 — 1225 — 1250 = —25 


That is, the production and sale of 7 items result in a loss of $25. 
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Graphing Utilities 


The preceding discussion indicates that, although setting MR = MC may 
optimize profit, it does not indicate the level of profit or loss, as forming the 
profit function does. 

If the widget firm is in a competitive market, and its optimal level of pro- 
duction results in a loss, it has two options. It can continue to produce at the 
optimal level in the short run until it can lower or eliminate its fixed costs, even 
though it is losing money; or it can take a larger loss (its fixed cost) by stopping 
production. Producing 7 units causes a loss of $25 per month, and ceasing pro- 
duction results in a loss of $1250 (the fixed cost) per month. If this firm and 
many others like it cease production, the supply will be reduced, causing an 
eventual increase in price. The firm can resume production when the price 
increase indicates that it can make a profit. 


| EXAMPLE 3 

| Given that MR = 200 — 4x, MC = 50 + 2x, and the total cost of producing 10 
, Wagbats is $700, at what level should the Wagbat firm hold production in order 
to maximize the profits? 


Solution 


Setting MR = MC, we can solve for the production level that maximizes profit. 
200 — 4x = 50 + 2x 
150 = 6x 
25 =x 


i 


units maximizes profits or minimizes the losses (in the short run), we must find 
the total revenue and total cost functions. 


R(x) 


II 


| 

j 

| 

| 

| The level of production that should optimize profit is 25 units. To see whether 25 
| 

| | (200-42) ax = 200 ~ 2" + K 


200x — 2x*, because K = 0 


| C(x) = | (60428) ax = sore +K 





We find K by noting that C(x) = 700 when x = 10. 
| 700 = 50(10) + (10)? + K 


so K = 100. 

Thus the cost is given by C = C(x) = 50x + x7 + 100. Atx = 25,R= 
R(25) = 200(25) — 2(25)? = $3750 and C = C(25) = 50(25) + (25)? + 100 = 
$1975. 

We see that the total revenue is greater than the total cost, so production 
should be held at 25 units, which results in a maximum profit. 





If it is difficult to solve MC = MR analytically, we could use a graphing utility 
to solve this equation by finding the point of intersection of the graphs of MC 
and MR. We may also be able to integrate MC and MR to find the functions C(x) 
and R(x) and then use a graphing utility to graph them. From the graphs of C(x) 
and R(x) we can learn about these functions—and hence about profit. 
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| EXAMPLE 4 

| Suppose that MC = 1.01(x + 190)! and MR = (1/\/2x + 1) + 2, where x is 
the number of thousands of units and both revenue and cost are in thousands of 
_ dollars. Suppose further that fixed costs are $100,236 and that production is lim- 
ited to at most 180 thousand units. 





(a) Determine C(x) and R(x) and graph them to determine whether a profit can 
; be made. 

(b) Estimate the level of production that yields maximum profit, and find the 
: maximum profit. 


i 
| Solution 
(a) Cx) = | tax = | 1.01 (x + 190)! dx 


(x + 190)! 
1.01 
When we say that fixed costs equal $100,236, we mean C(0) = 100.236. 


100.236 = C(O) = (190)'9! + K 
100.236 = 200.236 + K 
—-100=K 


= 1.01 aK 


Thus C(x) = (x + 190)! — 100. 


R(x) = | wi ac = | tart ay@ +2) a 
2 t | eri? eax + [ra 
5 (e+ 1) 
= “42+ K 
R(O) = 0 means 


0 = RO) =(1)'!7+0+K, or K=-1 


Thus R(x) = (2x + 1)!7 + 2x — 1. 

The graphs of C(x) and R(x) are shown in Figure 12.8 on the next page. 
(The x-range is chosen to include the production range from 0 to 180 (thou- 
sand) units. The y-range is chosen to extend beyond fixed costs of about 100 
thousand dollars.) 

From the figure we see that a profit can be made as long as the number 
of units sold exceeds about 95 (thousand). We could locate this value more 
precisely by using INTERSECT or TRACE and ZOOM. 


| (b) From the graph we also see that R(x) — C(x) = P(x) is at its maximum at the 
right edge of the graph. Because production is limited to at most 180 thou- 


i 
i 
| 
| 
| 1/2 
: 
| 
i 
i 
3 
i 
| sand units, profit will be maximized when x = 180 and the maximum profit is 
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Figure 12.8 





CHECKPOINT | 





| 2. Find C(x) if MC = 


P(180) = R(180) — C(180) 
= [(361)"2 + 360 — 1} — [(370)!* — 100] 
= 85.46 (thousand dollars) 


1. True or false: 


@uifCR) =f MC dx, then the constant of integration equals the fixed costs. 
(b) If R(x) = J MR dx, then the constant of integration equals 0. 

100 
Va 





and fixed costs are $8000. 


National Consumption and Savings 


The consumption function is one of the basic ingredients in a larger discussion 
of how an economy can have persistent high unemployment or persistent high 
inflation. This study is often called Keynesian analysis, after its founder John 
Maynard Keynes. 

If C represents national consumption (in billions of dollars), then a national 
consumption function has the form C = f(y), where y is disposable national 
income (also in billions of dollars). The marginal propensity to consume is the 
derivative of the national consumption function with respect to y, or dC/dy = 
f'(). For example, suppose that 


C = f(y) = 0.8y + 6 


is a national consumption function; then the marginal propensity to consume is 


f'Q) = 0.8. 
If we know the marginal propensity to consume, we can integrate with 
respect to y to find national consumption: 


c= [Fo)a = so) +K 


We can find the unique national consumption function if we have additional 
information to help us determine the value of K, the constant of integration. 


CHECKPOINT 





| 


ASAAAVONAPAAANSSAAY 





12.4 Applications of the Indefinite Integral in Business and Economics 899 


EXAMPLE 5 


If consumption is $6 billion when disposable income is 0, and if the marginal 
propensity to consume is dC/dy = 0.3 + 0.4/Vy (in billions of dollars), find the 
national consumption function. 


Solution 

If 
dC 0.4 
Soo 
dy Vy 

then 


0.4 ; 
Ge 0.3 + —= } dy = 0.3y+0.8y'7+K 
I( 7 2 Leyes re 


Now, if C = 6 when y = 0, then 6 = 0.3(0) + 0.8V/0 + K. Thus the constant of 
integration is K = 6, and the consumption function is 


C = 03y+08Vy+6 (billions of dollars) 


If S represents national savings, we can assume that the disposable national 
income is given by y = C + S, or S = y — C. Then the marginal propensity to 
save is dS/dy = 1 — dC/dy. 


EXAMPLE 6 
If the consumption is $9 billion when income is 0, and if the marginal propensity 
to save is 0.25, find the consumption function. 


Solution 
If dS/dy = 0.25, then 0.25 = 1 — dC/dy, or dC/dy = 0.75. Thus 


C= | 07a = 0.75y+K 


If C = 9 when y = O, then 9 = 0.75(0) + K, or K = 9. Then the consumption 
function is C = 0.75y + 9 (billions of dollars). 


, 3. If the marginal propensity to save is 


dS 0.4 
Sey ee 
dy Vy 
find the marginal propensity to consume. 
4. Find the national consumption function if the marginal propensity to consume is 


dC 1 
sh 
dy Vy+4 


and national consumption is $6.8 billion when disposable income is 0. 
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CHECKPOINT 
SOLUTIONS | 


pesenacarnsnersomeceerney 





1. (a) False. C(O) equals the fixed costs. It may or may not be the constant of inte- 


gration. [In Problem 2, C(O) = 8000, but K = 7800.] 


(b) False. We use R(O) 


= 0 to determine the constant of integration, but it may be 


nonzero. See Example 4. 


(2 c@= 100 | «+ elie 100] 5 





Ca) =200Vx+1+K 
When x = 0, C(x) = 8000, so 


er" |+e 


8000 = 200V1 + K 


7800 = 
C(x) = 200Vx + I + 7800 
0.4 0.4 
| = Osa 
a) Vy 


aS 02 dy 


=f {y+4- + 0.2] dy 


_ (y+4)'? 


1/2 


SOS Vata 


Cy) =2Vy+4+02y+K 


Using C(0) = 


6.8 gives 6.8 =2V4+0+K, orK = 2.8. 


| Thus Cy) = 2Vy +4 + 0.2y + 2.8. 


EXERCISE 12.4 





Total Cost and Profit 


i, 


iz 


If the monthly marginal cost for a product is MC = 
2x + 100, with fixed costs amounting to $200, find 
the total cost function for the month. 87 

If the monthly marginal cost for a product is MC = 
x + 30, and the related fixed costs are $50, find the 
total cost function for the month. 


. If the marginal cost for a product is MC = 4x + 2, 


and the production of 10 units results in a total cost of 
$300, find the total cost function. 


. If the marginal cost for a product is MC = 3x + 50, 


and the total cost of producing 20 units is $2000, 
what will be the total cost function? 


. If the marginal cost for a product is MC = 4x + 40, 


and the total cost of producing 25 units is $3000, 
what will be the cost of producing 30 units? 


. If the marginal cost for producing a product is MC = 


5x + 10, with a fixed cost of $800, what will be the 
cost of producing 20 units? 


7. A firm knows that its marginal cost for a product is 


MC = 3x + 20, that its marginal revenue is MR = 
44 — 5x, and that the cost of production and sale of 
80 units is $11,400. 

(a) Find the optimal level of production. 

(b) Find the profit function. 

(c) Find the profit or loss at the optimal level. 


. A certain firm’s marginal cost for a or a product is MC = 


6x + 60, its marginal revenue is MR = 180 — 2x, and 

its total cost of production of 10 items is $1000. 

(a) Find the optimal level of production. 

(b) Find the profit function. 

(c) Find the profit or loss at the optimal level of pro- 
duction. 

(d) Should production be continued for the short run? 

(e) Should production be continued for the long run? 


. Suppose that the marginal revente for a product is 


MR = 900 and the marginal cost is MC = 30Vx + 4, 
with a fixed cost of $1000. 


10. 


Ft. 


12. 


Be 13. 





12.4 Applications of the Indefinite Integral in Business and Economics 


(a) Find the profit or loss from the production and © 


sale of 5 units. 
(b) How many units will result in a maximum profit? 
Suppose that the marginal cost for a product is MC = 
60Vx+ 1 and its fixed cost is $340.00. If the mar- 
ginal revenue for it is MR = 80x, find the profit or 
loss from production and sale of: 
(a) 3 units. 
(b) 8 units. 
The average cost of a product changes at the rate 


CG) = 6s," 2.1/6 
and the average cost of 6 units is $10.00. 


(a) Find the average cost function. 
(b) Find the average cost of 12 units. 


The average cost of a product changes at the rate 
7, = =10 ay 
eG 


and the average cost of 10 units is $20.00. 

(a) Find the average cost function. 

(b) Find the average cost of 20 units. 

Suppose for a certain product that marginal cost is 

given by MC = 1.05(x + 180)°° and marginal rev- 

enue is given by MR = (1/V0.5x + 4) + 2.8, where x 

is in thousands of units and both revenue and cost are 

in thousands of dollars. Fixed costs are $200,000 and 

production is limited to at most 200 thousand units. 

(a) Find C(x) and R@). 

(b) Graph C(x) and R(x) to determine whether a 
profit can be made. 

(c) Determine the level of production that yields 
maximum profit, and find the maximum profit 
(or minimum loss). 


. Suppose for a certain product that the marginal cost is 


given by MC = 1.02(x + 200)? and marginal rev- 

enue is given by MR = (2/V4x + 1) + 1.75, where x 

is in thousands of units and revenue and cost are in 

thousands of dollars. Suppose further that fixed costs 

are $150,000 and production is limited to at most 200 

thousand units. 

(a) Find C(x) and R(@). 

(b) Graph C(x) and R(x) to determine whether a 
profit can be made. 

(c) Determine what level of production yields maxi- 
mum profit, and find the maximum profit (or 
minimum loss). 
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National Consumption and Savings 


15. 


16. 


Ly. 


18. 


1S: 


20. 


PAN 


2a. 


If consumption is $5 billion when disposable income 
is 0, and if the marginal propensity to consume is 
dC 0.3 
hy 0.4 + Wy 
find the national consumption function. 
If consumption is $7 billion when disposable income 
is 0, and if the marginal propensity to consume is 
0.80, find the national consumption function (in bil- 
lions of dollars). 
If consumption is $8 billion when income is 0, and if 
the marginal propensity to consume is 
dC 0.2 
a 035 a 
find the national consumption function. 
If national consumption is $9 billion when income is 
0, and if the marginal propensity to consume is 0.30, 
what is consumption when disposable income is $20 
billion? 
If consumption is $6 billion when disposable income 
is 0, and if the marginal propensity to consume is 


do eal 
dy Vy+1 


find the national consumption function. 

If consumption is $5.8 billion when disposable 
income is 0, and if the marginal propensity to con- 
sume is 


GO a AN 
dy V2y+9 


find the national consumption function. 
Suppose that the marginal propensity to consume is 


dC 


dy 


(in billions of dollars) 


(in billions of dollars) 





+ 0.4 (in billions of dollars) 


+ 0.8 (in billions of dollars) 


= 0.7-e” (in billions of dollars) 

and that consumption is $5.65 billion when disposable 
income is 0. Find the national consumption function. 
Suppose that the marginal propensity to consume is 


in(y + 
de ete ce! 


a el (in billions of dollars) 


and that consumption is $6.04 billion when disposable 
income is 0. Find the national consumption function. 


902 


23. Suppose that the marginal propensity to save is 


dS _ 0.15 (in billions of dollars) 


and that consumption is $5.15 billion when disposable 
income is 0. Find the national consumption function. 
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25. Suppose that the marginal propensity to save is 


= = 0.2— Ba (in billions of dollars) 


and that consumption is $6 billion when disposable 
income is 0. Find the national consumption function. 


24. Suppose that the marginal propensity to save is 26. If consumption is $3 billion when disposable income 
is 0, and if the marginal propensity to save is 
é = 0.22 (in billions of dollars) iS 
y B = 0.2+e7'*” (in billions of dollars) 


and that consumption is $8.6 billion when disposable 


income is 0. Find the national consumption function. 


72.5 


OBJECTIVES 

® To show that a function is the 
solution to a differential equation 

® Jo use integration to find the 
general solution of a differential 
equation 

= Jo find particular solutions of 
differential equations using given 
conditions 

® To solve separable differential 
equations 

® Jo solve applied problems 
involving separable differential 
equations 


find the national consumption function. 


Differential Equations 





Recall that we introduced the derivative as an instantaneous rate of change and 
denoted the instantaneous rate of change of y with respect to time as dy/dt. For 
many growth or decay processes, such as carbon-14 decay, the rate of change of 
the amount of a substance with respect to time is proportional to the amount 
present. As we noted above, this can be represented by the equation 
a = (k = constant) 

An equation of this type, where y is an unknown function of x or t, is called a 
differential equation because it contains derivatives (or differentials). In this 
section, we restrict ourselves to differential equations where the highest deriva- 
tive present in the equation is the first derivative. These differential equations are 
called first-order differential equations. Examples are 


Way eek dy 
TO) ae a oh and xdy=(y+1)d& 
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Solution of Differential Equations 


The solution to a differential equation is a function [say y = f(x)] that, when 
used in the differential equation, results in an identity. 


EXAMPLE 1 
Show that y = 4e~>' is a solution of dy/dt + 5y = 0. 


Solution 


We must show that substituting y = 4e~* into the equation dy/dt + Sy = 0 
results in an identity: 


© (4e*) +5(4e") = 0 
= Je + 20e- = 0 
0=0 


Thus y = 4e~*' is a solution. 


Now that we know what it means for a function to be a solution to a differ- 
ential equation, let us consider how to find solutions. 
The most elementary differential equations are of the form 


dy 
AS) 


where f(x) is a continuous function. These equations are elementary to solve 
because the solutions are found by integration: 





y= | Fe) ax 
EXAMPLE 2 
Find the solution of 
c reek 
f (x) ~ x+1 


Solution 
The solution is 


fa) = [rove = Jche Limiter 


The solution in Example 2, f(x) = In Ix te 1| + C, is called the general 
solution because every solution to the equation has this form, and different val- 
ues of C give different particular solutions. Figure 12.9 on the next page shows 
the graphs of several members of the family of solutions to this differential equa- 
tion. (We cannot, of course, show all of them.) 
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Figure 12.9 


CHECKPOINT | 








We can find a particular solution to a differential equation when we know 
that the solution must satisfy additional conditions, such as initial conditions or 
boundary conditions. For instance, to find the particular solution to 


f' (x) = aT with the condition that f(—2)=2 


we use f(—2) = 2 in the general solution, f(x) = In |x a 1| +_C; 
2 =f(-2) =In|-2+ 1]+C 
2=In|-1]+C so C=2 
Thus the particular solution is 
f@) =Iniet 1]+2_ 


and is shown in Figure 12.9 with C = 2. 
We frequently denote the value of the solution function y = f(4) at the initial 
time t = 0 as y(0) instead of f(0). 


1. Given f’(x) = 2x — [1/@ + 1], f() = 4, 


(a) find the general solution to the differential equation. 
(b) find the particular solution that satisfies f(0) = 4. 


Just as we can find the differential of both sides of an equation, we can find 
the solution to a differential equation of the form 


G(y) dy = f(x) dx 
by integrating both sides. 


i 
i 


LLL LOL LE EE LILO DEE e 


Separable Differential 
Equations 
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EXAMPLE 3 
Solve 3y? dy = 2x dx, if y(1) = 2. 


Solution 
We find the general solution by integrating both sides. 


| 3y dy = | 2x dx 
We Cy, Sat eC, 
y=xr+C whreC=C-C, 
By using y(1) = 2, we can find C. 
2 = ff aC 
7=C 
Thus the particular solution is given implicitly by 


ye ect 


Separable Differential Equations 


It is frequently necessary to change the form of a differential equation before it 
can be solved by integrating both sides. 
For example, the equation 


cannot be solved by simply integrating both sides of the equation with respect to 
x because we cannot evaluate J y? dx. 

However, we can multiply both sides of dy/dx = y* by dx/y* to obtain an 
equation that has all terms containing y on one side of the equation and all terms 
containing x on the other side. That is, we obtain 


LES 





When a differential equation can be equivalently expressed in the form 
8(y) dy = f(x) dx 


we say that the equation is separable. 
The solution of a separable differential equation is obtained by integrating 
both sides of the equation after the variables have been separated. 
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EXAMPLE 4 
Solve the differential equation 


(x2y + x*) dy = x? dx 


Solution 
| To write the equation in separable form, we first factor x° frem the left side and 
divide both sides by it. 


(yt 1) dy = xd 
(y+ tay = Sax 


| The equation is now separated, so we integrate both sides. 


i 


forna = [ra 
y x 
yy Ot eae tes 


This equation, as well as the equation 
y+ 2y =x =C,» -where.C = 2(C = .C) 
gives the solution implicitly. 


Note that we need not write both C, and C, when we integrate, because it is 
always possible to combine the two constants into one. 


EXAMPLE 5 
Solve the differential equation 


& = ky (k = constant) 


| Solution 
To solve the equation, we write it in separated form as 


d 
ere 
y 


| and integrate both sides as follows: 


; 

d 
[2= [ra 
| y 
In |y| =kt+C, 
| Assuming that y > 0 and writing this equation in exponential form gives 
j y= et tC 

y = e# - el = Ce*, where C = e% 
This solution, 


is the general solution of the differential equation dy/dt = ky because all solu- 
| tions have this form, with different values of C giving different particular solu- 
tions. The case of y < 0 is covered by values of C < 0. 
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CHECKPOINT | 


‘emcee BSN LAKERS AANASANO TER AOA AS 


2. True or false: 
(a) The general solution to dy = (x/y) dx can be found from 


Joa = | xax 


(b) The first step in solving dy/dx = —2xy’ is to separate it. 
(c) The equation dy/dx = —2xy? separates as y? dy = —2x dx. 


i: Suppose that (xy + x)(dy/dx) = x*y + y. 


(a) Separate this equation. (b) Find the general solution. 


In many applied problems that can be modeled with differential equations, 
we know of conditions that allow us to obtain a particular solution. 


Applications of Differential Equations 


We now consider two applications that can be modeled by differential equations. 
These are radioactive decay (as introduced in the Application Preview) and one- 
container mixture problems (as a model for drugs in an organ). 


| EXAMPLE 6 

| In the Application Preview, we introduced carbon-14 dating and the facts that the 
process is based on. We said that when an organism dies, the rate of change of 

| the amount of carbon-14 present is proportional to the amount present and is 
represented by the differential equation 


dt 

where y is the amount present, k is a constant, and f is time in years. If we denote 
the initial amount of carbon-14 in an organism as y,, then y = y, represents the 
amount present at time t = 0 (when the organism died). Suppose that anthropol- 
ogists discover a fossil that contains 1% of the initial amount of carbon-14. Find 
the age of the fossil. (Recall that the half-life of carbon-14 is 5600 years.) 


We must find a particular solution to 


dt 

| subject to the fact that when t = 0, y = y,, and we must determine the value of k 
on the basis of the half-life of carbon-14 (t = 5600 years, y = >y, units.) From 

Example 5, we know that the general solution to the differential equation dy/dt 
= ky is y = Ce*. Using y = y, when t = 0, we obtain y, = C, so the equation 
becomes y = y,e". Using t = 5600 and y = aYp in this equation gives 


| 
| Solution 
| 
| 
i 


Ho Ne Ol OS mene 


eee 
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i Rewriting this equation in logarithmic form and then solving for k, we get 
In(0.5) = 5600k 
—0.69315 = 5600k 
—0.00012378 = k 


| Thus the equation we seek is 

| y = ye 
| Using the fact that y = 0.01y, when the fossil was discovered, we can find its 
age t by solving 


0 Oly, =y eg 0-00012378t or 0.01 = e 9-00012378r 
3 0 i 


—0.00012378: 


Rewriting this in logarithmic form and then solving gives 
| 1n(0.01) = —0.00012378t 

| —4.6051702 = —0.00012378t 

| 37,204 =t 


Thus the fossil is approximately 37,200 years old. 


Another application of differential equations comes from a group of appli- 
cations called one-container mixture problems. In problems of this type, there is 
a substance whose amount in a container is changing with time, and the goal is 
to determine the amount of the substance at any time ¢. The differential equa- 
tions that model these problems are of the following form: 


Rate of change Rate at which | Rate at which 
of the amount = | the substance —| the substance 
of the substance enters the container leaves the container 


We consider this application as it applies to the amount of a drug in an organ. 


EXAMPLE 7 


A liquid carries a drug into an organ of volume 300 cc at a rate of 5 cc/s, and the 
liquid leaves the organ at the same rate. If the concentration of the drug in the 
entering liquid is 0.1 g/cc, and if x represents the amount of drug in the organ at 
any time ¢, then using the fact that the rate of change of the amount of the drug 
in the organ, dx/dt, equals the rate at which the drug enters minus the rate at 
which it leaves, we have 2 


sa(ea Es eee) 


dx _ Xe OU, 5 Nad OO 
de 6a 0 A. Oe 


or 


nconaosasonsotiontuainnmnnnanammmnannntnnnsdsossnaiaowanennannnnennmnnannnnishSbvatintnicioinnehannanmninsererannMnnnraeh remit 





| Find the amount of the drug in the organ as a function of time ¢. 


ove bsvseovee nine enLeDbi te ROMRC SSCS OU MH AtDOASER DINO 
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Solution 
eM UREN eh reek dt 
tip] th = i 
Multiplying both sides of the equation at 60 by (G0.=g) gives 
Oe sols 
0, a 


The equation is now ar SO we can integrate both sides. 


oe “Joe 


—In(30 —a2)= atc (30 -x>0) 





In(30 — x) = — €, 
Rewriting this in exponential form gives 
20 — x Se 80-4 = pe 
Letting C = e~“1 yields 
30 — x= Ce 
sO = 30 = Cee 


and we have the desired function. 


J @ soy = | [2e-—ty]e= xe—In|x+1/+C 


(b) If f(0) = 4, peat 0? —In|1| + C soc =4. 
Thus f(x) = x2 — In|x + 1| + 4 is the particular solution. 


_ 2. (a) True, and the solution is 


2 
» a, ae 
[rae | xa ne 
(b) True 


(c) False. It separates as dy/y? = —2x dx, and the solution is 





-d 
= | oxax yl=xrtc 
y 


1 = 24+C 

y 

Sig wl 
Fane 


3. (a) x9 + D2= + Vy ee 


eg eh, y+In|y| = + Ink +C 


(: A 1) ie (: < 1) ie This is the general solution. 
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EXERCISE 12.5 ae 


In Problems 1-4, show that the given function is a solu- 
tion of the differential equation. 

ly=xs Ay — 2xy’ = 0 

Diy =x: 3y — xy’ =0 

3. y=3r+4+ 1; 2y dx —xdy=2dx 

4. y=484+2; 3ydxe—xdy=6d 


In Problems 5—10, use integration to find the general solu- 
tion to each differential equation. 

5. dy=xe’ +1dx 6. dy = ee" ~' dx 

7. 2y dy = 4x dx 8. 4y dy = 4x dx 

9. 3y° dy = (2x — 1) dx 

10. 4y° dy = (3x7 + 2x) dx 


In Problems 11—14, find the particular solutions. 


iL. y' =e 3, y(0) =2 
12. y = e+), (0) =e 
13. dy= (4-x) dx, y(1) =0 


1 1 
= —_— ———_ 0 = 
14. dy (2 ch) (0) = 3 
In Problems 15-28, find the general solution to the given 


differential equation. 
ee 16. 





dy 
ieee Pdr = 
17. dx = xy dy 18. dy = xy dx 
19. dx=(ey+x)dy 20. dy=(y + xy) dx 
21. y’ dx = x dy 22. ydx =x dy 
ee pie ete 
dx. °¥ ake vr) 
25. @+nZ=y 26. xy = +1 


27. ey dy =(y + 1) dx 
28. ey + 1) dx + ey dy =0 


In Problems 29-36, find the particular solution to each 


differential equation. 


aver 
eee |S = 1, = 1 
29. eae when x y 





dy +1 
Ce as vy 
31. 2y? dx = 3x2 dy, whenx=2,y= —1 
32. (xt+ l)dy=y'dx, whenx=0,y=2 
33. xe dy =(8+1)dx, whenx=1,y=0 


when x = 1,y =3 


34. y’ as when x = 1l,y =3 
xy 


33: xy 2 = 2+], whenx=l,y=2 
36. xe’ dx = (x + 1)dy, whenx=0,y=0 


Applications 


37. Allometric growth If x and y are measurements of 
certain parts of an organism, then the rate of change 
of y with respect to x is proportional to the ratio of y 
to x. That is, these measurements satisfy 


ysis 

Chas o 
which is referred to as an allometric law of growth. 
Solve this differential equation. 


38. Bimolecular chemical reactions A _ bimolecular 
chemical reaction is one in which two chemicals react 
to give another substance. Suppose that one molecule - 
of each of the two chemicals react to form two mole- 
cules of a new substance. If x represents the number 
of molecules of the new substance at time ¢, then the 
rate of change of x is proportional to the product of 
the numbers of molecules of the original chemicals 
available to be converted. That is, if each of the 
chemicals initially contained A molecules, then 

a = k(A—x)* 
If 40% of the initial amount A is converted after 
1 hour, how long will it be before 90% is converted? 


Compound interest In Problems 39 and 40, use the fol- 
lowing information. 

When interest is compounded continuously, the rate 
of change of the amount x of the investment is propor- 
tional to the amount present. In this case, the proportion- 
ality constant is the annual interest rate r (as a decimal); 
that is, a 


te ee 


39. (a) If $10,000 is invested at 6%, compounded con- 
tinuously, find an equation for the future value of 
the investment as a function of time t in years. 

(b) What is the future value of the investment after 1 
year? After 5 years? 
(c) How long will it take for investment to double? 

40. (a) If $2000 is invested at 8%, compounded continu- 
ously, find an equation for the future value of the 
investment as a function of time ¢, in years. 

(b) How long will it take for investment to double? 
(c) What will be the future value of this investment 
after 35 years? 


41. 


42. 


43. 


45. 


46. 


47. 


Bacterial growth Suppose that the growth of a cer- 
tain population of bacteria satisfies 


Gai, 
ee 

where y is the number of organisms and ¢ is the num- 
ber of hours. If initially there are 10,000 organisms 
and the number triples after 2 hours, how long will it 
be before there is 100 times the original population? 


Bacterial growth Suppose that, for a certain popu- 
lation of bacteria, growth occurs according to 

dy : 

ee ky (tin hours) 
If the doubling rate depends on temperature, find how 
long it takes for the number of bacteria to reach 50 
times the original number at each given temperature 
in (a) and (b). 
(a) At 90°F, the number doubles after 30 minutes 

6 hour). 

(b) At 40°F, the number doubles after 3 hours. 
Half-life A breeder reactor converts uranium-238 
into an isotope of plutonium-239 at a rate propor- 
tional to the amount present at any time. After 10 
years, 0.03% of the radioactivity has dissipated (that 
is, 0.9997 of the initial amount remains). Suppose 
that initially there is 100 pounds of this substance. 
Find the half-life. 


Radioactive decay A certain radioactive substance 
has a half-life of 50 hours. Find how long it will take 
for 90% of the radioactivity to be dissipated if the 
amount of material x satisfies 

dx 


“=kx (tin hours 
Zz ( ) 


Drug in an organ Suppose that a liquid carries a 
drug into a 100-cc organ at a rate of 5 cc/s and leaves 
the organ at the same rate. Suppose that the concen- 
tration of the drug entering is 0.06 g/cc. If initially 
there is no drug in the organ, find the amount of drug 
in the organ as a function of time t. 


Drug in an organ Suppose that a liquid carries a 
drug into a 250-cc organ at a rate of 10 cc/s and 
leaves the organ at the same rate. Suppose that the 
concentration of the drug entering is 0.15 g/cc. Find 
the amount of drug in the organ as a function of time 


t if initially there is none in the organ. 
Drug in an organ Suppose that a liquid carries a 


drug with concentration 0.1 g/cc into a 200-cc organ 
at a rate of 5 cc/s and leaves the organ at the same 


48. 


49. 


50. 


Si 


Sa 


33: 
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rate. If initially there is 10 g of the drug in the organ, 
find the amount of drug in the organ as a function of 
time ¢. 


Drug in an organ Suppose that a liquid carries a 
drug with concentration 0.05 g/cc into a 150-cc organ 
at a rate of 6 cc/s and leaves at the same rate. If ini- 
tially there is 1.5 g of drug in the organ, find the 
amount of drug in the organ as a function of time ¢. 


Sales and pricing Suppose that in a certain com- 
pany, the relationship between the price per unit p of 
its product and the weekly sales volume y, in thou- 
sands of dollars, is given by 


Oe 2 oe 

dp S\ ps 
Solve this differential equation if y = 8 when p = 
$24. 


Sales and pricing Suppose that a chain of auto ser- 
vice stations, Quick-Oil, Inc., has found that the rela- 
tionship between its price p for a oil change and its 
monthly sales volume y, in thousands of dollars, is 


ass een 

dp ON DpEe® 
Solve this differential equation if y = 
p = $20. 


18 when 


Tumor yolume_ Let V denote the volume of a tumor, 
and suppose that the growth rate of the tumor satisfies 
dv = —0.11 

A 0.2Ve 
If the initial volume of the tumor is 1.86 units, find an 
equation for V as a function of t. 


Gompertz curves The differential equation 


& = x(a — bin x) 
where x represents the number of objects at time 1, 
and a and b are constants, is the model for Gompertz 
curves. Recall from Section 5.3, “Solution of 
Exponential Equations,” that Gompertz curves can be 
used to study growth or decline of populations, organi- 
zations, and revenue from sales of a product, as well 
as forecast equipment maintenance costs. Solve the 
differential equation to obtain the Gompertz curve 
formula 


x = eloe-co™ 


Cell growth If V is the volume of a spherical cell, 
then in certain cell growth and for some fetal growth 
models, the rate of change of V is given by 


54. 


a5: 


56. 
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dV 2/3 
ah kV“! 
dt 
where k is a constant depending on the organism. If 


V = 0 when t = 0, find V as a function of t. 


Atmospheric pressure ‘The rate of change of atmo- 
spheric pressure P with respect to the altitude above 
sea level /: is proportional to the pressure. That is, 


GE. 
dh 8 


Suppose that the pressure at sea level is denoted by 
P,, and at 18,000 ft the pressure is half what it is at 
sea level. Find the pressure, as a percentage of Fs at 
25,000 ft. 


Newton’s law of cooling Newton’s law of cooling 
states that the rate of change of temperature u = u(t) 
of an object is proportional to the temperature differ- 
ence between the object and its surroundings, where 
T is the constant temperature of the surroundings. 
That is, 
a = k(u — T) 

Suppose an object at 0°C is placed in a room where 
the temperature is 20°C. If the temperature of the 
object is 8°C after 1 hour, how long will it take for the 
object to reach 18°C? 


Newton’s law of cooling Newton’s law of cooling 
can be used to estimate time of death. (Actually the 
estimate may be quite rough, because cooling does 
not begin until metabolic processes have ceased.) 
Suppose a corpse is discovered at noon in a 70°F 
room, and at that time the body temperature is 96.1°F. 
If at 1:00 pM. the body temperature is 94.6°F, use 
Newton’s law of cooling to estimate the time of death. 


. Fossil-fuel emissions The amount of carbon in the 


atmosphere has been estimated to have increased at a 
rate of about 4.3% per year from 1860 until 1973, 
except during the Great Depression and the world 
wars.* This increase is due to carbon emissions from 
fossil-fuel burning and can be modeled by the differ- 
ential equation 

dE 


a parice 0.043E 


*American Scientist, Vol. 79 (July-August 1990), p. 313. 





where ¢ is the number of years since 1860 and E is 

fossil-fuel emissions in gigatons per year. 

(a) Solve this differential equation, and find a partic- 
ular solution that satisfies Z(0) = 0.1. 

(b) Graph your solution and compare it with the 
graph below, which shows actual emissions since 
1860. 


Fossil-fuel emissions 
(gigatons per year) 
Ww 


1860 1890 1920 1950 1980 
Year 


Source: American Scientist, Vol. 79, 
(July-August 1990), p. 313 


. Mutual fund growth The number of mutual funds 


established since 1940 can be modeled by 


2, 


a 0.662y, y(4) = 68 


where ¢ is the number of decades since 1900 and y is 

the number of mutual funds. 

(a) Find the particular solution to this differential 
equation. 

(b) Check your model against the data in the figure 
for 1960 and 1990. 





Mutual Fund Growth History 








1980 
Number of funds 


1940 1950 1960 1970 





Money market funds not included 


Source: Investment Company Institute, published in 
Investment Digest of Valic Co., Vol. 5, No. 2 
(Summer), 1992. 


a] 59. Impact of inflation The impact of a 5% inflation 
rate on a $20,000-per-year pension is shown in the 
accompanying figure. If P represents the dollars of 
purchasing power of a $20,000 pension, then the 
effect of a 5% inflation rate can be modeled by the 
differential equation 

aP = -0.05P, P(0) = 20,000 
where f is in years. 
(a) Find the particular solution to this differential 
equation. 
(b) Check your model against the graph in the figure. 
In particular, find the purchasing power after 30 
years. Does your calculation match the graph? 
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Pension dollars 





Thousands 
i) 





Years 
Source: Viewpoints, Financial news from Valic Co., Summer 1993 




















KEY TERMS AND FORMULAS 
Section Key Terms Formula 
12.1 General antiderivative of f’ (x) fx) +C 
Integral | f(x) dx 
ttl 
Powers of x Formula iE Dns ai tC as =1) 
Integration Formulas | da=x+C 
| cu(x) dx =c | u(x) dx; c = aconstant 
i [u(x) + v(x)] dk = | u(x) dx + | v(x) dx 
[u(x)}""! 
12.2 Power Rule [u(x)]"u' (x) dx = ae +C (n#-1) 
12.3 Logarithmic Formula [ta = [hau =In |u| +C 
Exponential Formula i eu’! dx = | et du=e+C 
12.4 Total cost C(x) = J MC dx 
Total revenue R(x) = J MR dx 
Profit P(x) = R(x) — C(x) 
dc 


Marginal propensity to consume 


Marginal propensity to save 
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Section Key Terms Formula 
; ; . dC 
National consumption C=|fMd= a dy 
12.5 Differential equations 
Solutions 
General 
Particular 
dy 
First order ae =fx~>y=Sfaae » 
Separable g(y) dy = f(x) dx 
= J gy) dy = J f(x) dx 
d 
Radioactive decay s = ky 
Drugs in an organ Rate = (rate in) — (rate out) 
REVIEW EXERCISES 
Sections 12.1-12.3 Section 12.5 
Evaluate the integrals in Problems 1-26. In Problems 27-32, find the general solution to each dif- 
1. S x8dx 2. fx! dx ferential equation. 
3. f 8-32 + 4x45) dx DY _ 4 60-008 a es 
4. f 02-1) de 5. S G2 - 1x dx 27. 7 = 466¢ 28. dy = (64 + 76x — 36x2) dx 
6 fe —3x-)00 — 2x) dx dy 4 dt 
29. —= ped tee 
7. [ (8 + 4x dx 8. S (x3 + 4)%x2 dx ” iri y-3 a0 bay y+1 
fe x Re py, aes te 
9. | ak 10. | ose dx @ at t 
i: a he oO x? dx In Problems 33 and 34, find the particular solution to each 
a een 4 differential equation. 
2 
w+] x>—3x+1 Baye 0) =4 
3. |e pta 4, [ —BAl yas 
15. J ye” dy 16. J (x - 1P dx setts y(2) =0 
3x? e 5 dx 1+ 2y 
piece Sepset Anolis 
oer Ge mea: 20. f xe!+? dx PENCE NOUS 
z Secti ; 
Bp | at 7 is 22. ie = ds ection 12.1 
V1-x 35. Revenue If the marginal revenue for a month for a 


23. | ($F + 5: dx 24. | ls shied Sol vie’ q dx product is MR = 6x + 12, find the total revenue from 
Daahit on (x +1) the sale of 4 units of the product. 


25. (a) f (x2-1)*xdx = (b) SJ (2 — 1) x de 








of @ pak 2 @ Sia? — 1) 2 36. Productivity Suppose that the rate of change of pro- 
we oe duction of the average worker at a factory is given by 
26. (a) | Peery (b) i (x? a 2 dp ; 
x Time ee 0=<t<8 
ye 3x dx 3 
(c) | a (d) i fas 
Vx? -1 2 


where p is the number of units the worker produces in 
t hours. How many units will the average worker pro- 
duce in an 8-hour shift? (Assume that p = 0 when 
t=0.) 


Section 12.2 


37. 


38. 


Oxygen levels in water The rate of change of the 
oxygen level in a body of water after an oil spill is 
given by 


5 50 
mo 400| Gs 5 as 


where ¢ is the number of months after the spill. What 
function gives the oxygen level P at any time t if P = 
400 when t = 0? 


Bacterial growth A population of bacteria grows at 
the rate 
100,000 
a eA N TT 
(t + 100) 


where t is time. If the population is 1000 when t = 1, 
write the equation that gives the size of the population 
at any time ¢. 


Section 12.3 


39. Market share 


The rate of change of the market 
share (as a percentage) a firm expects for a new prod- 
uct is 


dy 
dt 


where ¢ is the number of months after the product is 

introduced. 

(a) Write the equation that gives the expected market 
share y at any time ¢ (Note that y = 0 when 
t= 0.) 

(b) What market share does the firm expect after one 


=24e —0.04r 


year? 


. Revenue If the marginal revenue for a product is 


800 


, find the total revenue function. 
ig +] 





5 


Section 12.4 
41. Cost The marginal cost for a product is MC = 


6x + 4 and the cost of producing 100 items is $31,400. 
(a) Find the fixed costs. 
(b) Find the total cost function. 


42. 


43. 


Review Exercises 
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Profit Suppose a product has a daily marginal 
pore nue MR = 46 anda daily marginal cost MC = 
30 + 5x. If the daily fixed cost is $200.00, how many 
units will give maximum profit and what is the maxi- 
mum profit? 


National consumption If consumption is $8.5 bil- 
lion when disposable income is 0, and if the marginal 
propensity to consume is 


dC 1 


= = > + 0.6 (in billions of dollars 
dy = ~/2y+16 ( ) 


find the national consumption function. 


. National consumption Suppose that the marginal 


propensity to save is 


= = 0.2—0.le?” (in billions of dollars) 


and consumption is $7.8 billion when disposable 
income is 0. Find the national consumption function. 


Section 12.5 


45. 


47. 


Allometric growth For many species of fish, the 
length L and weight W of a fish are related by 


aw _ 3W 
dL L 
The general solution to this differential equation 


expresses the allometric relationship between the 
length and weight of a fish. Find the general solution. 


. Fossil dating Radioactive beryllium is sometimes 


used to date fossils found in deep-sea sediment. The 
amount of radioactive material x satisfies 


dx 


Wi es 


Suppose that 10 units of beryllium are present in a 
living organism and that the half-life of beryllium is 
4.6 million years. Find the age of a fossil if 20% of 
the original radioactivity is present when the fossil is 
discovered. 


Drug in an organ Suppose that a liquid carries a 
drug into a 120-cc organ at a rate of 4 cc/s and leaves 
the organ at the same rate. If initially there is no drug 
in the organ and if the concentration of drug in the 
liquid is 3 g/cc, find the amount of drug in the organ 
as a function of time. 


916 


48. 


Chapter 12 Indefinite Integrals 


Chemical mixture A 300-gal tank initially contains 
a solution with 100 Ib of a chemical. A mixture con- 
taining 2 lb/gal of the chemical enters the tank at 
3 gal/min, and the well-stirred mixture leaves at the 
same rate. Find an equation that gives the amount of 
the chemical in the tank as a function of time. How 
long will it be before there are 500 lb of chemical in 


the tank? 


CHAPTER TEST 





Evaluate the integrals in Problems 1-8. 


1 


3 


Nn 


~ 


\o 


10 


In 


| @e+er- na 2. | (4+ Vi-5 ae 
[seas 1a 
| Ge -6r+ Der Dae 


: | spe dy 


6. [ 1006-00 a 


Ca 


2 
~"_ dy. Use long division. 


Bye l 





. Evaluate | 


: iF | fear = 23 —x + 5e*+ C find f(x). 


Problems 11 and 12, find the particular solution to each 


differential equation. 


11 
12 
13 


.y =484+ 3x, ify(0) =4 
if y(0) = 2 


. Find the general solution of the separable differential 


DY pe 
ae re 


d 
equation ae = xy. 





14, 


16. 


17. 


Suppose the rate of growth of the population of a city 
is predicted to be 

dp 

ee ee) 1,04 

dt 2000¢ 
where p is the population and ¢ is the number of years 
past 2000. If the population in the year 2000 is 
50,000, what is the predicted population in the year 
2010? 


. Suppose that the marginal cost for a product is MC = 


4x + 50, the marginal revenue is MR = 500, and the 
cost of the production and sale of 10 units is $1000. 
What is the profit function for this product? 

Suppose the marginal propensity to save is given by 


dS O25, ana ole 
= = 0.22 — — (in billions of dollars 
dy V0.5y +1 ( 


and national consumption is $6.6 billion when dispos- 
able income is $0. Find the national consumption 
function. 

A certain radioactive material has a half-life of 100 
days. If the amount of material present, x, satis- 


fies & = kx, where t is in days, how long will it take 
for 90% of the radioactivity to dissipate? 


Extended Applications Group Projects 


1. Employee Production Rate 


The manager of a plant has been instructed to hire and train additional employees 
to manufacture a new product. She must hire a sufficient number of new em- 
ployees so that within 30 days they will be producing 2500 units of the product 
each day. 

Because a new employee must learn an assigned task, production will 
increase with training. Suppose that research on similar projects indicates that 
production increases with training according to the learning curve, so that for the 
average employee, the rate of production per day is given by 

aNayAe. 
ee 
where N is the number of units produced per day after t days of training. 
Because of experience with a very similar project, the manager expects the rate 
for this project to be 
aN = —0.05t 
ae 2.5e 
The manager tested her training program with 5 employees and learned that the 
average employee could produce 11 units per day after 5 days of training. On the 
basis of this information, she must decide how many employees to hire and 
begin to train so that a month from now they will be producing 2500 units of the 
product per day. She estimates that it will take her 10 days to hire the employees, 
and thus she will have 15 days remaining to train them. She also expects a 10% 
attrition rate during this period. 

How many employees would you advise the plant manager to hire? Check 

your advice by answering the following questions. 


1. Use the expected rate of production and the results of the manager’s test to 
find the function relating N and t—that is, N = M(t). 

2. Find the number of units the average employee can produce after 15 days of 
training. How many such employees would be needed to maintain a produc- 
tion rate of 2500 units per day? 

3. Explain how you would revise this last result to account for the expected 
10% attrition rate. How many new employees should the manager hire? 
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il. Supply and Demand 


If p is the price of a given commodity at time ¢, then we can think of price as a 
function of time. Similarly, the number of units demanded by consumers q, at 
any time, and the number of units supplied by producers q, at any time, may also 
be considered as functions of time as well as functions of price. 

Both the quantity demanded and the quantity supplied depend not only on 
the price at the time, but also on the direction and rate of change that consumers 
and producers ascribe to prices. For example, even when prices are high, if con- 
sumers feel that prices are rising, the demand may risé. Similarly, if prices are 
low but producers feel they may go lower, the supply may rise. 

If we assume that prices are determined in the marketplace by supply and 
demand, then the equilibrium price is the one we seek. 

Suppose the supply and demand functions for a certain commodity in a 
competitive market are given, in hundreds of units, by 


¥s dp 
G0 TPE ae 


2 ap 
where dp/dt denotes the rate of change of the price with respect to time. If, at 
t = 0, the market equilibrium price is 12, we can express the market equilibrium 
price as a function of time. 

Our goals are 


A. To express the market equilibrium price as a function of time. 

B. To determine whether there is price stability in the marketplace for this item 
(that is, to determine whether the equilibrium price approaches a constant 
over time). 


To achieve these goals, do the following. 
1. Set the expressions for g, and q, equal to each other. 


. Solve this equation for @ 

. Write this equation in the form f(p) dp = g(t) dt. 

. Integrate both sides of this separated differential equation. 

. Solve the resulting equation for p in terms of t. 

. Use the fact that p = 12 when t = 0 to find C, the constant of integration, and 
write the market equilibrium price p as a function of time t. 

7. Find the im p, which gives the price we can expect this product to approach. 


If this limit is finite, then for this item there is price stability in the market- 
place. If jim p = %®, then price will continue to increase until economic 


NOW LY 


conditions change. 
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Warm-up 


Prerequisite Problem Type 


Simplify: 

{[n(n+1)(2n+1)  2n(n+1) 

wrssage fnew ttramrnnetntt, tty, nina en of n 
nr 6 Z 


4 
(a) If Fi) = oe + 4x + C. what is 
F(4) ~ F(2)? 


Dee 9 V8) oe 
(b) If F(x) = g 3x é 


what is F(3) ~ F(2)? 


Find the limit: 


2 

aes no +n 
a) li 5 
(a) lim an” 


On on tod 








(b) in 6n? 
Pay l 
cc) Kian (1 z i) 


(4) Jim (=e + 100,000) 


Find the derivative of y = In x. 


Integrate: 
(a) [Qe + 4) dx 


(b) [xVx° -9 dx 


(c) fe* dx 


| 


For Section 


13.1 


13.2 
13.5 


13.1 
13.7 


13.6 


13.2- 
13.7 


Answer Section for Review 


0.7 Fractions 


(a) 68 1.2 Functional 

notation 
ae NSS 

(b) es In Gs > ) 
9.2 Limits at infinity 

(a) 3 

(b) 3 

(c) 1 

(d) 100,000 


11.1 Derivatives of 


1 
x logarithmic functions 


x3 L222 
@Zt+4x+C Integration 
Oe = OC 

(c) se7+C 


Eo 
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ite Integrals; 
niques of Integration 


We saw some applications of the indefinite integral in Chapter 12. In this chap- 

ter we define the definite integral and discuss a theorem that is useful for eval- 

uating it. We will also see how it can be used to find the areas under certain 

curves. The definite integral is used to solve many interesting types of problems 

from economics, finance, and probability. 

Definite integrals can be used to approximate the total value, the pre- 

sent value, and the future value of a continuous income stream. 

Improper integrals can be used to find the capital values of continuous 

income streams. 

Some consumers in a competitive market are willing to pay more than the 

market equilibrium price, and some producers are willing to sell for less than 

_ this price. The savings are called consumer’s surplus and producer’s sur- 

plus, respectively, and areas under the demand and supply curves are used to 

calculate them. 

: Evaluation of improper integrals is one of three new techniques of integra- 
_tion introduced in this chapter. The other two are use of integral tables and use 

_ of integration by parts. 
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OBJECTIVES 


73.1 Area Under a Curve 


= 7o use the sum of areas of 
rectangles to approximate the 


area under a curve 


s Jo use x notation to denote 


SUMS 


® Jo find the exact area under 2 


curve 





Figure 13.2 


Figure 13.1 





3 6 


Tons per day 
o 8 





eA Gun 8) eel Onl? 
Days 


To estimate the accumulated production for the example in the Application 
Preview, we approximate the area under the graph of the production rate function. 
We can find a rough approximation of the area under this curve by fitting two 
rectangles to the curve as shown in Figure 13.2(b). The area of the first rectangle 
is 5 - 100 = 500 square units, and the area of the second rectangle is 
(10 — 5)[100e~°'7] = 5(60.65) = 303.25 square units, so this rough approxima- 
tion is 803.25 square units. This approximation is clearly larger-than the exact area 
under the curve. Why? 
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EXAMPLE 1 


Fit five rectangles with equal bases inside the area under the curve y = 100e~ 1+, 
and use them to approximate the area under the curve from x = 0 to x = 10 (ee 
Figure 13.2c). 


Sokution 

_ Each of the five rectangles has base 2, and the height of each rectangle is the 
value of the function at the right-hand endpoint of the interval forming its base. 
_ Thus the areas of the rectangles are as follows: 


| 


g 


Rectangle Base Height Area = Base X Height 
1 2 100e~°!@) = 81.87 2(81.87) = 163.74 

| z 2 100e~9'\ = 67.03 2(67.03) = 134.06 

i 3 2 100e~°') = 54.88 2(54.88) = 109.76 

eed 2 100e~°18) = 44.93 2(44.93) = 89.86 

5 2 100e~°11) = 36.79 2(36.79) = 73.58 


| The area under the curve is approximately equal to 
163.74 + 134.06 + 109.76 + 89.86 + 73.58 = 571 


| The area is actually 632.12, to two decimal places, so this approximation is 
| much better than the one we obtained with just two rectangles. In general, if we 
use bases of equal width, the approximation of the area under a curve improves 
| when more rectangles are used. 





Suppose that we wish to find the area between the curve y = x and the 
x-axis from x = 0 to x = 1 (see Figure 13.3). One way to approximate this area 
is to use the areas of rectangles whose bases are on the x-axis and whose heights 
are the vertical distances from points on their bases to the curve. We can divide 
the interval [0, 1] into n equal subintervals and use them as the bases of n rectan- 
gles whose heights are determined by the curve (see Figure 13.4). The width of 
each of these rectangles is 1/n. Using the functional value at the right-hand end- 
point of each subinterval as the height of the rectangle, we get n rectangles as 
shown in Figure 13.4. Because part of each rectangle lies above the curve, the 
sum of the areas of the rectangles will overestimate the area. 

Then, with y = f(x) = x and subinterval width 1/n, the areas of the rectan- 
gles are as follows: 





Figure 13.3 0 
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Figure 13.4 





% % % % % Fn-1 *n 


Rectangle Base Endpoint Height Area = Base X Height 
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Note that i/n? gives the area of the ith rectangle for any value of i. Thus for any 
value of n, this area can be approximated by the sum 
Ts | 2ARIS i n 
A oo aie nde cete ages 
In particular, we have the following approximations of this area for specific 
values of n (the number of rectangles). 
Ee Di BS Pe Age 55 15 


n= 35: A= Taps See SIS NS 75 — 9.60 














n= 10 A~ 7007 1007 1007 * 300 100 0.55 
=e Ont eee ee es ee eee 
nr 10,000. 10,000 10000. anode 
5050 
= Fo009 = 0-505 


We can find this sum for any n more easily if we observe that the common 
denominator is n* and that the numerator is the sum of the first n terms of an 
arithmetic sequence with first term 1 and last term n. As you may recall from 
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Section 6.1, “Simple Interest; Sequences,” the first n terms of this arithmetic 
sequence add to (n + 1)/2. Thus the area is approximated by 


pe hk 2a Phe me Ante 1/2 ne 


< Ne ne 2n 





Using this formula, we see the following. 





oo <i Gas 
Ae gs 0 
Bonen lO tee 

net A~ Fem) = 39 7 95 
Seared s 3100 371 F101 

n= 100: A~ 7199) = 399 = 0.505 


Note that as n gets larger, the number of rectangles increases, the area of each 
rectangle decreases, and the approximation becomes more accurate. If we let n 
increase without bound, the approximation approaches the exact area. 
Rt oe Ta Lae al 
A= lm = lim l = 


n—>+00 2n n—>+co D 2 








We can see that this area is correct, for we are computing the area of a triangle 
with base | and height 1. The formula for the area of a triangle gives 
1 1 1 


bh=>-1-1=5 


Ae > 2 


A special notation exists that uses the Greek letter > (sigma) to express the sum 
of numbers or expressions. (We used sigma notation informally in Chapter 8, 
“Further Topics in Probability; Statistics.”) We may indicate the sum of the n 
numbers G30 Gy, Gy ancy G DY 


n 
De =), +a) + Gy ae 
i=] 


This may be read as “The sum of a, as i goes from | to n.” The subscript i in a, is 
replaced first by 1, then by 2, then by 3, .. . , until it reaches the value above the 
sigma. The i is called the index of summation, and it starts with the lower limit, 
1, and ends with the upper limit, n. For example, if y= agi x, Stal and 
x, = —2, then 
4 

Sy =a tytuyutey, = 2+34+(-1)+(-2) =2 

i=] 
The area of the triangle under y = x that we discussed above was approximated 
by 
a n 


teeee 05 
n? 2 


A=—a+3H+ 


3 jak 
3 wv 
Aw 
3 


Using sigma notation, we can write this sum as 


s~¥ (4) 
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Sigma notation allows us to represent the sums of the areas of the rectangles in 
an abbreviated fashion. Some formulas that simplify computations involving 
sums follow. 





Sum Formulas 


I. Cxyase x, (c = constant) 
ian f=) 

I. Cay) = en er ay, 
i=s i=l i=l 
a) enn 1) 

IV. 2 L= 2 

Vv 8 a — n(n + 1)(Q2n + 1) 


We have found that the area of the triangle discussed above was approximated 
by 


i 
ee 


We can use these formulas to simplify this sum as follows. 
Ss > i 
i=1 7? 


ee rnd) (Formula IV) 


(Formula II) 





as 


Note that this is the same formula we obtained previously using other methods. 
The following example shows that we can find the area by evaluating the 
function at the left-hand endpoints of the subintervals. 


EXAMPLE 2 


| Use rectangles to find the area under y = x? (and above the x-axis) from x = 0 to 


x=1. 
Solution 


We again divide the interval [0, 1] into n equal subintervals of length 1 /n. If we 
evaluate the function at the left-hand endpoints of these subintervals to deter- 
mine the heights of the rectangles, the sum of the areas of the rectangles will 
underestimate the area (see Figure 13.5). Thus we have the following: 


Figure 13.5 
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13.1 Area Under a Curve 


Height 
fla) = 0 
fo)=4 
fx) =5 
fi) => 

(oS 1 

n 

(n — 1)’ 

nz 
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Area = Base X Height 
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Note that (i — 1)?/n3 = (i? — 2i + 1)/n° gives the area of the ith rectangle for 
any value of i. The sum of these areas may be written as 


s- ¥ 


i=1 


nw 


_ tar tn wtn 


6n° 


Si EIS 
n> 


1 re +1)(2n + 1) 


nm 


6 


2 


nee 3a 


wm 


mle | 


6n? 


4( ye-2 Si+ S 1) (Formulas I and II) 
i=l i=1 i=1 


(Formulas V, IV, and I) 


If 1 is large, there will be a large number of smaller rectangles, and the approxi- 
mation of the area under the curve will be good; the larger n, the better the 
approximation. For example, if n = 10, the area approximation is 


S(10) = 


200 30 1 
600 


= 0.285 
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whereas if n = 100, 


20,000 — 300 + 1 


= 0.3 
60,000 oe 


S(100) = 


If we let n increase without bound, we find the exact area. 


3 eal 
pa a eee 
Aan one iim: fo oon 
n—->00 6n noo ea aaa 3 


Note that the approximations with n = 10 and n = 100 were less than 3. This is 
because all the rectangles were under the curve (see Figure 13.5 on the previous 


page). 


Thus we see that we can determine the area under a curve y = f(x) from x = a to 
x = b by dividing the interval [a, b] into n equal subintervals of width (b — a)/n 
and evaluating 





A= lim Sg= lim >) f(x) ( z = *) (using right-hand endpoints) 
n—0o m—>0o f=] 


or 


Rar Ps = ba ; ‘ 
A= lim S, = tim a SES) (= ) (using left-hand endpoints) 


CHECKPOINT | ; 
1. For the interval [0, 2], determine whether the following are true or false. 





(a) For 4 subintervals, each subinterval has width . 


| (&) For 200 subintervals, each subinterval has width at" 


(c) For n subintervals, each subinterval has width 4 
: 2 2 A 
(d) For: subintervals. 7) =U; X= 7a, toe 2A aly ong ee eee nee 
n n i n n 


Zone = 2 x= 7 and lx) = 3x — 2, find: 














n n 
(a) f(x) (b) fix) °—4 
Be bie sat fel eh ta 
(©) a f(%) ——, and simplify (d) lim S’ f(x) = 
is no 
EXAMPLE 3 
To approximate the area under the graph of y = Vx on the interval [0, 4], do the 
following. 


[0, 4]. 
(b) Predict the area under the curve in the graph by evaluating S$ , and S, for 
larger values of n. 


| (a) Use a calculator or computer to find S, and S, for n = 8 on the interval 


Figure 13.6 
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Solution 

Figure 13.6(a) shows the graph of y = Vx with 8 rectangles whose heights are 
determined by evaluating the function at the left-hand endpoint of each interval 
(the first of these rectangles has height 0). Figure 13.6(b) shows the same graph 
with 8 rectangles whose heights are determined at the right-hand endpoints. 








(a) (b) 


(a) The formula for the sum of the areas of n rectangles over the interval [0, 4], 
using left-hand endpoints, is 


: A ae 


i=] 


and the formula for the sum of the areas of n rectangles over the interval 
[0, 4], using right-hand endpoints, is 


“SV rad Vi 


i=] 


We have no formula to write either of these summations in a simpler form, 
but we can use a graphing calculator, computer program, or spreadsheet to 
compute the sum for any given n. For n = 8, the sums are 


= ae and Sp = avi 


pe The following spreadsheet output shows the sum for n = 8 rectangles. 





e 76504 5.70504 
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i As line 11 shows, S, = 4.76504 and S, = 5.76504 for n = 8. 

(b) Larger values of n give better approximations of the area under the curve 
(try some). For example, n = 1000 gives S, = 5.3293 and S, = 5.3373, and 
because the area under the curve is between these values, the area 1s approx- 
imately 5.33, to two decimal places. By using values of n larger than 1000, 
we can get better approximations of the area. 


CHECKPOINT 
SOLUTIONS | 
; 1. All parts are true. 


nde : 2 . . 2 
( feey2=# = (SF -4E) (2 | BF 




















ae ay) n n n 
z Ba PRS 2is or 
(ye ME) a ( eS ) 
-yi_ ys 
mit aw 
-~-2Yy,_ 8 Sz 
PE amen ai ‘ 
_12[n(n+1)]_ 8 [n(n +1)(2n +1) 
n? 2 no | 6 
_O(a+1)  4(n+1)(2n +1) 
n 3n? 
: z Dee : 6n+6 8n*+12n+4 S10 
d) 1 5 = re ee pn Bap ieee 
(¢) oe 2S) n tim, ( n 3n? % SS 
EXERCISE 13.1 
In Problems 1-4, approximate the area under each curve When the area under f(x) = x? + x from x = 0 tox = 2is 
over the interval specified by using the indicated number approximated, the formulas for the sum of n rectangles 
of subintervals (or rectangles) and evaluating the function using left-hand endpoints and right-hand endpoints are 
at the right-hand endpoints of the subintervals. 
1. f(x) = 4x — x? from x = 0 to x = 2; 2 subintervals Left-hand endpoints: Sa= igs aoe 
Sy Sat 


2. f(x) = x3 from x = 0 to x = 3; 3 subintervals 


3. f(x) = 9 — x* from x = —1 to x = 3; 4 subintervals “14n2 + 18n +4 


Right-hand endpoints: Sr = 


4, f(x) =x? +x + | fromx = —1 tox = 1; 3n2 
4 subintervals Use these formulas to answer Problems 9-13. 
In Problems 5-8, approximate the area under each curve 9. Find S,(10) and S,(10). 
by evaluating the function at the left-hand endpoints of 10. Find S,(100) and S$,(100). 
the subintervals. 11. Find lim S, and lim S,. 
5. f(x) = 4x — x* from x = 0 to x = 2; 2 subintervals Ws Compare the right-hand and left-hand values by find- 
6. f(x) = x from x = 0 to x = 3; 3 subintervals ing S, — S, for n = 10, for n = 100, and asn — ~, 
7. f(x) = 9 — x? from x = —1 tox = 3; 4 subintervals (Use Problems 9-11.) 
8. 7G) =x + x + 1 fromx = —Ttox = 1; 13. Because f(x) = x? + x is increasing over the interval 


4 subintervals from x = 0 to x = 2, functional values at the right- 


hand endpoints are maximum values for each sub- 
interval, and functional values at the left-hand end- 
points are minimum values for each subinterval. How 
would the approximate area using n = 10 and any 
other point within each subinterval compare with 
S,(10) and S,(10)? What would happen to the area 
result as n — © if any other point in each subinterval 





were used? 
In coo 14-23, find the value of each sum. 
14, oS Hoa) sot, = > Le, = 5 
4 
js, > x = 3.x = 1,2, = 3,2, = —2 
i=] 
5 
16.659 (Fe 1) 17. Ss — 3) 
a. i-3 
is. > ( ; ) 9. SP 441) 
i=4 j=0 
50 60 
20: 3>, 1 Als 58 
k=1 aie 
50 30 
22. 2, (6k + 5) 23. D>, (k? + 4k) 


k=1 


> 
i 


In Problems 24 and 25, use the Sum Formulas I-V to 
express each of the following without the summation 


20-82) = AC-E NO) 


24. yy ae 
i=1 
Use the function y = x from x = 0 to x = 1 and n equal 
subintervals with the function evaluated at the left-hand 
endpoint of each subinterval for Problems 26-27. 
26. What is the area of the 
(a) first rectangle? 
(c) ith rectangle? 
27. (a) Find a formula for the sum of the areas of the n 
rectangles (call this S). Then find 
(b) S(10). (c) S(100). (d) S(1000). (e) iim S. 
28. How do your answers to Problems 27(a)—(e) compare 
with the corresponding calculations in the discussion 
(after Example 1) of the area under y = x using right- 
hand endpoints? 


For Problems 29(a)-(e), use the function y = x* from x = 0 
to x = 1 and n equal subintervals with the function evalu- 
ated at the right-hand endpoints. 
29. (a) Find a formula for the sum of the areas of the n 
rectangles (call this S). Then find 
(b) S(10). (c) S(100). (d) S(1000). (e) jim S. 
30. How do your answers to Problems 29(a)(e) compare 
with the corresponding calculations in Example 2? 
31. Use rectangles to find the area between y = x? — 
6x + 8 and the x-axis from x = 0 to x = 2. Divide the 


(b) second rectangle? 
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interval [0, 2] into n equal subintervals so that each 
subinterval has length 2/n. 

32. Use rectangles to find the area between y = 4x — 2 
and the x-axis from x = 0 to x = 4. Divide the inter- 
val [0, 4] into n equal subintervals so that each subin- 
terval has length 4/n 


Applications 


33. Speed trials The graph in the figure gives the times 
that it takes a 1994 Porsche 911 to reach speeds from 
O mph to 100 mph, in increments of 10 mph, with a 
curve connecting them. The area under this curve 
from t = 0 seconds to t = 14 seconds represents the 
total amount of distance traveled over the 14-second 
period. Count the squares under the curve to estimate 
this distance. This car will travel 1/4 mile in 14 sec- 
onds, to a speed of 100.2 mph. Is your estimate close 
to this result? (Be careful with time units.) 


y 


Speed (mph) 





2 4 6 8 10 12 14 
Time (seconds) 


Source: Motor Trend, January 1994 


34. Speed trials The graph in the figure gives the times 
that it takes a 1995 Mitsubishi Eclipse GSX to reach 
speeds from 0 mph to 100 mph, in increments of 10 
mph, with a curve connecting them. The area under 
this curve from t = 0 seconds to t = 21.1 seconds 
represents the total amount of distance traveled over 
the 21.1-second period. Count the squares under the 
curve to estimate this distance. This car will travel 1/4 
mile in 15.4 seconds, to a speed of 89.0 mph, so your 
estimate should be more than 1/4 mile. Is it? (Be 
careful with time units.) 


¥. 


Speed (mph) 





4 8 12 16 20 
Elapsed time (seconds) 


Source: Road & Track, June 1994 
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35. Pollution monitoring Suppose the presence of 
phosphates in certain waste products dumped into a 
lake promotes the growth of algae. Rampant growth 
of algae affects the oxygen supply in the water, so an 
environmental group wishes to estimate the area of 
algae growth. The group measures the length across 
the algae growth (see the figure) and obtains the fol- 
lowing data (in feet). 


Length 





Use 8 rectangles with bases of 10 feet and lengths 
measured at the left-hand endpoints to approximate 
the area of the algae growth. 





0 10 20 30 40 50 60 70 80 


36. Drug levels in the blood The manufacturer of a 


medicine wants to test how a new 300-milligram cap- 
sule is released into the bloodstream. After a volun- 
teer is given a capsule, blood samples are drawn 
every half-hour, and the number of milligrams of the 
drug in the bloodstream is calculated. The results 
obtained follow. 





Time t N(t) Time t N@) 
(Ar) (mg) (hr) (mg) 
0 0 2.0 178.3 
0.5 247.3 Phe) ESS) 
1.0 270 3.0 56.2 
i> 236.4 35) 19.3 


Use 7 rectangles, each with height M(t) and with 
width 0.5 hr, to estimate the area under the graph rep- 
resenting these data. Divide this area by 3.5 hr to esti- 
mate the average drug level over this time period. 


13.2 The Definite Integral; The Fundamental 
Theorem of Calculus 


OBJECTIVES 

® Jo evaluate definite integrals 
using the Fundamental Theorem 
of Calculus 

= Jo use definite integrals to find 
the area under a curve 
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‘related t to the definite integr: | and aa to Peta ee nite - ueorals, In addi- 
tion, we will see h — ea walt be used to solv sy fypes of 
plied on SS 








In the previous section, we saw that we could determine the area under a curve 
using equal subintervals and the functional values at either the left-hand end- 
points or the right-hand endpoints of the subintervals. In fact, we can use sub- 
intervals that are not of equal length, and we can use any point within each 
subinterval to determine the height of each rectangle. Suppose that we wish to 
find the area above the x-axis and under the curve y = f(x) over a closed interval 
[a, b]. We can divide the interval into n subintervals (not necessarily equal), with 
the endpoints of these intervals at X = a, X,,X,...,%, = b. We now choose a point 
(any point) in each subinterval, and denote the points x,*, x,*,...,x*,...,x,*. 
Then the ith rectangle (for any i) has height f(x,*) and width x, — x,_,, so its area is 
S(x;*)(@; — x,_,)- Then the sum of the areas of the n rectangles is 


S = > fO9G, =) 


n 
= » F(x;*)Ax,, where Ax, = x, — x,_, 

i=] 

Because the points in the subinterval may be chosen anywhere in the sub- 
interval, we cannot be sure whether the rectangles will underestimate or over- 
estimate the area under the curve. But increasing the number of subintervals 
(increasing 7) and making sure that every interval becomes smaller (just increas- 
ing n will not guarantee this if the subintervals are unequal) will in the long run 
improve the estimation. Thus for any subdivision of [a, b] and any x,*, the area 
is given by 


A= lim > f(x*)Ax, provided that this limit exists 
oe 0 

The preceding discussion takes place in the context of finding the area 
under a curve. However, if f is any function (not necessarily nonnegative) 
defined on [a, b], then for each subdivision of [a, b] and each choice of x,*, we 
define the sum S above as the Riemann sum of f for the subdivision of [a, b]. In 
addition, the limit of the Riemann sum (as max Ax, — 0) has other important 
applications and is called the definite integral of f(x) over interval [a, b]. 





ILS ON PEE OZR RESALE SE OS Ee eee 


Definite Integral If fisa feo on bitie aera [a, b], then the definite integral of f from a to b is 


" fide = lim > fad, 


a oe 





If the limit exists, then the definite integral exists and we say that fis integrable on 
[a, b}. 
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The obvious question is how this definite integral is related to the indefinite inte- 
gral (antiderivative) we have been studying. The answer to this question is given 
by the Fundamental Theorem of Calculus. 





Let f be a continuous function on the closed interval [a, b]; then the definite integral 
of f exists on this interval, and 


| 102) ar = FO) - Fa) 


where F is any function such that F’(x) = f(x) for all x in [a, b}. 





Stated differently, the theorem says that if the function F is an indefinite integral 
of a function f that is continuous on the interval [a, b], then 


[ 2) a= FO) Fla) 


b 





We denote F(b) — F(a) by F(x) 


a 


EXAMPLE 1 
4 

Evaluate | (x? + 4) dx. 
2 


Solution 
sp 4 
4 2 


(4), (2)* 
ee + 4(4) + c| = [S 


= (64+ 16+O-(44+8+Q 
= 68 (Note that the C’s subtract out.) 


4 
| (x° + 4) dx tar+C| 
2 


+ 4(2) + c| 


‘ooantanneronnannannnnranntnnnntenntnnernan ennitorney tans WA WAn nth RTEAD DP NIDY HEH HA 


Note that the Fundamental Theorem states that F can be any indefinite integral 
of f, so we need not add the constant of integration to the integral. 


EXAMPLE 2 
3 

Evaluate | (3x2 + 6x) dx. 
i 


oseseovoenvnonanventrieenrenreenre: 


Solution 


3 3 
[ Geto a = Kata liee 
1 1 


| (8 SSP) Ue 3-11) 
= 54-4=50 
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The properties of definite integrals given below follow from properties of 
summations. 


b 
13h, [ f(x) = g(x)] dx = [ se ae [ g(x) dx 
ml kf(x) dx = ef AX) ax, where k is a constant 


The following example uses both of these properties. 


| EXAMPLE 3 
5 
Evaluate | (Vx —9 + 2)x dx. 
3 
Solution 


|. VE=B +2 a= [ VERS(eae) + | rea 
= 4 (2-920) + | 2eas 
fer 


= 5116)? — (0)°2] + (25 - 9) 








4 tO ae 112 
| “eae |Sigicgaies = 65 


In the integral fe F(x) dx, we call a the lower limit and b the upper limit of 
integration. Although we developed the definite integral with the assumption that 
the lower limit was less than the upper limit, the following properties permit us 
to evaluate the definite integral even when that is not the case. 


y | f(x) dx =0 
4. If fis integrable on [a, b], then 


[re ae=-| ney a 


The following examples illustrate these properties. 








EXAMPLE 4 
4 
Evaluate | x dx 
4 
Solution ke ee ar 
: oT 3. 


Note that because the limits of integration are the same, it is not necessary to 
integrate to see that the value of the integral is 0. 


Definite Integrals; Techniques of Integration 








| EXAMPLE 5 

4 2 

| Compare | 3x? dx and | axe 

i D 4 

Sotition 

| 
[aea=2 = 43-2? = 56 
. ) 

[ seacx =) 4 = —56 
4 4 

§ 

/ Thus 


Another property of definite integrals is called the additive property. 


5. If fis continuous on some interval containing a, b, and c,* then 


[ soy ac= [sears [neo ae 

















EXAMPLE 6 
3 5 5 
Show that | adr + | axdr= | 4x dx. 
4 2 3 2 
; 
Solution 
3 3 
[ arde=2e = 18-—8=10 
2 2 
5 5 
| axde= 20 = 50 —- 18 = 32 
3 3 
j 5 5 
| axdv=2e =50-8=42 
2 2 
Thus 


3 5 5 
{ ardr+ | sxar= | 4x dx 
2 3 2 


Let us now return to area problems, to see the relationship between the defi- 
nite integral and the area under a curve. By the formula for the area of a triangle 
and by summing areas of rectangles, we found the area under the curve (line) 
y = x from x = 0 to x = 1 to be 3 (see Figure 13.7a). Using the definite integral 


to find the area gives 


*Note that c need not be between a and b. 
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i Pea 
A=| rax=¥% 
0 ae ie aD 


2 





In Example 2 of the previous section, we used rectangles to find that the area 
under y = x° from x = 0 to x = 1 was 3 (see Figure 13.7b). Using the definite 
integral, we get 


—0Q= 


1 3 
S eee ee 
A= | 2a 3 3 





1 
0 


which agrees with the answer obtained in Example 2. 
However, not every definite integral represents the area between the curve 
and the x-axis over an integral. For example, 


['c-2ae=S—2 


5 


= (2-4)-()=-2 





y 





Figure 13.7 (a) (b) (3) 


This would indicate that the area between the curve and the x-axis is nega- 
tive, but area must be positive. A look at the graph of y = x — 2 (see Figure 
13.7c) shows us what is happening. The region bounded by y = x — 2 and x-axis 
between x = 0 and x = 2 is a triangle whose base is 2 and height is 2, so its area 
is 3bh = 5(2)(2) = 2. The integral has value —2 because y = x — 2 lies below 
the x-axis from x = 0 to x = 2, and the functional values over the interval [0, 2] 
are negative. Thus the value of the definite integral over this interval does not 
represent the area between the curve and the x-axis. 

In general, the definite integral will give the area under the curve and above 
the x-axis only when f(x) = 0 for all x in [a, b]. 





between y = f(x) and the x-axis from x = a to x = bis given by 


ee b 
(shaded ) [ Ha) 
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CHECKPOINT | 





Rese FCIAC 


- , 1. True or false: 


(a) For any integral, we can omit the constant of integration (the +C). 
cal 


a 
(b) -| Te) ax — f(x) dx, if fis integrable on {—1, 3]. 
== 5 


(c) The area between f(x) and the x-axis on the interval [a, b] is given by 


| F(x) dx. 


_ 2. Evaluate: 


| 
| 
| 


3 3 ‘ 
(a) | (x? + 1) dx (b) | (x? + 1)*x dx 
0 0 


If the rate of growth of some function with respect to time ¢ is f’(f), then the 
total growth of the function during the period from t = 0 to t = k can be found 
by evaluating the definite integral 





[ro a=no = sl8) - 10) 


For nonnegative rates of growth, this definite integral (and thus growth) is the 
same as the area under the graph of f’(t) from t = 0 tot = k. 
We now return to the problem introduced in the Application Preview. 


EXAMPLE 7 
Suppose that money flows continuously into a slot machine at a casino and 
grows at a rate given by 

A’(t) = 100e°" 


where ¢ is time in hours and 0 = t = 10. Find the total amount that accumulates 
in the machine during the 10-hour period, if no money is paid out. 


Solution 
The total amount is given by 


10 10 : 
A= i 100e° dr = 100 | our (0.1) dt 
; i 
10 


= 1000e°" 





0 
= 1000e — 1000 


~ 1718.28 (dollars) 





Graphing Utilities 


Figure 13.8 
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In Section 8.5, “Normal Probability Distribution” we stated that the total 
area under the normal curve is | and that the area under the curve from value x, 
to value x, represents the probability that a score chosen at random will lie 
between x, and x,. 

The normal distribution is an example of a continuous distribution 
because the values of the random variable are considered over intervals rather 
than at discrete values. The above statements relating probability and area under 
the graph apply to other continuous probability distributions determined by 
probability density functions. Thus we can use the definite integral to find the 
probability that a random variable lies within a given interval. Consider the fol- 
lowing example. 


EXAMPLE 8 


Suppose the probability density function for the life of a computer component is 
f(x) = 0.10e~°'™, where x = 0 is the number of years the component is in use. 
Find the probability that the component will last between 3 and 5 years. 


Solution 


The probability that the component will last between 3 and 5 years is the area 
under the graph of the function between x = 3 and x = 5. The probability is 
given by the integral 


5 5 
| 0.10e7 2:!1& dx = — ge 0-10x 
3 3 


ag 05 4 3503 
—0.6065 + 0.7408 
= 0.1343 


R 


Most graphing calculators and graphing utilities have a numerical integration 
feature that can be used to get very accurate approximations of definite integrals. 
This feature can be used to evaluate definite integrals directly or to check those 
done with the Fundamental Theorem. Figure 13.8 shows the numerical integra- 
tion feature applied to the integral in Example 8. Note that when this answer is 
rounded to four decimal places, the results agree. 


fnint(0.10*e*(-0 
«134287561 
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CHECKPOINT 
SGLUTIONS 
oenrnacemmermrrenoe——~ 1. (a) False. We can omit the constant of integration (+C) only for definite 
integrals. 
(b) True 


(c) False. Only if f(x) = 0 on fa, 5] is this true. 





: 3 3 
wee @ | @+pae=S ex =(%+3)-@+0=12 
0 3 x 5 
3 3 
(b) | c+ tear= 4 | (2 + 1)*(2x dx) 
0 0 = 
=! (Gee 
v2 5D ly 





= ol + = (I 


= 7910” = 1) = 99999 


EXERCISE 13.2 








Evaluate the definite integrals in Problems 1-26. 4 2 
3 1 D5: I Vx*-2dx 26. { (3 — 4x) dx 
1. 4x dx 2, 8x dx 2 
0 0 x 
4 5 f/ In Problems 27-30, evaluate each integral (a) with the 
Bel ae 4. I 2 dy Fundamental Theorem and (b) with a graphing utility (as 
i 5 a check). 
ee 
Spec ae 6. I x dx x x 
y 2 a1. | aga 28. [ aha 
1. | 4We dx 8. | 3Vxdx Ret) (ramet *aVa+5 
0 2 shines dx 30. 7 dx 
4 2 ’ 1 x 
9. | Ge 6e = 50 dv. I (Sse eo ak 31. In the figure, which of the shaded regions (A, B, C, or 
: 0 D) has the area given by 
3 3 b 
1. | (x — 4)* dx 12; [ hai 2) ae (a) [ 1 a0 (b) -| F(x) dx? 
f ss 
LS: | itaD) ads 14. [ Cir )iGissx)ids 
2 0 
2 
£5: [ Che 3°) 2x)ide 
-1 


4 
16. i Bi—2)i xdx 


[ ver +3adx 18. 
2 


17. 


19 


21 


23s 


1 


| 
L 
EB 


3 
ap 


y dy 
e* dx 
dz 


De 





24. 
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32. For which of the following functions f(x) does 


2 
{ f(x) dx 
0 


give the area between the graph of f(x) and the x-axis 
from x = 0 to x = 2? 
(a) f@=xr+1 


) f= 
(c) f@y=x-1 

In Problems 33-36, 

(a) write the integral that describes the area of the shaded 
region. 

(b) find the area. 

33.7 34. 


yapxttxtl 7 





37. Find the area between the curve y = —x* + 3x — 2 
and the x-axis from x = | tox = 2. 

38. Find the area between the curve y = x* + 3x + 2 and 
the x-axis from x = —1 tox = 3. 

39. Find the area between the curve y = xe*’ and the 
x-axis from x = 1 tox = 3. 

40. Find the area between the curve y = e™~ and the 
x-axis from x = —1 tox= 1. 


=3 
[ xVxe+1 dx compare with 


=o 


a 
[ xV x7 +1 dx? 
3 


~~ 70 1 
a2. | Bode = —f and [x dr = L, what does 
4 0 
1 


41. How does 


x3 dx equal? 


-1 
ei 4 
43. i | x - x9) dr =} and | (2x — x2) dx = —, 
1 Z 
4 
(x2 — 2x) dx equal? 
; 2 


2 
44. i | (2x — x”) dx = 2 what does I 6(2x — x”) dx 
1 


1 


what does 


equal? 


Applications 


45. Total income The income from an oil change ser- 
vice chain can be considered as flowing continuously 
at an annual rate given by 


f(t) = 10,000e°-*" (dollars/year) 


Find the total income for this chain over the first 2 
years (from t = 0 tot = 2). 


46. Total income Suppose that a vending machine ser- 
vice company models its income by assuming that 
money flows continuously into the machines, with 
the annual rate of flow given by 


f(t) =a 20¢9-011 


in thousands of dollars. Find the total income from the 
machines over the first 3 years. 


Velocity of blood In Problems 47 and 48, the velocity of 
blood through a vessel is given by v = K(R? — r°), where 
K is the (constant) maximum velocity of the blood, R the 
(constant) radius of the vessel, and r the distance of the 
particular corpuscle from the center of the vessel. The rate 
of flow can be found by measuring the volume of blood 
that flows past a point in a given time period. This vol- 
ume, V, is given by 


R 
v= { v(2r dr) 
0 


47. If R = 0.30 cm and v = (0.30 — 3.33r) cm/s, find 
the volume. 
48. Develop a general formula for V by evaluating 


R 
V= | v(27r dr) 
0 


using v = K(R? — r?). 


Production In Problems 49 and 50, the rate of produc- 
tion of a new line of products is given by 


dx 400 
at 200| Peat or 


where x is the number of items produced and ¢ is the num- 
ber of weeks the products have been in production. 

49. How many units were produced in the first 5 weeks? 
50. How many units were produced in the sixth week? 


51. Depreciation [If the rate of depreciation of a build- 
ing is given by D’(t) = 3000(20 — 4,0 St S 20, 
what is the total depreciation of the building over the 
first 10 years (t = 0 tot = 10)? 
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52. Depreciation What is the total depreciation of the gg 55, Dodge Viper acceleration Table 13.1(a) shows the 


building in Problem 51 during the next 10 years (ft = 
10 to t = 20)? 


53. Sales and advertising A store finds that its sales 
change at a rate given by 


S'(t) = —3? + 300r 


where t is the number of days after an advertising 

campaign ends and 0 = t = 30. 

(a) Find the total sales for the first week after the 
campaign ends (t = 0 tot = 7). 

(b) Find the total sales for the second week after the 
campaign ends (t = 7 tot = 14). 


@/ 54. Health care costs The annual health care costs in 


the United States for selected years are given in the 
table below. The equation 


y = 1.094x? — 11.103x + 49.562 


models the annual health care costs, y (in billions of 
dollars), as a function of the years past 1960, x. Use a 
definite integral and this model to find the total cost 
of health care over the period 1960-1995. 


Year | 1960 | 1965 | 1970 | 1975 | 1980 | 1985 
Cost i 27.1 | 41.1 | 73.2, \130.2,1 247.2) 42872 


Year | 1990 | 1992 | 1993 | 1994 | 1995 


Cost | 697.5 | 834.2 | 892.1 | 937.1 | 988.5 
($ million) 
Source: World Almanac, 1998 


time in seconds that a 1996 Dodge Viper GTS 

requires to reach various speeds up to 100 mph. Table 

13.1(b) shows the same data, but with speeds in miles 

per second. 

(a) Fit a power model to the data in Table 13.1(b). 

(b) Use a definite integral from 0 to 9.2 of the func- 
tion you found in (a) to find the distance traveled 
by the Viper as it went from 0 mph to 100 mph in 
9.2 seconds. ‘ 








(a) (b) 
Speed Time 
(seconds) 


Time 
(seconds) 






Speed 








ied 30 £7 0.00833 
2.4 40 2.4 0.01111 
Bed. 50 32 0.01389 
4.1 60 4.1 0.01667 
5.8 70 5.8 0.01944 
6.2 80 6.2 0.02222 
7.8 90 7.8 0.02500 
92 100 92 0.02778 


Source: Motor Trend, April 1998 


73.3 Area Between Two Curves 


OBJECTIVES 
= Jo find the area between two 
curves 


= Jo find the average value of a 
function 
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Figure 13.9 
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We have used the definite integral to find the area of the region between a curve 
and the x-axis over an interval where the curve lies above the x-axis. We can eas- 
ily extend this technique to finding the area between two curves over an interval 
where one curve lies above the other. (See Figure 13.10.) 

Suppose that the graphs of both y = f(x) and y = g(x) lie above the x-axis 
and that the graph of y = f(x) lies above y = g(x) throughout the interval from 
x=atox b; that is, f(x) = g(x) on [a, Bb]. 





Then | f(x) dx gives the area between the graph of y = f(x) and the x-axis 
Figure 13.10 : b : 
(see Figure 13.11a), and | g(x) dx gives the area between the graph of y = g(x) 


and the x-axis (see Figure 13.11b). As Figure 13.11(c) shows, the area of the 
region between the graphs of y = f(x) and y = g(x) is the difference of these two 
areas. That is, 


b b 
Area between the curves = | F(x) dx — | g(x) dx 


a 





Figure 13.11 (a) (b) (c) 
Although Figure 13.11(c) shows the graphs of both y = f(x) and y = g(x) lying 
above the x-axis, this difference of their integrals will always give the area 
between their graphs if both functions are continuous and if f(x) = g(x) on the 
interval [a, b]. Using the fact that 


[4 Gre [ dx = [ Lf(x) — 9(x)] ax 


we have the following result. 


a SLE RA LRT AEE OI FOE ITT IO SS ETE EE SERS TG enc np on oc merc ea nce emcee 


Area Between Two Curves If f and g are continuous functions on [a, b] and if f(x) = g(x) on [a, b], then the 
area of the region bounded by y = f(x), y = g(x), x = a, andx = bis 


A= Uf) - alla 


a 








EXAMPLE 1 
i 


i Find the area of the region bounded by y = x* + 4, y = x, x = 0, andx = 3. 


Figure 13.12 
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| Solution 
We first sketch the graphs of the functions. The graphs of the region is shown in 
| Figure 13.12. Because y = x? + 4 lies above y = x in the interval from x = 0 to 
x = 3, the area is 
3 


3 3 
2 -¥ es pee 
a=[ (e+ x]dx= + 4x 2 Ia 


ll 


(9+12-$)-(+0-0) 


= 16; square units 





We are sometimes asked to find the area enclosed by two curves. In this 
case, we find the points of intersection of the curves to determine a and b. 


EXAMPLE 2 
Find the area enclosed by y = x and y = 2x + 3. 


Solution 
We first find a and b by finding the x-coordinates of the points of intersection of 
the graphs. Setting the y-values equal gives 


FES 
ak =U 
(x= 3x +1) =—0 
= 36x => —1 


Thus a = —1 andb = 3. 


We next sketch the graphs of these functions on the same set of axes. Because 
the graphs do not intersect on the interval (—1, 3), we can determine which 
function is larger on this interval by evaluating 2x + 3 and x? at any value c 
where —1 < c < 3. Figure 13.13 on the next page shows the region between 
the graphs, with 2x + 3 = x* from x = —1 to x = 3. The area of the enclosed 


region is 
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Figure 13.13 | 





ll 


(@+9-9)-(1-3+5) 


10} square units 


Some graphs enclose two or more regions because they have more than two 
points of intersection. 


| EXAMPLE 3 
Find the area of the region enclosed by the graphs of 


y=f@~=xr-x and y= (x)= 


To find the points of intersection of the graphs, we set the y-values equal and 
| solve for x. 


| 

| 

| 8 — x2 = 2x 
e—xr-—2=0 

/ x(x — 2)(x + 1) =0 

| x=0, x=2, x=-l1 

| Graphing these functions between x = —1 and x = 2, we see that for any 

|x x-value in the interval (—1, 0), f(x) = g(x), so f(x) = g(x) for the region enclosed 

by the curves from x = —1 to x = 0. But evaluating the functions for any 

a x-value in the interval (0, 2) shows that f(x) = g(x) for the region enclosed by 

| the curves from x = 0 to x = 2. See Figure 13.14. 

Thus we need one integral to find the area of the region from x = —1 tox = 0 


| and a second integral to find the area from x = 0 to x = 2. The area is found by 
summing these two integrals. 





Figure 13.14 


Graphing Utilities 
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Most graphing utilities have a numerical integration feature, and some can per- 
form both symbolic and numerical integration. 

A graphing utility could be used to find the area enclosed by the graphs of 
y = f(x) = % — x* and y = g(x) = 2x, found in Example 3. By using SOLVER, 
INTERSECT, or ZOOM and TRACE, we can find that the curves intersect at 
x = —1, x = 0, and x = 2. From the graph, shown in Figure 13.13, we see that 
the curves enclose two regions, with f(x) > g(x) for —1 < x < 0 and g(x) > f(x) 
for 0 < x < 2. Thus the area is given by 


[ we-2)-@ole+ | ten-@-Da 


By using the numerical integration feature of a graphing utility, we can find 
the integral (and the area) to be 0.4166666667 + 2.666666667 = 3.083333333. 
This is the same (to nine decimal places) as the decimal representation of 37/12, 
found in Example 3. 
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CHECKPOINT iE 


gr REN AACE NIEEERATIEES SEO OTS 


. True or false: 
(a) Over the interval [a, b], the area between the continuous functions f(x) and 


g(x) is 
[ ve)- sale 


(b) If f(x) = g(x) and the area between f(x) and g(x) is given by 


[ve - sts) | dx 8 


then x = a and x = b represent the left and right boundaries, respectively, of 


the region. 
(c) To find points of intersection of f(x) and g(x), solve f(x) = g(x). 


/ 2. Consider the functions f(x) = x* + 3x — 9 and g(x) = ru 


(a) Find the points of intersection of f(x) and g(x). 

(b) Determine which function is greater than the other between the points found 
in (a). 

(c) Set up the integral used to find the area between the curves in the interval 
between the points found in (a). 

(d) Find the area. 


EXAMPLE 4 
| As we noted in the Application Preview, the inequality of income distribution is 
measured by the Gini coefficient of income, which is defined as 


1 
| Act era = ts CoN Ae a 
| Area below y = x ia ne 


= aif [x= L(x) Pde 


| We can use the data in the Application Preview and a graphing utility to model 
' the Lorenz curve for United States income in 1996. By using a power model, we 
| obtain L(x) = 0.8743x1-%6, 


(a) Use this L(x) to find the Gini coefficient of income for 1996. 
| (b) If the Gini coefficient of income for 1991 is 0.374, suHiE which year is the 
| distribution of income more nearly equal? 


Solution 
(a) The Gini coefficient of income for 1996 is 


2 [ (x — L(x)) dx =2 [ (x = 0.8743x19%) dx 


2 0.8743x7-9262 ] |! 
o 2| ——_——— || =2 ; 2 0.2988 = 0.4024 
0 - 


Z 2.9262 





(b) Absolute equality of income would occur if the Gini coefficient of income 
were 0; and smaller coefficients indicate more nearly equal incomes. Thus 
the distribution of income was more nearly equal in 1991. 
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If the graph of y = f(x) lies on or above the x-axis from x = a to x = b, then 
the area between the graph and the x-axis is 
b 
A= | f(x) dx (See Figure 13.15a.) 


The area A is also the area of a rectangle with base equal to b — a and height 
equal to the average value (or average height) of the function y = f(x) (see 


Figure 13.15b). 
Average height 
of f(x) 


y y 


Average height 
ot f(x) 








a 






A= [f@ dx A = [Average height of f(x)](b — a) 
Figure 13.15 (a) (b) 
Thus the average value of the function is 


A [ees 
foi [ oe 


Even if f(x) = 0 on all or part of the interval [a, b], we can find the average 
value by using the integral. Thus we have the following. 











b 
Average value = | f(x) dx 





| EXAMPLE 5 
Suppose that the cost function for a product is C(x) = 400 + x + 0.3x*. 


(a) What is the average value of C(x) for x = 10 to x = 20 units? 
(b) Find the average cost per unit if 40 units are produced. 


Solution 
(a) The average value of C(x) is 


Peale 1 Rees 
; =— +=+0.1 
LAG |. (400 + x + 0.3x*) dx A5( 400 > +0 ) 


20 








10 


= <5[ (8000 + 200 + 800) — (4000 + 50 + 100)] 





= 485 (dollars) 
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| (b) The average cost per unit if 40 units are produced is the average cost func- 
tion evaluated at x = 40. The average cost function is 


= _ Cys me 


C(x) 24 03x 
Xx 


Thus the average cost per unit if 40 units are produced is 


(40) = a + 1+0.3(40) =23 (dollars) 


CHECKPOINT | 








“3. Find the average value of f(x) = x* — 4 over [—1, 3]. 


/ | EXAMPLE 6 


Consider the functions f(x) = x? — 4 and g(x) = x* — 4x. For each function, do 

the following. 

| (a) Graph the function on the interval [—2, 2]. 

| (b) On the graph, “eyeball” the average value (height) of each function on 
[—2, 2]. 

(c) Compute the average value of the function over the interval [—2, 2]. 


seo pseeionnanevenewvnnnnensinahensenaianennnannwew naar annnnbrsso iiniansenreeseserert 


| Solution 

| For f(x) =x -— 4. 

(a) The graph of f(x) = x? — 4 is shown in Figure 13.16(a). 
| (b) The average height of f(x) may be near —2. 

i (c) The average value of f(x) over the integral is given by 


| sty | oe f- 4) 
B)-(4) 


8 
Ace eee 





|B A~A™ 


| For g(x) = x — 4x. 

(a) The graph of g(x) = x° — 4x is shown in Figure 13.16(b). 
| (b) The average height of g(x) graph may be approximately-0. 
(c) The average value of 9(x) is given by 


eed | 
| 





- (18-48) - 16 _ 16 
16_ FS 16 «8 


~14+1=0 
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Figure 13.16 (a) (b) 


CHECKPOINT 

SGLUTIONS | 

Sj2ane ° « 1..(a) False: This is true only if f(x) = e@) over [aD]. 
(b) True (c) True 


2. (a) Solve f(x) = g(x), or x? + 3x —9 = ay 


a2 + 3x—-—9=0 
3x* + 12x — 36 = 0 
wet+4x—12=0 
(x + 6)\(x — 2) =0 
x=—-6'x=2 
The points of intersection are (—6, 9) and (2, 1). 


(b) Evaluating g(x) and f(x) at any point in the interval (—6, 2) shows that 
g(x) > f(x), so g(x) = f(x) on [—6, 2]. 


@ =| [42 (2432-9) | de 
i -6 





Re. Ok ; 
(d) A==7->-> +9x| = 64 square units 
12," 3a Z a 


1 3 


| 1 “ iets 
hai pai |. -9 #4 (4 ax) . 


G=1)= (-5+4)| 





lr 
oat, 
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EXERCISE 13.3 








For each shaded region in Problems 1-6, (a) form the 
integral that represents the area of the shaded region and 
(b) find the area of the region. 


In Problems 13-26, equations are given whose graphs 
enclose a region. In each problem, find the area of the 
region. 
13. fx) =x +2; g(x) = —-x?s x=0:x=2 
14. f(x) =2; g(x) = -19(10 +x); x =0;x=3 
For each shaded region in Problems 7-12, (a) find the 15. y=x°—1; y=x—-15 tothe right of the y-axis 
points of intersection of the curves, (b) form the integral 16. y=x?—-2x+1; y=x2-—5x4+4; x=2 
that represents the area of the shaded region, and (c) find 17. y = 32%; VS ar 
the area of the shaded region. 18. y=; y=4x—-x2 

19. A(x) =x; k(x) = Vx 

20. gx) =1-x%; A@=24+x 

21. f(x) =x; g(x) = x22 + 2x 

22. fa) =x; g(x) =2x-x 


23. fi) =2; gay =4-x 


24. fa) =2; gay=-x-5 
25. y= Vx+3; x= —-3;y= 
26. y= V4—x, 2=4:. y=3 


In Problems 27-32, find the average value of each func- 
tion over the given interval. 


27. f(x) =9-—x* over [0,3] 
28. f(x) =2x—x* over [0,2] 
29. f(x) =x —-—x over [-1, 1] 
30. f(x) =3x2+1 over [-2,0] 


31. fe) = Vx-2 over [1,4] 
32. fa) = Wx over [-8,—-1] 


/ 33. Usea graphing calculator or computer to find the area 


between the curves y = f(x) = x — 4x and y = 
g(x) = x2 - 4. 


By 34. Use a graphing calculator or computer software to 


find the area between the curves f(x) = Wx and 


SOY a x 


Applications 


35. Income distribution Changes in tax laws in the 
United States during the 1980s were widely thought 
to help the wealthy at the expense of the poor. The 
Lorenz curves for the income distribution in 1980 and 
in 1990 are given below. Find the Gini coefficient of 
income for both years and determine whether the dis- 
tribution of income is more or less nearly equal in 
1990 than it was in 1980. What was the effect of the 
tax laws? 


y = 0.916x!82! 
y = 0.896x!-878 


1980 
1990 


36. Income distribution ‘The Lorenz curves for the 
income distribution in the United States in 1950 and 
in 1970 are given below. Find the Gini coefficient of 
income for both years and compare the distributions 
of income for these years. 


1950 y = 0.925x! 89 
1970 y = 0.920x!-78 


37. Income distribution Data from the U.S. Bureau of 
the Census yields the Lorenz curves given below for 
income distribution among blacks and among whites 
in the United States for 1996. Find the Gini coeffi- 
cient of income for both groups and determine in 
which the group income is more nearly equally 
distributed. 


Whites 
Blacks 


y= 0.8693,x!-8556 
y = 0.8693x2.0982 


38. 


oy. 


40. 


41. 
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Income distribution In an effort to make the distri- 
bution of income more nearly equal, the government 
of a country passes a tax law that changes the Lorenz 
curve for one year from y = 0.99x?! to y = 0.322 + 
0.68x for the next year. Find the Gini coefficient of 
income for both years and compare the distributions 
of income before and after the tax law is passed. 
Interpret the result. 


Average profit For the product whose total cost and 
total revenue are shown in the figure, represent total 
revenue by R(x) and total cost by C(x) and write an 
integral that gives the average profit for the product 
over the interval from x, to x,. 


Dollars Total 


cost 


Total 
revenue 





Output 
xo yj 


Sales and advertising The figure shows the sales 
growth rates under different levels of distribution and 
advertising from a to b. Set up an integral to deter- 
mine the extra sales growth if $4 million is used in 
advertising rather than $2 million. 


Sales Growth Rate 





a b 
Distribution 


Cost The cost of producing x units of a certain item 

is C(x) = x? + 400x + 2000. 

(a) Use C(x) to find the average cost of producing 
1000 units. 

(b) Find the average value of the cost function C(x) 
over the interval from 0 to 1000. 
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42. Inventory management The figure shows how an p= 500+ Boe 
inventory of a product is depleted each quarter of a g+1 


43, 


given year. What is the average inventory per month 
for the first 3 months for this product? (Assume that 
the graph is a line joining (0, 1300) and (3,100).) 


f(x) 





Sales and advertising The number of daily sales of 
a product was found to be given by 


S = 100xe~*” + 100 


x days after the start of an advertising campaign for 

this product. 

(a) Find the average daily sales during the first 20 
days of the campaign—that is, from x = 0 to 
x = 20. 

(b) If no new advertising campaign is begun, what is 
the average number of sales per day for the next 
10 days (from x = 20 to x = 30)? 


44. Demand The demand function for a certain product 


is given by 


45. 


46. 


47. 


where p is the price and g is the number of units 
demanded. Find the average price as demand ranges 
from 49 to 99 units. 


Interest rates The equation y = 0.00144100x4 — 
0.0593608x7 + 0.740741x? — 2.573133x + 6.941375 
describes interest rates for the years 1970 to 1989, 
where x = 0 in 1970. Use a definite integral from 0 to 
19 to compute the average interest rate over the 
period. 


Total income Suppose that the income from a slot 
machine in a casino flows continuously at a rate 


f(t) = 100e°:! 


where t is the time in hours since the casino opened. 
Then the total income during the first 10 hours is 
given by 


10 
[ 100e°"' dt 
0 


Find the average income over the first 10 hours. 


Drug levels in the blood A drug manufacturer has 
developed a time-release capsule with the number of 
milligrams of the drug in the bloodstream given by 


S = 30x!87 — 240x!17 + 480,47 


where x is in hours and 0 < x < 4. Find the average 
number of milligrams of the drug in the bloodstream 
for the first 4 hours after a capsule is taken. 


13.4 Applications of Definite Integrals in Business 


and Economics 


OBJECTIVES 
To use definite integrals to find 
total income, present value, and 
future value of continuous 
income streams 
To use definite integrals to find 
the consumer's surplus 
To use definite integrals to find 
the producer's surplus 
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Continuous income Streams 


An oil company’s profits depend on the amount of oil that can be pumped from a 
well. Thus we can consider a pump at an oil field as producing a continuous 
stream of income for the owner. Because both the pump and the oil field “wear 
out” with time, the continuous stream of income is a function of time. Suppose 
f(t) is the (annual) rate of flow of income from this pump; then we can find the 
total income from the rate of income by using integration. In particular, the total 
income for k years is given by 


ke 
Total income = | f(t) at 
0 


| EXAMPLE 1 
_ A small oil company considers the continuous pumping of oil from a well as a 
| continuous income stream with its annual rate of flow at time t given by 


| f(t) = 600e-° 
| in thousands of dollars. Find an estimate of the total income from this well over 
the next 10 years. 


Solution 


10 10 
Total income = | f(t) dt = | 600e~°-" dt 
0 0 


10 








| 600 e 0-28 
0 
i = 2594 (to the nearest integer) 


i 


| Thus the total income is approximately $2,594,000. 


In addition to the total income from a continuous income stream, the pre- 
sent value of the stream is also important. The present value is the value today 
of a continuous income stream that will be providing income in the future. The 
present value is useful in deciding when to replace machinery (such as the oil 
pump in the example) or what new equipment to select. 

To find the present value of a continuous stream of income with rate of flow 
f(t), we first graph the function f(f) and divide the time interval from 0 to k into 
n subintervals of width At,, i = 1 ton. 

The total amount of income is the area under this curve between t = 0 and 
t = k. We can approximate the amount of income in each subinterval by finding 
the area of the rectangle in that subinterval. (See Figure 13.17.) 


fo) 








Figure 13.17. 0 At, k 
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Present Value 
of a Continuous 
Income Stream 





We have shown that the future value S that accrues if $P is invested for ¢ years at 
an annual rate 7, compounded continuously, is 


S = Pe” 


Thus the present value of the investment that yields the single payment of $$ 
after t years is 


The contribution to § in the ith subinterval is S, = f(¢,) At, and the present value 
of this amount is 


P= flijore. | 
Thus the total present value of S can be approximated by 
> f(t) Aten” 
This approximation improves as At, — 0 with the present value given by 
an, > f(t) Ate~™ 


This limit gives the present value as a definite integral. 


CH ROE EG Re SES 


If f(t) is the rate of continuous income flow earning interest at rate 7 com- 
pounded continuously, then the present value of the continuous income stream is 





k 
Present value = | f(t)e” dt 
0 


where t = 0 tot = kis the time interval. 


EXAMPLE 2 i 

Suppose that the oil company in Example 1 is planning to sell the well because 
of its remote location. Suppose further that the company wants to use the present 
value of the well over the next 10 years to help establish its selling price. If the 
company determines that the annual rate of flow is 


F(t) = 600e-0%0+5) 


in thousands of dollars, and if money is worth 10%, compounded continuously, 
find this present value. 
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Solution 


Present value = | f(t)e"" dt 
0 


10 
a) 6000792 5)e-0-18 ty 
0 


10 
| 600¢-°"! at 
0 





_ 600 ,-o3-1|"" 
=0.3° ; 
= —2000(e"* — e7!) 


= 699 (to the nearest integer) 
Thus the present value is $699,000. 


paceman 





Future Value If f(t) is the rate of continuous income flow for k years earning interest at rate 7, 
of a Continuous compounded continuously, then the future value of the continuous income 


Income Stream _ stream is 
k 
FV= | f(t)e" dt 
0 


EXAMPLE 3 

If the rate of flow of income from an asset is 1000e°°” and if the income is 
invested at 6%, compounded continuously, find the future value of the asset 4 
years from now. 


Solution 
The future value is given by 


=e [noe dt 


4 4 
= e(0.06)4 ma 1000e°%92#e~ 9-068 dt= e024 j 1 000e~ 0% dt 
0 


25000e-° 5 = —25000e°*[ e861 
ae 
= 4699.05 


‘Sormasmasegn naan innnernsanmnannnannyrrnnannnaynaannnnn aiinuAtan Aaah nsinuan ena tannnnanmnnwnannnninninnnnrnemannnnniohinsiier 


CHECKPOINT | 





1. Suppose that a continuous income stream has an annual rate of flow given by 
f(t) = 5000e~°°"", and suppose that money is worth 7%, compounded continu- 
ously. Create the integral used to find 
(a) the total income for the next 5 years. 

_ (b) the present value for the next 5 years. 

(c) the future value 5 years from now. 
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Consumer's Surplus 


Suppose that the demand for a product is given by p = f(x) and that the supply 
of the product is described by p = g(x). The price p, where the graphs of these 
functions intersect is the equilibrium price (see Figure 13.18). As the demand 
curve shows, some consumers (but not all) would be willing to pay more than 
$p, for the product. 

For example, some consumers would be willing to buy x, units if the price 
were $p,. Those consumers willing to pay more than $p, are benefiting from the 
lower price. The total gain for all those consumers willing to pay more than Sp, 
is called the consumer’s surplus, and under proper assumptions the area of the 
shaded region in Figure 13.18 represents this consumer’s surplus. 

Looking at Figure 13.19, we see that if the demand curve has equation 
p = f(x), the consumer’s surplus is given by the area between f(x) and the x-axis 
from 0 to x,, minus the area of the rectangle denoted TR: 


cs = [50 dx — pix 


Note that p,x, is the area of the rectangle that represents the total revenue (see 
Figure 13.19). 


P Price 






Consumer's 


surplus Supply 


Quantity 


xy 


x3 x x 


Figure 13.18 Figure 13.19 


| 


i 


i 
: 


| 
| 





EXAMPLE 4 


The demand function for a product is p = 100/(x + 1). If the equilibrium price 
is $20, what is the consumer’s surplus? “ 


Solution 


| We must first find the quantity that will be purchased at this price. Letting 
p= 20 and solving for x, we get 





_ 100 

ee ee 

20(x + 1) = 100 
e+ T= 5 


x=4 
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Thus the equilibrium point is (4, 20). The consumer’s surplus is given by the 
_ formula 
x) 4 
evil TX a pn _ OO: = ona 
0 Got el 


4 


— 80 
0 


i = 100(In 5 — In 1) — 80 
= 100(1.6094 — 0) — 80 
| = 160.94 — 80 

= 80.94 





: = 100In [x + 1| 


| The consumer’s surplus is $80.94. 


| EXAMPLE 5 


_ A product’s demand function is p = V49— 6x and its supply function is 
| p=x+ 1. Find the equilibrium point and the consumer’s surplus there. 


Solution 
We can determine the equilibrium point by solving the two equations simulta- 


neously. 

V49 —6x=x+1 

49 — 6x = (x + 1) 

| 0 = x7 + 8x — 48 

| 0=(+ 12)a - 4) 

i x=4 or x=—-12 

| Thus the equilibrium quantity is 4 and the equilibrium price is $5 (because 
| x = —12 is not a solution). The graphs of the supply and demand functions are 
i 


shown in Figure 13.20. 
The consumer’s surplus is given by 


4 
os= | fx) dx- px 


4 
=| V 49 — 6xdx-—5-4 
0 





4 
-i| \/49 — 6 (—6 dx) — 20 
0 


4 
220 
0 


Figure 13.20 


digg — 6,)3/2 
9 (49 6x) 





.OASMAADDANALANanaas a onnnhnnann anno neemannanantnren een 


—3{(25)9? = (49)°?] - 20 


aah 
9 
~ 24.22 — 20 = 4.22 


(125 — 343) — 20 


ss noses ynnnnnnaaan nn wMinnanninneynrwnane an aNA>MADDANSINN 


The consumer’s surplus is $4.22. 
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EXAMPLE 6 

If a monopoly has a total cost function C(x) = 60 + 2x* for a product whose 
demand is given by p = 30 — x, find the consumer's surplus at the point where 
the monopoly has maximum profit. 


Solution 
We must first find the point where the profit function is maximized. Because the 
demand for x units is p = 30 — x, the total revenue is 


R(x) = (30 — x)x = 30x — x* 


Thus the profit function is 


P(x) = RQ) — C(x) 
POY = "30x x — (00 + 2x) 


so sob trains 


P(x) = 30x — 60 — 3x? 


| Then P’(x) = 30 — 6x. So 0 = 30 — 6x has the solution x = 5. 

Because P”(5) = —6 < 0, the profit for the monopolist is maximized when 
x = 5 units are sold at price p = 30 — x = 25. 
i The consumer’s surplus at x = 5, p = 25 is given by 


5 ; 
cs= | fl) ax-5-25 
0 


where f(x) is the demand function. 


5 
a (30 — x) dx — 125 


0 








% 


= ei 
| = 30x- 7] — 125 
% ee 
| = (150 = 125 ~ 
i 
— 25 _ 
| =, 1220 


The consumer’s surplus is $12.50. 
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Producer’s Surplus 


When a product is sold at the equilibrium price, some producers will also bene- 
fit, for they would have sold the product at a lower price. The area between the 
line p = p, and the supply curve (from x = 0 to x = x,) gives the producer’s 
surplus (see Figure 13.21). 

If the supply function is p = g(x), the producer’s surplus is given by the 
area between the graph of p = g(x) and the x-axis from 0 to x, subtracted from 
the area of the rectangle Ox, Ep,. 


x) 


PS = pix, -| g(x) dx 


Note that p,x, represents the total revenue at the equilibrium point. 


p 








p = g(x) Supply 


E(x, Pi) 


Figure 13.21 


EXAMPLE 7 


| Suppose that the supply function for a product is p = x? + x. If the equilibrium 
price is $20, what is the producer’s surplus? 


Solution 
Because p = 20, we can find x as follows: 
20 x + x 
0=x+x- 20 
0=(«*+5)@-4) 
x=-5, x=4 


The equilibrium point is x = 4, p = 20. The producer’s surplus is given by 
4 
ps=20-4-| (x7. +x) dx 
0 


ee |i" 
= w- (+5) 


64 
= s0-(§ +8) 


= 50.67 





0 


eorenennarwcenntanneeyrenvaneanesnnenasstivinasdis 
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| The producer’s surplus is $50.67. See Figure 13.22. 





Figure 13.22 


| EXAMPLE 8 
The demand function for a product is p = 49 — 6x and the supply function is 
p =x + 1. Find the producer’s surplus. 


Samion 
| We found the equilibrium point for these functions to be (4, 5) in Example 5 (see 
Figure 13.20). The producer’s surplus is 


4 
ps=5-4-| (x +1) dx 
0 


x )f 
= 20-{* + 
(5**)_, 
0 


—(8+4) =8 





The producer’s surplus is $8. 


CHECKPOINT , 
oe Suppose that for a certain product, the supply function is p = f(x), the demand 


function is p = g(x), and the equilibrium point is (x,, p,). Decide whether the 
following are true or false. 


x) 


(a) CS= i fa) dx—p,x, — (b) PS= i fxddx — px, 








1”. supply is p = x + 1, and the market equilibrium is 
(9, 10), create the integral used to find the 
(a) consumer’s surplus. (b) producer’s surplus. 


3. If demand is p = 


~ 





| EXAMPLE 9 
Suppose that for a certain product, the demand function is p = 200e~°°* and the 
supply function is p = V 200x + 49. 
(a) Use a calculator or computer to find the market equilibrium point. 


(b) Find the consumer’s surplus. 
(c) Find the producer’s surplus. 
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Solution 
| (a) Solving 200e~°°'* = V200x + 49 requires solving 


40000e~°°* = 200x + 49 


which is very difficult using algebraic techniques. Using SOLVER or 
i TRACE gives x = 60, to the nearest unit, with a price of $109.76. (See 
: Figure 13.23a.) 

_(b) The consumer’s surplus is 


60 
| 200e~°°'* dx — 109.76(60) = [ — 20,000e~°°* 16 — 6585.60 
0 


= —20,000e-° + 20,000 — 6585.60 
= 2438.17 


(c) The producer’s surplus is 


60 
60( 109.76) -| V/200x + 49 dx 
0 


= __1 { (200x + 49)37]° 
| = 6585.60 a Ee 


= 6585.60 — spp (120497 — 499/2)] 


= 2178.10 


| 
| 
: Note that we also could have evaluated these definite integrals with the 
| numerical integration feature of a graphing utility, and we would have obtained 
the same results. 


Consumer's 





Figure 13.23 | (a) 





CHECKPOINT 
SOLUTIONS | 





5 
=e lei(a) i 5000e~°"" dt 
| @) I (5000e-°!)(e- 077) dt = | 5000e~°* dt 
i 0 0 


i 
i 


5 


5 
(c) gous | (5000e~°91*)(e- 0.077) dt = e935 i 5000e-°-98# dt 
0 0 


2. (a) False. Consumer’s surplus uses the demand function, so 


cs = | g(x) dx — px, 


0 
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(b) False. Producer’s surplus uses the supply function, but the formula is 


100 


9 
Sea) os= | 100. ae — 99 


EXERCISE 13.4 





Continuous income Sireams 


Le 


Find the total income over the next 10 years from a 
continuous income stream that has an annual rate of 
flow at time t given by f(t) = 12,000 (dollars). 


. Find the total income over the next 8 years from a 


continuous income stream with an annual rate of flow 
at time t given by f(t) = 8500 (dollars). 


. Suppose that a steel company views the production of 


its continuous caster as a continuous income stream 
with a monthly rate of flow at time t given by 


f(t) = 24,000e°" (dollars) 


Find the total income from this caster in the first year. 


. Suppose that the Quick-Fix Car Service franchise 


finds that the income generated by its stores can be 
modeled by assuming that the income is a continuous 
stream with a monthly rate of flow at time t given by 


f() = 10,000e°* (dollars) 


Find the total income from a Quick-Fix store for the 
first 2 years of operation. 


- A small brewery considers the output of its bottling 


machine as a continuous income stream with an 
annual rate of flow at time tf given by 


f(t) = 80e-%!" 


in thousands of dollars. Find the income from this 
stream for the next 10 years. 


. A company that services a number of vending 


machines considers its income as a continuous stream 
with an annual rate of flow at time t given by 


f(t) = 1206-0 


in thousands of dollars. Find the income from this 
stream over the next 5 years. 


. A franchise models the profit from its store as a con- 


tinuous income stream with a monthly rate of flow at 
time ¢ given by 


f(t) = 300029 (dollars) 





10. 


11. 


12. 


132 


PS = pix, | fl) de 


9 
(b) ps = 90 - | (x + 1) dx 
0 


“ 


When a new store opens, its manager is judged 
against the model, with special emphasis on the 
second half of the first year. Find the total profit for 
the second 6-month period (¢ = 6 to t = 12). 


. The Quick-Fix Car Service franchise has a continu- 


ous income stream with a monthly rate of flow mod- 
eled by f(t) = 10,000e°°™ (dollars). Find the total 
income for years 2 through 5. 


. A continuous income stream has an annual rate of 


flow at time ¢ given by 


f(t) = 12,000e°* (dollars) 


If money is worth 8%, compounded continuously, find 
the present value of this stream for the next 8 years. 

A continuous income stream has an annual rate of 
flow at time t given by 


f(t) = 9000e°!”" = (dollars) 


Find the present value of this income stream for the 
next 10 years, if money is worth 6%, compounded 
continuously. 

The income from an established chain of laundromats 
is a continuous stream with its annual rate of flow at 
time ¢ given by f(t) = 63,000 (dollars). If money is 
worth 7%, compounded continuously, find the pres- 
ent value and future value of this chain over the next 
5 years. 

The profit from an insurance agency can be consid- 
ered as a continuous income stream with an annual 
rate of flow at time t given by f(t) = 84,000 (dollars). 
Find the present value and future value of this agency 
over the next 12 years, if money is worth 8%, com- 
pounded continuously. 

Suppose that a printing firm considers the production 
of its presses as a continuous income stream. If the 
annual rate of flow at time t is given by 


f() = 97.Se~02t + 3) 


in thousands of dollars, and if money is worth 6%, 
compounded continuously, find the present value and 
future value of the presses over the next 10 years. 


14, 


ES: 


16. 
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Suppose that a vending machine company is consid- — 


ering selling some of its machines. Suppose further 
that the income from these particular machines is a 
continuous stream with an annual rate of flow at time 
t given by 


f@® = 12e70-4t + 3) 


in thousands of dollars. Find the present value and 
future value of the machines over the next 5 years if 
money is worth 10%, compounded continuously. 

A 58-year-old couple is considering opening a busi- 
ness of their own. They will either purchase an estab- 
lished Gift and Card Shoppe or open a new Video 
Rental Palace. The Gift Shoppe has a continuous 
income stream with an annual rate of flow at time ¢ 
given by 


G(t) = 30,000 (dollars) 


and the Video Palace has a continuous income stream 
with a projected annual rate of flow at time t given by 


V(t) = 21,600¢°" (dollars) 


The initial investment is the same for both businesses, 
and money is worth 10%, compounded continuously. 
Find the present value of each business over the next 
7 years (until the couple reaches age 65) to see which 
is the better buy. 

If the couple in Problem 15 plans to keep the business 
until age 70 (for the next 12 years), find each present 
value to see which business is the better buy in this 
case. 


Consumer’s Surplus 


WE 


18. 


19, 


20. 


21. 


Dae 


The demand function for a product is p = 34 — x’. If 
the equilibrium price is $9, what is the consumer’s 
surplus? 

The demand function for a product is p = 100 — 4x. 
If the equilibrium price is $40, what is the consumer’s 
surplus? 

The demand function for a product is p = 200/(x + 
2). If the equilibrium quantity is 8 units, what is the 
consumer’s surplus? 

The demand function for a certain product is p = 
100/(1 + 2x). If the equilibrium quantity is 12 units, 
what is the consumer’s surplus? 

The demand function for a certain product is p = 
81 — x2 and the supply function is p = x* + 4x + 11. 
Find the equilibrium point and the consumer's sur- 
plus there. 

The demand function for a product is p = 49 — x* 
and the supply function is p = 4x + 4. Find the equi- 
librium point and the consumer’s surplus there. 


os 


24. 


25: 


20: 
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If the demand function for a product is p = 
12/(x + 1) and the supply function is p = 1 + 0.2x, 
find the consumer’s surplus under pure competition. 
If the demand function for a good is p = 110 — x? 
and the supply function for it is p = 2 — $x + $2’, 
find the consumer’s surplus under pure competition. 
A monopoly has a total cost function C = 1000 + 
120x + 6x? for its product, which has demand func- 
tion p = 360 — 3x — 2x’. Find the consumer’s sur- 
plus at the point where the monopoly has maximum 
profit. 

A monopoly has a total cost function C = 500 + 
2x? + 10x for its product, which has demand function 
p = —3x? — 2x + 30. Find the consumer’s surplus at 
the point where the monopoly has maximum profit. 


Producer's Surplus 


20 


28. 


20. 


30. 


at. 


32. 


33: 


34. 


ae 


36. 


Suppose that the supply function for a good is p = 
4x* + 2x + 2. If the equilibrium price is $422, what 
is the producer’s surplus there? 

Suppose that the supply function for a good is p = 
0.1x? + 3x + 20. If the equilibrium price is $36, what 
is the producer’s surplus there? 

If the supply function for a commodity is p = 10e*%, 
what is the producer’s surplus when 15 units are 
sold? 

If the supply function for a commodity is p = 40 + 
100(x + 1)*, what is the producer’s surplus at 
x = 20? 

Find the producer’s surplus for a product if its 
demand function is p = 81 — x’ and its supply func- 
tion is p = x? + 4x + 11. 

Find the producer’s surplus for a product if its 
demand function is p = 49 — x* and its supply func- 
tion is p = 4x + 4. 

Find the producer’s surplus for a product with 
demand function p = 12/(x + 1) and supply function 
p=1+0.2x. 

Find the producer’s surplus for a product with 
demand function p = 110 — x* and supply function 
p=2-—8x+ 5x. 

The demand function for a certain product is p = 
144 — 2x2 and the supply function is p = x? + 33x + 
48. Find the producer’s surplus at the equilibrium 
point. 

The demand function for a product is p = 280 — 
4x — x? and the supply function for it is p = 160 + 
4x + x*. Find the producer’s surplus at the equilib- 
rium point. 
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73.5 Using Tables of Integrals 


OBJECTIVE 


® Jo use tables of integrals to 
evaluate certain integrals 





TABLE 13.2 Integration Formulas 


LEE HEN SIE OE RE EG IS IEE IE EEE IIS SE SEER I SEU 





SRLS ZSERIES RE ES ESN SSIS SS 





n+] 


yt} 
1 | we au= +C, form 
2 | ¢= [ut du = in| + C 

















ies tauteg ee 
3 [a du=a"log.e+C nore 
4 [edu=e+c 
du ] atu 
2 [oS See a-u es 
6 | Viera du = hu et+a+einju+t V+ a))4+C 
1. | Vie=@ du = uit =a ~ anu + Vu? — al) +C 
du 
g | 4 = nu + Vuiet+ai+C 
Vu? + a | | 
siy| Seer, “1 eave a 
Juve a u 
du 
10. { 4 = Inu + w—-al+cC 
Ane = nut Vie =a + C 
du 1, jatVe+uv “ 
u. [—#—--1 ———— 
uva+iwv a 
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udu _ iu 

12. [24% = Zin lau +b] + C 
u 

s ar. in au+b oe 
14. [neste 

udu 
1S. | ee (im lau + 6) + te )+e 

2(3au — + p)3? 

16. ie Vau + b du = “Ca et PY 





EXAMPLE 1 
dx 
Evaluate i Ss 
V+4 
Solution 


We must find a formula in Table 13.2 that is of the same form as this integral. 
We see that formula 8 has the desired form, if we let u = x and a = 2. Thus 





dx 
a en Ve 
les | | 
EXAMPLE 2 
dx 
Evaluate r pare 
Solution 


There does not appear to be any formula having exactly the same form as our 
integral. But if we rewrite our integral as 


faery 


we see that formula 13 will work. Letting u = x, a = 1, and b = 2, we get 

















2 2 
(inn etal de i]t 
2(3-m5) 
33 
= 5in1.5 


Although the formulas in Table 13.2 are given in terms of the variable u, 
they may be used with any variable. 
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| EXAMPLE 3 
| Evaluate | z: 
ead 
| Sofution 
| The formula that applies in this case is formula 5, with a = 3 and u = q. Then 
d 1 3+ tes oar | 
q q Pag Gi 
: \eeer peso Gua 
| EXAMPLE 4 


| 
| Evaluate | In (2x + 1) dx. 
i 

| Solution 

| This integral has the form of formula 14, with u = 2x + 1.Butifu=2x+1,du . 
| must be represented by the differential of 2x + 1 (that is, 2 dx). Thus 

| [ nax+ayae=3 | n(x +1)2ax) 


= 5 (2x+ 1)[In (2x +1) -1]+C 


CHECKPOINT | 





1. Can both | be evaluated with formula 10 in 


Table 13.2? 


= aa -| 
VP Va—x2 





2. Determine the formula used to evaluate | dx, and show how the formula 


% 
An iS 
would be applied. 


3. True or false: In order for us to use a formula, the given integral must correspond 
exactly to the formula, 1 ean du. 


| 4. True or false: | PGe—7) 3 7 7) can be evaluated with formula 13. 


| 5. True or false: | GEELE can be evaluated with either formula 1 or formula 15. 


6. True or false: JV2x2 +4 dx can be evaluated with formula 1, formula 6, or 





formula 16. 
EXAMPLE 5 
i Bvaluate | 2 — 
LV 8l— 
Sofution 


u = 3x, and multiplying the numerator and denominator by 3 give the proper 


i 

| This integral is similar to that of formula 9 in Table 13.2. Letting a = 9, letting 
ie 

: form. 
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lw | ae 











9+ V81 — 9x7 
ae "bl Sai ak oe 
Tera sea) 


= 0.0889 


Remember that the formulas given in Table 13.2 represent only a very small 
sample of all possible integration formulas. Additional formulas may be found in 
books of mathematical tables. 


EXAMPLE 6 

In 1982, the rate of increase of new AIDS cases was predicted to be 
| aN _ 5s 

i aia 2'(700) 


| where ft is the number of years since 1982. If the number of AIDS cases was 

1012 in 1982 (t = 0), what would be the predicted number of cases for 1986 

(t = 4), before added attention was given to prevention? 

Solution 

Finding the predicted number of cases N in 1986 requires evaluating the integral 
N =] 2700) dt = 700 J 2' dt 


z 
| 
| and using the fact that NV = 1012 when t = 0 to find the constant C. The integral 
| has the form of formula 3 with a = 2 and u = t. 





N = 700) 2'dt = 700-5 +C 
Using N = 1012 when t = 0 gives 
ees 
1012 = 700 - nae Fae 
1012 = 1010+ C 
C=2, 
so 
De 
N=700 - no ee 


Di 
N= 700 - nz +2 ~ 16-160 
The actual number of cases in 1986 was 13,898. Paying more attention to 
| prevention has reduced the rate of spread of the disease somewhat, changing the 
| function that models the number of cases. Models using more recent data are 


3 

| 

| The number of cases in 1986 (when t = 4) is predicted by this model to be 
i 

Z 

| 

| discussed in other sections of the text. 
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Cl 


Graphing Utilities | Numerical integration with a graphing calculator or computer software is espe- 
ially useful in evaluating definite integrals when the formulas for the integral 


are difficult to use or are not available. For example, evaluating the definite inte- 
gral in Example 5 above with the numerical integration feature of a graphing 
utility gives 0.08892484. The decimal approximation of the answer in Example 


5 


is 0.088924836, so the numerical approximation of the answer agrees for the 


first eight decimal places. 


CHECKPOINT 
SOLUTIONS | 
Kear cI 8 OEM SONALI SS ELA 1 
4 
6 


EXERCISE 13.5 


. No. Although 


‘ 


dx 
— = can be evaluated with formula 10 from Table 13.2, 
| Vre-4 
dx 
== —_<—— cannot, because V4-— x? cannot be rewritten in the form 
| V4-x 


Vu? — a’ as is needed for this formula to be used. 


. Use formula 12 with u = x, a = 4, b = —S, and du = dx. 











See ar & udu _ Bae: 
[ petzana| 2% -3/ 25-34 5 tn jau + | +C) 


= 242 im ax-5] + 


. True. An exact correspondence with the formula and du is necessary. 
. False. With u = x*, we must have du = 2x dx. In this problem there is no x with 


dx, so the problem cannot correspond to formula 13. 


. False. The integral can be evaluated only with formula 1, not with formula 15. 


The correspondence is u = 6x + 1, du = 6 dx, andn = —2. 


. False. The integral can be evaluated only with formula 6, with u = x, du = dx, 


anda = 2. 





Evaluate the integrals in Problems 1-32 
a 2 


1. 16—-x 26245) 


4 dx dx 
1xV9txr hi a 





: dy 

; + 
dx 13 |» V4w + 5 dw 14, Vo+y 
15. | xs?ax 16. | var+4 ax 


: z 
; Ee 17. | xVxr4+4dx 18. | vVF=36 ar 
S iz =| WGyoss) 0 eas 
: ICN ee 
f qdq z | dq 19. 2V4 ~ 932 20. [eta 
0 6g +9 1 qgV25+4q dx 


3 x, ieee 2 
9. | xa 10. | VE 16 de Ss 25 — 4x 
0 1 
dx 
: 23. [2% 24. | “ 
ie Mae 2S idx 2, | x— 16 west 
5 


(3x 





+2)? 


dx 
— \5- (2x + 3)? 


25. [eee 
+ 
[VF FS ax 28, [ vineay 


1 
30 og dx 
leo 


32. | evieri a 


0 


ws. | ott 


31. a 
V4 +7 








&/ Use formulas or numerical integration with a graphing 


calculator or computer to evaluate the definite integral in 
Problems 33-36. 


; tok ind Bx 
33. | = dx S40 ay. 
DNA all Z Vxt-—9 


Se ax | 
35: j, (42 +5) 6 : (e+ 1) ev ax 





Applications 


37. Producer’s surplus If the supply function for a 
commodity is p = 40 + 100 In (x + 1)?, what is the 
producer’s surplus at x = 20? 


38. Consumer’s surplus If the demand function for a 
good is p = 5000e~* + 4, where x is the number of 
hundreds of bushels of wheat, what is the consumer’s 
surplus at x = 7, p = 9.10? 

39. Cost (a) If the marginal cost for a good is MC = 
x2 +9 and if the fixed cost is $300, what is the 
total cost function of the good? 

(b) What is the total cost of producing 4 units of this 
good? 


40. Consumer’s surplus 


4]. 


42. 
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Suppose that the demand func- 
tion for an appliance is 


_ 400g + 400 
Be Gg a 


What is the consumer’s surplus if the equilibrium 
price is $19 and the equilibrium quantity is 18? 


Income streams Suppose that when a new oil well 
is opened, its production is viewed as a continuous 
income stream with monthly rate of flow 


f@-= 10la @ + 1) — 0.11 


where ¢ is time in months and f(f) is in thousands of 
dollars. Find the total income over the next 10 years 
(120 months). 


Spread of disease An isolated community of 1000 
people susceptible to a certain disease is exposed 
when one member returns carrying the disease. If x 
represents the number infected with the disease at 
time t (in days), then the rate of change of x is pro- 
portional to the product of the number infected, x, 
and the number still susceptible, 1000 — x. That is, 


dx _ = Sea 
eu x(1000 — x) 


dt 

(a) If k = 0.001, integrate both sides to solve this 
differential equation. 

(b) Find how long it will be before half the popula- 
tion of the community is affected. 

(c) Find the rate of new cases, dx/dt, every other day 
for the first 13 days. 


x) OF =k dt 


73.6 Integration by Parts 


OBJECTIVE 


= Jo evaluate integrals using the 
method of integration by parts 





on equipment is consid- 


972 


2S 


Integration by Parts | udv=uw- > du 
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Formula 17 in Table 13.2 follows from the Product Rule for derivatives (actually 
differentials) as follows. 


‘“ 


doe go deen 2 
ig (ER) Bei Mage so d(uv) =udv+vdu 


Rearranging the differential form and integrating both sides give the following. 
u dv = d(uv) — v du 
fudv=Jdwv) - Svdu 
Judv=uv—JSvdu 











Integration by parts is very useful if the integral we seek to evaluate can be 
treated as the product of one function, u, and the differential dv of a second func- 
tion, so that the two integrals Jdv and Jv - du can be found. Let us consider an 
example using this method. 


EXAMPLE 1 
Evaluate J xe* dx. 


We cannot evaluate this integral using methods we have learned. But we can 
| “split” the integrand into two parts, setting one part equal to u and the other part 
equal to dv. This “split” must be done in such a way that J dv and J v du can be 
evaluated. Letting u = x and letting dv = e* dx are possible choices. If we make 
these choices, we have 


} 
| Solution 
| 





s 


u=x dv = e* dx 





du = \ dx ya feane 


[sede= uv | va 


=x:e— [ede 


isconhabas srscndeeesiacbesc asta lodeionsearcoacesaase7is onettseepalsiat a uestes aaa saatatis 


= 7 —¢4+C 
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We see that choosing u = x and dv = e* dx worked in evaluating J xe* dx in 
Example 1. If we had chosen u = e* and dv = x dx, the results would not have 
been so successful. 

How can we select u and dy to make integration by parts work? There are 
no general rules for separating the integrand into u and dy, but the goal is to 
select a dy that is integrable and will result in an | v du that is also integrable. 
There are usually just two reasonable choices, and it may be necessary to try 
both. Practice will enhance your insight and lead to increasingly successful 
choices. Consider the following examples. 


EXAMPLE 2 
Evaluate J x In x dx. 


Solution 
| Let u = Inx and dv = x dx. Then 


Sine 


oe ae and y= 
xX 


[xinxax=u. v=o du 


so 


= x 1 ix 
aaa | oon 
iG 
= Finx- | Fa 
Sue mes 
= “5 Inx span © 


Note that letting dv = In x dx would lead to great difficulty in evaluating J dv and 
J v du, so it would not be wise choice. 


EXAMPLE 3 
Evaluate | In x? dx. 


Solution 


It is frequently good practice to let expressions involving logarithms be part of u 
in integrating by parts, because the derivatives of logarithmic expressions are 
usually simple. 

In this problem, we can let u = In x*. Thus 


b= In dv = dx 
UP 2x8 pened, oa 
=e +o v=x 
Then 
[ m2 ae=xinx- [x 


=xlnx-2x+C 
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Note that if we write In x° as 2 In x, we can also evaluate this integral using 
| formula 14 in Table 13.2, so integration by parts would not be needed. 


CHECKPOINT | 


Ae NEEM EPL ELALE AML AEN ODDIE 


. 1. True or false: In evaluating | u dv by parts, 

(a) the parts u and dv are selected and the parts du and v are calculated. 
(b) the differential (often dx) is always chosen as part of dv. 
(c) the parts du and v are found from u and dv as follows: 


du=u'dx and v=Jdy 
(d) For | = dx, we could choose u = 3x and dv = e* dx. 


De For | BF ax 
ce 


(a) identify u and dv. 
(b) find du and v. 
(c) complete the evaluation of the integral. 


Sometimes it is necessary to repeat the integration by parts to complete the eval- 
uation. As before, the goal is to produce a new integral that is simpler. 


| EXAMPLE 4 
Evaluate J x2e2* dx. 


| Sofution 
| Let u = x2 and dv = e* dx, so du = 2x dx and v = 4e%. Then 


| Pesac=hee— | sea 





We cannot evaluate J xe* dx directly, but this new integral is simpler than the 
original, and a second integration by parts will be successful. Letting u = x and 
dv = e* dx gives du = dx and v = je”. Thus 


| Pe ae= jee — (Grex | Sear] 





led tee 1 
= are axe + 4° +C 
= fe™(2x? — 2x +1) +C i 
The most obvious choices for u and dv are not always the correct ones, as 


the following example shows. Integration by parts still requires some trial and 
error. 


| EXAMPLE 5 
| Evaluate Jf PV + 1 dx. 
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Soliution 


Because x* can be integrated easily, it may appear that the new integral would be 
simplified if we let u = x +1 and dv = x. But then du would be 
(x2 + 1)7"2x dx, making | v du more complicated than the original integral. 
However, we can use Vx” + 1 as part of dv, and we can evaluate j dv if we let 
dy = xV x + 1 dx. Then 


u= x dv = (x2 + 1)!2x dx 
du = 2x dx v= | 2+ 1Gax=4] (e+ 1)'?(2x dx) 


(2+ 1)3? 


siyon gee 


ae 
y 


then | eV? +1dx= Soe + 132 — [de + 1)32(2x dx) 


Rie wy dd eat 1)? 
= —(x +1)? Rh Sy NG 


otk ent 
- Awa ee eC 


We now consider the problem in the Application Preview. 


EXAMPLE 6 


Suppose that the value of oil produced by a piece of oil extraction equipment is 
considered a continuous income stream with an annual rate of flow at time ¢ 
given by 


f(t) = 300,000 — 25002, 0st=10 


and that money is worth 8%, compounded continuously. Find the present value 
of the piece of equipment. 


Solution 


The present value of the piece of equipment is given by 
10 


(300,000 — 2500r)e~ °° dt 
0 


10 10 
= 300,000 | e” 9-8" de — 2500 | fe °C at 
0 0 








300,000 —ooer| i ee 
Se AOL Ga — 2500 te dt 
—0.08° |, ' 
The value of the first integral is 
_ 300,000 -o08,|"° _ 300,000 os _ 300,000 
~72008ea |, =0.08 —0.08 





~ —1,684,983.615 + 3,750,000 
= 2,065,016.385 
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| The second of these integrals can be evaluated by using integration by parts, 

















| with u = t and dv = e~°°* dt. Then du = 1 dt and v = < = and this integral 
_ is 
i 7 0-088 7 0-088 
| =2500 fe te" dt =— 2500“ = 0.08 |, e 2500 [vs a0: 037 
_ 2500 0.0% m 4, 2500. ,-008| 
~ 0.08 0.0064 E 
| _ 2500 j,-08 4 2500 _,-o3_ _2500_ 

~ 0.08 0.0064 0.0064 

= —74,690.572 


| Thus the sum of the integrals is 
2,065,016.385 + (—74,690.572) = 1,990,325.823 


and the present value of this piece of equipment is $1,990,325.82. 


One further note about integration by parts. It can be very useful on certain 
types of problems, but not on all types. Don’t attempt to use integration by parts 
when easier methods are available. 


et 





evaluate the integral in Example 6 gives the present value of $1,990,325.80, so 
this answer is the same as that found in Example 6, to the nearest dollar. 


CHECKPOINT 
SOLUTIONS | 





1. (a) True (b) True (c) True 
(d) False. The product of u and dv must equal the original integrand. Rewrite as 


| [ Se ae= [ axe ax 


and then choose u = 3x and dv = e~ dx. 
2 (a) u =Inxanddv = x‘ dx 
—3 


i ae ee 
(b) du =~ dx and v = iE dx a 


(c) [ 8£ac=w - | vau . 
f Vee eee 
= ann( 5) le 


ee eer Cra 
3x rife a 


£1 Bex 
PB) ic 


In x J 


= Tig 9 4 © 


| 





EXERCISE 13.6 





In Problems 1-16, use integration by parts to evaluate the 
integral. 





1 | xe ax ps | xesax 
3. [emra Ag | eincax 
6 1 
s. | qVq-—4dq 6. j Wi 3) ay 
4 
In x In (x— 1) 
ee OL 8. | a 
[3 Vel 
9. | In x dx 10. | ade 
1 eS 
Ht. [ xin ax- 3a 12. | xin @o a 


13; | GV ¢ —3dq 
4 

| ere | PV P49 dx 
0 

In Problems 17-24, use integration by parts to evaluate 


the integral. Note that evaluation will require integration 
by parts more than once. 


x 
14. | —=—=ad 
l= 


16. | Veimxde 





1 
17. | x2e* dx 18. | xe dx 
0 
2 
19. | x3e" dx 20. | eax 
0 
21 | outa: 22. | = dx 
’ wee 
23. | veri ds 24. I (In x)? dx 


In Problems 25-30, match each of the integrals with the 
formula or method (I-IV) that should be used to evaluate 


it. Then evaluate the integral. 
‘ du 
L. Integration by parts IL. fe du Wl. [# IV. Ezz 


25. | xe? ax 


27. | everias 


ot 
29. | Sat 
0 @ 


26. | sen ir 
Vo—x 
28. | Ax? e® dx 


30. [evita 
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Applicalons 


31. Producer’s surplus If the supply function for a 
commodity is p = 30 + 50 In (2x + 1), what is the 
producer’s surplus at x = 30? 


32. Cost If the marginal cost function for a product is 
MC =1+3I1n( + 1), and if the fixed cost is $100, 
find the total cost function. 


33. Present value Suppose that a machine’s production 
can be considered as a continuous income stream 
with annual rate of flow at time t given by 


f(t) = 10,000 — 500¢ (dollars) 


If money is worth 10%, compounded continuously, 
find the present value of the machine over the next 5 
years. 


34. Present value Suppose that the production of a 
machine used to mine coal is considered as a continu- 
ous income stream with annual rate of flow at time ¢ 
given by 


f( = 280,000 — 14,0002 (dollars) 


If money is worth 7%, compounded continuously, 
find the present value of this machine over the next 8 
years. 


35. Income distribution Suppose the Lorenz curve for 
the distribution of income of a certain country is 
given by 


y=xe*! 
Find the Gini coefficient of income. 


36. Income streams Suppose the income from an 
Internet access business is a continuous income 
stream with annual rate of flow given by 


f(t) = 100te~°" 


in thousands of dollars. Find the total income over the 
next 10 years. 
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73.7 Improper Integrals and Their Applications 






"APPLICATION PREVIEW 


We saw in Section 13.4, “Applications of Definite Integrals in Business and 
Economics,” e ite — — of a continuous: income — over a 


OBJECTIVES 
® Jo evaluate improper integrals 







® Jo apply improper integrals to 
continuous income streams and 
to probability density functions 


Figure 13.24 


Let us consider how to find the area between the curve y = 1/x? and x-axis to the 
right of x = 1. 

To find the area under this curve from x = 1 to x = b, where b is any num- 
ber greater than 1 (see Figure 13.25), we evaluate 


b b 
as age ES tee ee eek 
[pans (Ber4 
Note that the larger b is, the closer the area is to 1. If b = 100, A = 0.99; if 


b = 1000, A = 0.999; and if b = 1,000,000, A = 0.999999. 
We can represent the area of the region under 1/x* to the right of 1 using the 


notation 
b 1 1 
tim [ax = jim (1 -) 


where jim represents the limit as b gets larger without bound. Clearly, 


| ane 
ee 


: te 
jim (1-5) 21 





a. 





Figure 13.25 


so 
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Thus the area under the curve y = 1/x to the right of x = 1 is 1. 
In general, we define the area under a curve y = f{x) to the nght of x = a, 
with f(x) = 0, to be 


b 
Area = lim (area from ato b) = lim | f(x) dx 
boo boo Jaq 


This motivates the definition that follows. 





improper Integral | WG) de = tim | flax) dx 


If the limit defining the improper integral is a unique finite number, we say that 
the integral converges; otherwise, we say that the integral diverges. 





EXAMPLE 1 
Evaluate the following improper integrals, if they converge. 


(a) I ue w | ie 
Solution 
SS] 

2 1 
-1 -1 )| 
2p)? 

Pere 
(+4) 


Now as b > &, = — 0, so the limit, and the integral, converge to 7 


[Sa-3 


~ dx = jim Jim | i] 


lim 

b—co 
= lim 

bo 

lim 

b— co 
That is, 


ral 
) {+ gett 5 jim 
] 


= jim (In b — In 1) 


Now In b increases without bound as b — ©, so the limit, and the integral, 
diverge. We write this as 
| z ax = 00 
1 x 
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Figure 13.26 


From Example 1 we can conclude that the area under the curve y = 1/x° to 
the right of x = 1 is 3, whereas the corresponding area under the curve y = 1/x is 
infinite. (We have already seen that the corresponding area under y = 1 jx is 1) 

As Figure 13.26 shows, the graphs of the curves look similar, but the graph 
of 1/x? gets “close” to the x-axis much more rapidly than the graph of 1//x. The 
area under y = 1/x does not converge to a finite number because as x > ~ the 
graph of 1/x does not approach the x-axis rapidly enough. 





EXAMPLE 2 


Suppose that an organization wants to establish a trust fund that will provide a 
continuous income stream with an annual rate of flow at time t given by f(t) = 
10,000. If the interest rate remains at 10%, compounded continuously, find the 
capital value of the fund. 


Solution 
The capital value of the fund is given by 


io e "dt 


where f(f) is the annual rate of flow at time ¢, and r is the annual interest rate, 
compounded continuously. 


‘co b a 
| 10,000e~°'™ dt = jim 10,000e~°!™ at 
0 =2con)0) 
b 
= jim |- 100.0006" 
0 


= lim (=n 100,000) 


b->co 


AUN OMRON NALIN ELEN NSNLOLRCOLON Att NCH AAPOR UICC atantCCCrETEttt tates iasammntCCamaT tii tet tbmNtttiinaneenntccslenentettitaeCiteanntitesabmCCCan tt rtctShtte: 
scovore-tevscsconectareenaneevapnsancatenetsiecaennentetesin 


= 100,000 
Thus the capital value of the fund is $100,000. 
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Another term for a fund such as the one in Example 2 is a perpetuity. 
Usually the rate of flow of a perpetuity is a constant. If the rate of flow is a con- 
stant A, it can be shown that the capital value is given by A/r (see Problem 37 in 
the exercise set). 


CHECKPOINT | 
. 1. True or false: 
(a) »lim pe = Oifp = 0 (b) fim eae it pee 
| ©) dim e”=(Qifp>0 
_ 2. Evaluate the following Gf they exist). 


(a) | aap a = lim: | x0” ax o) | on 
1 0 


coe Vat 





A second improper integral has the form 
b 
[roa 
and is defined by 
b b 
[pe ae= tim |e) ax 
—co a—->co —a 
The integral converges if the limit is finite. In addition, the improper integral 
[rea 
—co 
is defined by 


[400 dx = lim [0 dx + lim [10 ae 


b— oo 


for any finite constant c. (0 is often used for c.) If both limits are finite, the 
improper integral converges; otherwise, it diverges. 


EXAMPLE 3 
Evaluate the following integrals. 





Solution 
4 4 
(a) e* dx = lim e* dx 





| 

& 
45 
at 
Ca ae 
|r 
Se 

a 
enero 
| rs 
a 
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} a 
i ey: lo Li yipaale 
~ i [(3)e-(3)(e), 
=a (because 1/e** > 0 as a > &) 
j 


(®) " eaeers tim | aa ares e+ lim | aap 743 ™ 


mT oral] 





lI 





| Sy 
sien ca ew Lapel eee t 
| = sim |-4(4-a45) |+ am | Ges 5) 
| ys a 
ee sO 
ince lim = 0° and lim 1 _=0 
Riera pee St ae soo bt +3 


In Section 13.2, “The Definite Integral,” we calculated the probability that a 
computer component will last between 3 and 5 years when the probability den- 
sity function for the life span is f(x) = 0.10e~°'™, where x is the number of 
years, x = 0. The probability that the component will last more than 3 years is 
given by the improper integral 


| 0.10e~°!™ dx 
3 


which gives 
b 
lim | 0.1069" dx = lim [=e >] 
b- 00 J3 b—co 
= lim (—e7 0! + 3) 
b—>0o 
= e °3 = 0.7408 


We noted in Chapter 8, “Further Topics in Probability” that the sum of the 
probabilities for a probability distribution (a probability density function) equals 
1. In particular, we stated that the area under the normal probability curve is 1. 


SSR CSS Cr 





SEE ORE ROO OEE NL ON I I ON SE IN 


ty Density In cee if fx) = 0 for all x, then fis a probability density ae for a con- 





Function tinuous random variable if and only if me 
[7 se ae=1 





The complete probability density function for the life span of the computer 
component mentioned above is 


4 [0:10 ie 0 
TS i ifx<0 
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We can verify that 


[i feo are 


for this function. 


[#0 dx = [fe dx + bs if (a):dx = {e 0 dx + i 0.10270! dy 


0 


b 
=0+ lim | Otter ot dx 


boo Jo 
=F: Glee OF OxD 
eae 
= jim pe os 1] 
=] 
In Section 8.2, “Discrete Probability Distributions,” we found the expected 
value (mean) of a discrete probability distribution using the formula 


E(x) = > xPr(x) 


For continuous probability distributions, such as the normal probability dis- 
tribution, the expected value, or mean, can be found by evaluating the improper 
integral 


| ve) a 





ee SS 
aE s 


Mean (Expected Value) _ If x is a continuous random variable with probability density function f, then the 
mean of the probability distribution is 


p= [veda 








The normal distribution density function, in standard form, is 





fla) = Gao? 


so the mean of the normal probability distribution is given by 


= 1 =e 
= x e ax 
i ic ( V 21 


0 b 











= if : xe? !? dx + lim xe* dx 
ao Jag QT b—-0o 0 nr 
0 b 
ag [ea] + ig le] 
2a Ege POO Nir 0 


pale, 


V 2a 


(0+1)=0 
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This verifies the statement in Chapter 8 that the mean of the standard normal dis- 
tribution is 0. 


/ | EXAMPLE 4& 


In x : 
a and above the x-axis. 


: This can be done by evaluating the integral over the interval where f(x) is above 





| Find the area of the region below the graph of f(x) = 


| the x-axis. It is not possible to find two points where f(x) = 0, so we will use 
| graphs to find the interval and to evaluate the integral. 


(a) Graph y = f(x) to find the interval over which to integrate. 
| (b) Evaluate the integral of f(x) over this interval. 


Solution 

(a) The graph of y = f(x) is shown in Figure 13.27(a). Using TRACE and 
ZOOM shows that f(1) = 0 and f(x) approaches 0 as x approaches +@. 
Thus the area is found by evaluating 


| 
+c0 +00 b 

| | fle) ax= | Ox dx = lim [ Bea 
1 1 x b—->+00 





1 * 


b 
a} dx requires the use of integration by parts, with 
1 


(b) Evaluating | 


u=in'x' and dv= x 











Thus 
=4 
ee and y= 2 
x eal 
Inx a x! b b * 1 In x b -1 |b 
j Z ax=(1nx)(25)| Ne as Os oe es ee 
-(-22 Ind Vio fale spel re alee 
b 1 b b b 
= et Pye : ~ eve we no 
[naa lim (1 b xP) = him 1 b3c0 Be boo De 
We have not developed a method to evaluate jim (22) or, equivalently, 
: In x 
iim (22). But we can use ZOOM and TRACE to-see that the graph of 


ie Dee IEC : 
y=1i- ahd approaches 1 as x approaches + (see Figure 13.27b). 
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(b) 


Figure 13.27 





Inb 


-i- *) = |, and the area under y = f(x) | f(x) dx = 
1 
n 


CHECKPOINT 

SOLUTIONS | 
pies) True (b) True (c) True 
: b —1/3 | 


2 @ Jim | ear jim 5] 








: ~Si —o 
= jim (53-52) -0+3=3 




















; b 1/2 |b 
t a ze F. ( ae 1) 
Dr ae A ae ae 
[tot aeaes fr Cg Gee ae x+1 
= jim @Vb+1-2)=0 
(Integral diverges) 
EXERCISE 13.7 
In Probl 1-20, evaluate the impro integrals that 0 0 
wid ; ORS BEY 13. | xe dx 14 | ak 
eee eh a wo (+1) 
= Eo 
i =—— a i —qdx 6 3x 
I x® 1 x" 159 | Sa 16. i. xe se | dx 
dt eee 0 L 
pete 4. ——, 2x x 
> J, PA 5 (x— 1) Pe lee i 1S i‘ @+ip”™ 
. -x Zz —x3 oO co 
5. I ede . j foe Mee 19. | x3e-%* dx 20. | xte-® dx 
oo co ] -—co —oo 
7 | ae 8. | ze 21. For what value of c does 
t 1 
co ee c 
9. | e dx 10. ‘ xe*” dx l gon at = 1? 
0 1 
—1 —2 x 
10 psi oh 22. For what value of c does 
11 [Ba 2: (2 eK 1 dx a : 
| = dx=1? 
10 x 
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In Problems 23-26, find the area, if it exists, of the region [3 35. Find the area below the graph of y = f(x) and above 
under the graph of y = f(x) and to the right of x = 1. 


Zt. 


I 











3 
i =-—7 24. fx) = 
oa ee Ve 
l i 
; = 26. f@) = 
ee ee Wx 
Show that the function 
200 oe yi 
aoe ther = 
fx)=4 
0 otherwise 


28. 


29. 


30. 


oH 


32. 


33. 


34. 


is a probability density function. 

Show that 

ifr=0 
ift<0 


Bem 


f(z) = ‘ 


is a probability density function. 
For what value of c is the function 


cin? tara! 


ia) e otherwise 


a probability density function? 
For what value of c is the function 


_ jé/a®> ifz=100 
Fla) = 1 otherwise 


a probability density function? 
If 


—x/4 x=0 


x<0 


ce 


ro= {6 


is a probability density function, what must be the 
value of c? 
If 


et aa xO 
ifx<0 


f(x) = ‘ 


is a probability density function, what must be the 
value of c? 

Find the mean of the probability distribution if the 
probability density function is 


ee ifx=10 
faa oe ge 
0 otherwise 
Find the mean of the probability distribution if the 
probability density function is 
if x= 100 
otherwise 


c/x? 


soya {é 


e/ 36. 


the x-axis for f(x) = 24xe~*. Use the graph of y = 
f(x) to find the interval for which f(x) = 0 and the 
graph of the integral of f(x) over this interval to find 
the area. 

Find the area below the graph of y = f(x) and above 
the x-axis for f(x) = x7e~* and x = 0. Use the graph 
of the integral of f(x) over this interval to find the 
area. 


Applications ‘ 


Shs 


38. 


39. 


41. 


42. 


43. 


Capital value Suppose that a continuous income 
stream has an annual rate of flow at time f given by 
f{(Q) = A, where A is a constant. If the interest rate is r 
(as a decimal, r > 0), compounded continuously, 
show that the capital value of the stream is A/r. 


Capital value Suppose that a donor wishes to pro- 
vide a cash gift to a hospital that will generate a con- 
tinuous income stream with an annual rate of flow at 
time t given by f(t) = $20,000. If the annual interest 
rate is 12%, compounded continuously, find the capi- 
tal value of this perpetuity. 


Capital value Suppose that a business provides a 
continuous income stream with an annual rate of flow 
at time f given by f(t) = 120¢°™ in thousands of dol- 
lars. If the interest rate is 9%, compounded continu- 
ously, find the capital value of the business. 


. Capital value Suppose that the output of the 


machinery in a factory can be considered as a contin- 
uous income stream with annual rate of flow at time t 
given by f(t) = 450e~° in thousands of dollars. If 
the annual interest rate is 6%, compounded continu- 
ously, find the capital value of the machinery. 


Capital value A business has a continuous income 
stream with an annual rate of flow at time t given by 
f(t) = 56,000e°°~ (dollars). If the interest rate is 
10%, compounded continuously, find the capital 
value of the business. 


Capital value Suppose that a business provides a 
continuous income stream with an annual rate of flow 
at time t given by f(t) = 10,800e°% (dollars). If 
money is worth 12%, compounded continuously, find 
the capital value of the business. 


Radioactive waste Suppose that the rate at which a 
nuclear power ‘plant produces radioactive waste is 
proportional to the number of years it has been oper- 
ating, according to f(f) = 500r in pounds per year. 
Suppose also that the waste decays exponentially at a 


rate of 3% per year. Then the amount of radioactive 
per y . 


waste that will accumulate in b years is given by 


b 

| 500re 9 @C-9 at 

0 

(a) Evaluate this integral. 

(b) How much waste will accumulate in the long 
run? Take the limit as b > © in (a). 


. Field intensity The field intensity around an infi- 
nitely long, straight electrical wire is 


45. 


46. 
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Quality control The probability density function for 
the life span of an electronics part is f(t) = 
0.08¢~°8, where ¢ is the number of months in ser- 
vice. Find the probability that any given part of this 
type lasts longer than 24 months. 


Warranties A transmission repair firm that wants to 
offer a lifetime warranty on its repairs has determined 
that the probability density function for transmission 
failure after repair is f(t) = 0.3e~°*', where t is the 
number of months after repair. What is the probability 


that a transmission chosen at random will last 
(a) 3 months or less? 
(b) more than 3 months? 


ne pIM |~ dx 
POT kor ey 


where p, r, J, and M are constants. Evaluate this 














integral. 
KEY TERMS AND FORMULAS 
Section Key Terms Formula 
nA n + 1 
13.1 Sigma notation Sian: = an ) 
i=] i=1 
ae n(n + 1)(2n + 1) 
a 6 
Area 
Right-hand endpoints im > fax)2 a 
I i 
Left-hand endpoints lim >; (Ore?) 2 = e 
” =i 
13.2 Riemann sum Ss F(x;*) Ax, 
i=] 


b n 
[ f@)dx= lim a PGA) AG, 


(n—-00) 


Definite integral 


b 
Fundamental Theorem of Calculus | f(x) dx = F(b) — F(a), where F’(x) = f(x) 


Definite Integral Properties [ f(x) dx =0 
b a 
| f(x) dx = -| feo a 


b 


b b 
i (Fe) + scolax= | sayax + | g(x) dx 


a 


b b 
| e-fe)ax =e | fe 


a 
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Section Key Terms Formula 


c b b 
| f@) d= | f(x) dx = | F(x) dx 





Area under f(x), where f(x) = 0 A= | s F(x) dx 
ec 
13.3 Area between f(x) and g(x), A= | Lf) = ote) .dx 
where f(x) = g(x) ; i ‘ 
Average value over ja, b] os [ Sx) d& 
Lorenz curve : 
Gini coefficient 2 | [x L@))\a& 
13.4 Continuous income streams : 
Total income | f(t) dt (for k years) 
| 
Present value | f(tj\e—" dt, where r is the interest rate 
; k 
Future value ev fs f(e~" dt 


Consumer’s surplus [demand is f(x)] CS = | f@)ax = px, 
0 











Producer’s surplus [supply is g(x)] PS =p Xe [ g(x) dx 
13.5 Integration from tables See Table 13.2. 
13.6 Integration by parts | u dv = uv — | v du 
oo b 
13.7 Improper integrals [ F(x) dx = jim I F(x) dx 


b b 
£ fe) dx = tim . fl) dx 


: fa) dx = I fade + | f(x) de 


co 
Capital value of a continuous | fp) e-" dt 
income stream 0 


Probability distribution | f(x) dx = 1 


Mean = [ Af (x) dx 


REVIEW EXERCISES 





Section 13.1 
8 
1. Calculate = (k? + 1). 
k= 


+3 


3. Use 6 subintervals of the same size to approximate the 
area under the graph of y = 3x? from x = 0 tox = 1. 
Use the right-hand endpoints of the subintervals to 
find the heights of the rectangles. 

4. Use rectangles to find the area under the graph of 
y = 3x from x = 0 to x = 1. Use n equal subintervals. 


Section 13.2 
5. Use a definite integral to find the area under the graph 
of y = 3x? from x = Otox = 1. 
6. Find the area between the graph of y = x° — 4x + 5 
and the x-axis from x = 1 tox = 3. 


Evaluate the integrals in Problems 7-18. 
4 


1. | ave ax a | 
1 


ao) 


— Seid Ax + 2) ax 


10. te, best)? axe 


0. [ af 
ea. 


5 
9. | (3 + 4x) dx 
0 





-1 
ot: if Ce 1 dk 


13. [. G+ x) dx 14. 





is. | (2x + 1)" dx 16. te 
0 


1 
Pe | er dx 18. 
0 


Section 13.3 

Find the area between the curves in Problems 19-22. 

19. y=x?—3x+2andy =x? + 4 fromx = Otox=5 
20. y=x?andy=4x+5 

21. y=x3 and y = x fromx = —1tox=0 

22. y=x?—-1landy=z-1 


Section 13.5 
Evaluate the integrals in Problems 23-26, using Table 


13.2. 


3. | VPA a 


D5: [xnxx 


1 
24. { 3* dx 
0 


dx 
ot | aks 
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Section 13.6 
In Problems 27-30, use integration by parts to evaluate. 





oT | x Inx.dx OS Xena 
dx ¢€ 
29. | = 30. | In x dx 
Vides) 1 
Section 13.7 
Evaluate the improper integrals in Problems 31-34. 
34: ve dx 325 fo 20 = dx 
1 x —00 a 
co 0 x 
Oe aa 
33. i Se dx 34. ibe (x? a 1 dx 
Applications 
Section 13.2 


35. Maintenance Maintenance costs for buildings 
increase as the buildings age. If the rate of increase in 
maintenance costs for a building is 


14,000 


Vt+ 16 


where M is in dollars and ¢ is time in years,O = tS 
15, find the total maintenance cost for the first 9 years 
(t= Otot = 9). 


M'(t) = 


36. Quality control Suppose the probability density 
function for the life expectancy of a “disposable” 
telephone is 


= dere a0 
ie ee 
Find the probability that the telephone lasts 2 years. 


Section 13.3 


37. Savings The future value of $1000 invested in a 
savings account at 10%, compounded continuously, is 
S = 1000e°"', where ¢ is in years. Find the average 
amount in the savings account during the first 5 
years. 


38. Income streams Suppose the total income from a 


video machine is given by 
I= 50e°%, Ost 4, tin hours 


Find the average income over this 4-hour period. 
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Section 13.4 


The demand function for a 


39. Consumer’s surplus 
V 64 — 4x, 


product under pure competition is p = 

and the supply function is p = x — 1. 

(a) Find the market equilibrium. 

(b) Find the consumer’s surplus at market equilib- 
rium. 


40. Producer’s surplus Find the producer’s surplus at 
market equilibrium for Problem 39. 


41. Income streams Find the total income over the next 
10 years from a continuous income stream that has an 
annual flow rate at time ft given by 


f(t) = 125¢°% 
in thousands of dollars. 


42. Income streams Suppose that a machine’s produc- 
tion is considered a continuous income stream with 


an annual rate of flow at time ¢t given by 
f@ = 150e~°* 


in thousands of dollars. If money is worth 8%, com- 
pounded continuously, find (a) the present value of 
the machine’s production over the next 5 years, and 
(b) the future value of the production 5 years from 
now. 


Section 13.5 


43. Average cost Suppose the cost function for a prod- 
uct is given by C(x) = V 40,000 + x’. Find the aver- 
age cost over the first 150 units. 


CHAPTER TEST 





1. Use left-hand endpoints and n = 4 subdivisions to 
approximate the area under f(x) = V4 — x? on the 
interval [0, 2]. 

2. Consider f(x) = 5 — 2x from x = 0 tox = 1 withn 
equal subdivisions. 

(a) If f(x) is evaluated at right-hand endpoints, find a 
formula for the sum, S, of the areas of the n rec- 
tangles. 

(b) Find jim S. 

3. Express the area in quadrant I under y = 12 + 4x — 
x (shaded in the figure) as an integral. Then evaluate 
the integral to find the area. 


Section 13.6 


44. Income streams Suppose the present value of a 
continuous income stream over the next 5 years is 
given by 

5 


P = 9000 [ te~°°*' dt, P in dollars, t in years 
0 


Find the present value. 


45. Cost If the marginal cost for a product is MC = 
3 + x In(x + 1) and if the fixed cost is $2000, find 
the total cost function. 


Section 13.7 


46. Quality control Find the probability that a tele- 
phone lasts more than 1 year if the probability density 
function for its life expectancy is given by 


| bse ee Oo 
fe) ={) x<0 


47. Capital value Find the capital value of a business if 
its income is considered a continuous income stream 
with annual rate of flow given by 


f() = 120¢00 


in thousands of dollars, and the current interest rate is 
6%, compounded continuously. 









y=12+4x- x2 


6 


4. Evaluate the following integrals with the 
Fundamental Theorem. 


4 
(a) [0-4 ax 
0 


3 
(b) I x(8x? + 9)~!2dy 


10. 


it: 
1z 





4 
© | Ms 
1 


ee 
Asem |i @ | ae 


. Use integration by parts to evaluate the following. 


(a) | 3xe* dx (b) | x In(2x) dx 


4 4 3 
: if | fee dx = 3 and | fla) ax = 7, find | 2f(x) dx. 
1 3 1 


. Use Table 13.2 on page 966 to evaluate each of the 
following. 
(a) [mex ax (b) [xvar=7 ae 


. Use the numerical integration feature of a graphing 


utility to approximate | Vx? + 10 dx. 
1 


. Suppose the supply function for a product is p = 


40 + 0.001x* and the demand function is p = 120 — 
0.2x, where x is the number of units and p is the price 
in dollars. If the market equilibrium price is $80, find 
(a) the consumer’s surplus and (b) the producer’s 
surplus. 

Suppose a continuous income stream has an annual 
rate of flow f(t) = 85e~°°", in thousands of dollars, 
and the current interest rate is 7%, compounded con- 
tinuously. 

(a) Find the total income over the next 12 years. 

(b) Find the present value over the next 12 years. 

(c) Find the capital value of the stream. 

Find the area between y = 2x + 4 andy = x? — x. 
The figure shows typical supply and demand curves. 
On the figure, sketch and shade the region whose area 
represents the consumer’s surplus. 
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Demand | Supply | 
2 


2S 


13. In an effort to make the distribution of income more 


14. 


nearly equal, the government of a country passes a 
tax law that changes the Lorenz curve from y = 
0.998x?° for one year to y = 0.57x2 + 0.43x for the 
next year. Find the Gini coefficient of income for 
both years and determine whether the distribution of 
income is more or less equitable after the tax law is 
passed. Interpret the result. 

With data from the U.S. Department of Energy, the 
number of millions of barrels of oil imported from 
the Persian Gulf each year from 1985 to 1996 can be 
modeled by the function 


f(t) = 1.1078 — 46.2887 + 614.913 — 1952.342 


where ¢ is the number of years past 1980 (Monthly 

Energy Review, June 1997). 

(a) Find the average number of barrels imported per 
year from 1985 to 1996 (that is, from t = 5 to 
t= 16). 

(b) Find the average number of barrels imported per 
year during the 1990s (from t = 10 to t = 16). 
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i. Retirement Planning 


A 52-year-old client asks an accountant how to plan for his future retirement at 
age 62. He expects income from Social Security in the amount of $16,000 per 
year and a retirement pension of $30,000 per year from his employer. He wants 
to make monthly contributions to an investment plan that pays 8%, compounded 
monthly, for 10 years so that he will have a total income of $62,000 per year for 
30 years. What will the size of the monthly contributions have to be to accom- 
plish this goal, if it is assumed that money will be worth 8%, compounded con- 
tinuously throughout the period after he is 62? 
To help you answer this question, complete the following. 


1. How much money must the client withdraw annually from his investment 
plan during his retirement so that his total income goal is met? 

2. How much money S must the client’s account contain when he is 62 so that 
it will generate this annual amount for 30 years? Hint: S can be considered 
the present value over 30 years of a continuous income stream with the 
amount you found in question 1 as its annual rate of flow. 

3. The monthly contribution R that would, after 10 years, amount to the pres- 
ent value S found in question 2 can be obtained from the formula 


need 


where i represents the monthly interest rate and n the number of months. 
Find the client’s monthly contribution, R. 


&@ ll. Purchasing Electrical Power 


In order to plan its purchases of electrical power from suppliers over the next 
5 years, the PAC Electric Company needs to model its load data (demand for 
power by its customers) and use this model to predict future loads. The company 
pays for the electrical power each month on the basis of the peak load (demand) 
at any point during the month. The table gives, for the years 1980-1998, the load 
in megawatts (million watts) for the month when the maximum load occurred 
and the load in megawatts for the month when the minimum load occurred. The 
maximum loads occurred in summer, and the minimum loads occurred in spring 


or fall. 
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Year Maximum Monthly Load — Minimum Monthly Load 


1980 40.9367 19.4689 
1981 45.7127 22.1504 
1982 48.0460 25.3670 
1983 SO 2 28.7254 
1984 99.5795 31.0460 
1985 62.4285 31.3838 
1986 76.6536 34.8426 
1987 73.8214 38.4544 
1988 74.8844 40.6080 | 
1989 83.0590 47.3621 
1990 88.3914 45.8393 
199] 88.7704 48.7956 
1992 94.2620 48.3313 
1993 105.1596 52.7710 
1994 95.8301 54.4757 
1995 97.8854 5.2210 
1996 102.8912 55.1360 
1997 109.5541 57.2162 
1998 111.2516 58.3216 


The company wishes to predict the average monthly load over the next 5 years 
so that it can plan its future monthly purchases. To assist the company, proceed 
as follows. 


1. (a) Using the years and the maximum monthly load given for each year, 
graph the data, with x representing the number of years from 1980 and y 
representing the load in megawatts. 

(b) Find the equation that best fits the data, using both a quadratic model 
and a cubic model. 

(c) Graph the data and both of these models from 1980 to 2000 (that is, 
from x = 0 to x = 20). 

2. Do the two models appear to fit the data equally well in the interval 
1980-2000? Which model appears to be a better predictor for the next 
decade? 

3. Use the quadratic model to predict the maximum monthly load in the year 
2003. How can this value be used by the company? Should this number be 
used to plan monthly power purchases for each month in 2003? 

4. To create a “typical” monthly load function: 

(a) Create a table with the year as the independent variable and the average 
of the maximum and minimum monthly loads as the dependent variable. 

(b) Find the quadratic model that best fits these data points, using x = 0 in 
1980. 

5. Use a definite integral with the typical monthly load function to predict the 
average monthly load over the years 2000-2005. 

6. What factors in addition to the average monthly load should be considered 
when the company plans future purchases of power? 
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Warm-up 





OSES 


Prerequisite Problem Type 


If y = f(x). x is the independent variable 
and y is the __._.__. variable. 


What is the domain of f(x) = ieee 


If C(x) = 5 + 5x, what is C(0.20)? 
(a) Solve for x and y: 
it = 50 -2x-2y 


0 = 60 - 2x ~ 4y 
(b) Solve for x and y- 


x = 2y 
x+y-9 =0 


lfc = 4x2 + 5x? ~ 7, what is 2 
dx 


If f(x) = (x? — 1)?, what is f’(x)? 


ide 
— seeds Pina? Seay) 
If z = 10y — In y, what is Fe 


oa 
If z = 5x? + e*, what is ik 


Find the slope of the tangent to 
y = 4x3 — 4e* at (0, —4). 


For Section 


14.1 


14.1 


14.1 


14.4 
14.5 


14.2 
14.3 
14.4 
14.5 


14.2 


14.2 


14.2 


14.2 


Answer 


Dependent 


All reals except x = 1 


(a) x = 20,y = 5 


(b) x= 6,y =3 


az <2 
dg Ok + Mx 


f'@) = 4x02 - 1) 


dz l 
— = I — — 
dy y 
de : s 
ay NOx Fe 
—~4 


‘ 


Section for Review 
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1.2 Domains 


1.2 Functional 
notation 


1.5 Systems of 
equations 


9.4 Derivatives 


9.6 Derivatives 


11.1 Derivatives of 
logarithmic 
functions 


11.2 Derivatives of 
exponential 
functions 


9.3, 9.4, 11.2 
™ Derivatives 
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Chapter | 







tions of Two or 
Variables 


Although we have been dealing primarily with functions of one variable, many 
real-life situations involve quantities that are functions of two or more variables. 
For example, the grade you receive in a course is a function of several test 
grades. The cost of manufacturing a product may involve the cost of labor, the 
cost of materials, and overhead expenses. The concentration of a substance at 
any point in a vein after an injection is a function of time since the injection t, 
the velocity of the blood v, and the distance the point is from the point of 
injection. 

In this chapter we will extend our study to functions of two or more 
variables. We will extend the derivative concept to functions of several variables 
by taking partial derivatives, and we will learn how to maximize functions of two 
variables. We will use these concepts to solve problems in the management, 
social, and life sciences. In particular, we will discuss joint cost functions, 
marginal cost, marginal productivity, and marginal demand functions. We will 
use Lagrange multipliers to optimize functions of two variables subject to a 
condition that constrains the variables. 


997 


998 Chapter 14 Functions of Two or More Variables 


74.1 Functions of Two or More Variables 


OBJECTIVES 
a To find the domain and range of 
a function of two or more 
variables 
= Jo evaluate a function of two or 
more variables given values for 
the independent variables 





We write z = f(x, y) to state that z is a function of both x and y. The variables x 
and y are called the independent variables and z is called the dependent vari- 
able. Thus the function f associates with each pair of possible values for the 
independent variables (x and y) exactly one value of the dependent variable (z). 
The equation z = x” — xy defines z as a function of x and y. We can denote 
this by writing z = f(x, y) = x* — xy. The domain of the function is the set of all 
ordered pairs (of real numbers), and the range is the set of all real numbers. 


EXAMPLE 1 

Give the domain of the function 

x? — 3y 
ECG Ya 
Solution 


The domain of the function is the set of ordered pairs that do not give a 0 
denominator. That is, the domain is the set of all ordered pairs where the first 
and second elements are not equal (that is, where x # y). 
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CHECKPOINT 


te 6 AC END TAP HEREIN AN TANARAR 


Figure 14.1 


. 1. Find the domain of the function 


f(x, y) a 


We graph the function z = f(x, y) by using three dimensions. We can con- 
struct a three-dimensional coordinate space by drawing three mutually perpen- 
dicular axes, as in Figure 14.1. By setting up a scale of measurement along the 
three axes from the origin 0, we can determine the three coordinates (x, y, Z) 
for any point P. The point shown in Figure 14.1 is +2 units in the x-direction, 
+3 units in the y-direction, and +4 units in the z-direction, so the coordinates of 
the point are (2, 3, 4). 

The pairs of axes determine the three coordinate planes; the xy-plane, the 
yz-plane, and the xz-plane. The planes divide the space into eight octants. The 
point P(2, 3, 4) is in the first octant. 

If we are given a function z = f(x, y), we can find the z-value corresponding 
to x = aand y = b by evaluating f(a, b). 


=z 


P(2, 3, 4) 





EXAMPLE 2 

If z = f(x, y) = x? — 4xy + xy’, find the following. 
(a) f(1, 2) (b) f(2, 5) (c) f(-1, 3) 
Solution 

(a) fl, 2) = 1? — 4(1)(2) + 2yP = 1 


(b) f(2, 5) = 2? — 4(2)(5) + (2)(5)° = 214 
(c) f(-1, 3) = (-1? — 4(- DG) + (“DEY = -14 


CHECKPOINT | 





; 2. Lf fx, y, 2) =x? + 2y — z find f(2, 3, 4). 
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Figure 14.2 


| EXAMPLE 3 

: A small furniture company’s cost (in dollars) to manufacture 1 unit of several 
different all-wood items is given by 

COe y) = 3b Sx 22y 


: where x represents the number of board feet of material used and y represents 

the number of work-hours of labor required for assembly and finishing. A cer- 
| tain bookcase uses 20 board feet of material and requires 2.5 work-hours for 
assembly and finishing. Find the cost of manufacturing this bookcase. 


‘“ 


Solution 
The desired cost is 


C(20, 2.5) = 5 + 5(20) + 22(2.5) = 160 (dollars) 





For a given function z = f(x, y), we can construct a table of values by - 
assigning values to x and y and finding the corresponding values of z. To each 
pair of values for x and y there corresponds a unique value of z, and thus a 
unique point in a three-dimensional coordinate system. From a table of values 
such as this, a finite number of points can be plotted. All points that satisfy the 
equation form a “surface” in space. Because z is a function of x and y, lines par- 
allel to the z-axis will intersect such a surface in at most one point. The graph of 
the equation z = 4 — x? — y? is a surface like that shown in Figure 14.2. The 
portion of the surface above the xy-plane resembles a bullet and is called a 
paraboloid. 





In practical applications of functions of two variables, we will have little 
need to construct the graphs of the surfaces. For this reason, we will not discuss 
methods of sketching the graphs. Although you will not be asked to sketch 
graphs of these surfaces, the fact that the graphs do exist will be used in studying 
relative maxima and minima of functions of two variables. 

The properties of functions of one variable can be extended to functions of 
two variables. The precise definition of continuity for functions of two variables 
is technical and may be found in more advanced books. We will limit our study 
to functions that are continuous and have continuous derivatives in the domain 
of interest to us. We may think of continuous functions as functions whose 
graphs consist of surfaces without “holes” or “breaks” in them. 





Figure 14.3 


Graphing Utilities 


14.1 Functions of Two or More Variables 1001 


Let the function U = f(x, y) represent the utility (that is, satisfaction) 
derived by a consumer from the consumption of two goods, X and Y, where x 
and y represent the amounts of X and ¥, respectively. Because we will assume 
that the utility function is continuous, a given level of utility can be derived from 
an infinite number of combinations of x and y. The graph of all points (x, y) that 
give the same utility is called an indifference curve. A set of indifference curves 
corresponding to different levels of utility is called an indifference map (see 
Figure 14.3). 


y 





EXAMPLE 4 


Suppose that the utility function for two goods, X and ¥, is U = x*y? and a con- 
sumer purchases 10 units of X and 2 units of Y. 


(a) If the consumer purchases 5 units of X, how many units of Y must be pur- 
chased to retain the same level of utility? 

(b) Graph the indifference curve for this level of utility. 

(c) Graph the indifference curves for this utility function if U = 100 and if 
U = 36. 


Solution 

(a) If x = 10 and y = 2 satisfy the utility function, then U = 102 - 2? = 400. 
Thus if x is 5, y must satisfy 400 = 5*y?, so y = 4. 

(b) The indifference curve for U = 400 is 400 = xy’. The graph for positive x 
and y is shown in Figure 14.3. 

(c) The indifference map in Figure 14.3 contains these indifference curves. 


A graphing utility can be used to graph each indifference curve in the indiffer- 
ence map shown in Figure 14.3. To graph the indifference curve for a given 
value of U, we must recognize that y will be positive and solve for y to express it 
as a function of x. Try it for U = 100. Does your graph agree with the one 
shown in Figure 14.3? 

Sometimes functions of two variables are studied by fixing a value for one 
variable and graphing the resulting function of a single variable. We’ll do this in 
Section 14.3 with production functions. 
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EXAMPLE 5 
Suppose a company has the Cobb-Douglas production function introduced in the 
Application Preview, 


OQ = 4K47 96 


where Q is thousands of dollars of production value, K is hundreds of dollars of 
capital investment per week, and L is work-hours of labor per week. 


(a) If current capital investment is $72,900 per week and work-hours are 3072 
per week, find the current weekly production value. 

(b) If weekly capital investment is increased to $97,200 and new employees are 
hired so that there are 4096 total weekly work-hours, find the percentage 
increase in the production value. 


Solution 


| (a) Capital investment of $72,900 means that K = 729. We use this value and 


L = 3072 in the production function. 
Q = 4(729)°4(3072)°° = 6912 


Thus the weekly production value is $6,912,000. 
(b) In this case we use K = 972 and L = 4096. 


Q = 4(972)°*(4096)°* = 9216 


This is an increase in production value of 9216 — 6912 = 2304, which is 
equivalent to a weekly increase of 


2304 


aes lena! 
6912 0.333 = 333% 


1. The domain is the set of ordered pairs of real numbers where x? — y? > 0 or 
x? > y*that is, where |x| > |y]. 


| 2. f(2,3,4)=4+6-4=6 















Give the domain of each function in Problems 1-8. 10. z= Ax? = 3xy>; ox = 2;y=2. 
lL z=x2+y? 2. z= 4x — 3y evens = ES 
4-3 , het xe ec easel x=4,y=-1 
“29% : Kat 
- Vx 12. 2= ee x=3,y=2 
eet ea Nf 
5. ES ay ay 6. Lin 13. C(x,, x,) = 600 + 4x, + 6x,; x, = 400, x, = 50 
Ge aes 14. Clay») = 500 + 5x, + 7 find C(200, 300) 
oem 1 2 f 
Vp, 15. 9\(PpP,) = “2; find 4,40, 35). 
In Problems 9-22, evaluate the following functions at the 5 . = - , 
given values of the independent variables. 16. 4,@,, P,) = a = 3p,’ find q,(50, 10). 


pa 2. = ia 
Ga xe ayy k= Ly el 17.2%, y) xe" "9, tind 253). 


iso ft. y= ye" ty", ind [(0, 7). 
_ ny) eames 
Ao. Se y) — x He 5 find f( a 4). 
20. z(x,y) =xlny — ylnx; find 2(1, 1). 
24 dyz 
XYS 


~ 





wx — y2 
22. u=f(wx%y2)= 


Bieiwe ati(2 oe lea |) 


Applications 


23. Investment The future value S of an investment 
earning 6%, compounded continuously, is a function 
of the principal P and the length of time ¢ that the 
principal has been invested. It is given by 


S=fP t= Pe 
Find (2000, 20), and interpret your answer. 


24. Amortization If $100,000 is borrowed to purchase a 
home, then the monthly payment R is a function of 
the interest rate i (expressed as a percent) and the 


number of years n before the mortgage is paid. It is . 


given by 


0.01(i/12) | 


R = f(i, n) = 100,000 eg aoe 


Find f(7.25, 30) and interpret your answer. 


25. Wilson’s lot size formula In economics, the most 
economical quantity Q of goods (TVs, dresses, gal- 
lons of paint, etc.) for a store to order is given by 
Wilson’s lot size formula 


Q = f(K,M,h) = V2KM/h 


where K is the cost of placing the order, M is the 
number of items sold per week, and h is the weekly 
holding cost for each item (the cost of storage space, 
utilities, taxes, security, etc.). Find f(200, 625, 1) and 
interpret your answer. 


26. Gas law Suppose that a gas satisfies the universal 
gas law, V = nRT/P, with n equal to 10 moles of the 
gas and R, the universal gas constant, equal to 
0.082054. What is Vif T = 10 K (kelvins, the units in 
which temperature is measured on the Kelvin scale) 


and P = | atmosphere? 
Temperature-humidity models There are different mod- 
els for measuring the effects of high temperature and 
humidity. Two of these are the Summer Simmer Index (S) 
and the Apparent Temperature (A),” and they are given by 
wer osT =F 00d — yr = oa) 50.9 
A = 2.70 + 0.8857 — 78.7H + 1.20TH 
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. where T is the air temperature (in degrees Fahrenheit) and 


H is the relative humidity (expressed as a decimal). Use 

these models in Problems 27 and 28. 

27. At the Dallas-Fort Worth Airport, the average daily 
temperatures and humidities for July are 


Maximum: 97.8°F with 44% humidity 


Minimum: 74.7°F with 80% humidity™ 


Calculate the Summer Simmer Index S and the Ap- 
parent Temperature A for both the average daily max- 
imum and the average daily minimum temperature. 

28. In Orlando, Florida, the following represent the aver- 
age daily temperatures and humidities for August. 


Maximum: 91.6°F with 60% humidity 


Minimum: 73.4°F with 92% humidity” 


Calculate the Summer Simmer Index S and the Ap- 
parent Temperature A for both the average daily max- 
imum and the average daily minimum temperature. 

29. The tables below and on the next page show that a 
monthly mortgage payment, R, is a function of the 
amount financed, A, in thousands of dollars; the dura- 
tion of the loan, n, in years; and the annual interest 
rate, 7, as a percent. If R = f(A, n, r), use the tables to 
find the following, and then write a sentence of expla- 
nation for each. 
(a) f(90, 20, 8) (b) (160, 15, 9) 

8% Annual Percentage Rate 

Monthly Payments (Principal and Interest) 


REE OGRE EL ESI OE ER LLBEAN ER CRETE ERE 


Amount 10 15 20 a) 30 
Financed Years Years Years Years Years 
$50,000 $606.64 $477.83 $418.22 $385.91 $366.88 
60,000 727.97 573.39 501.86 463.09 440.26 
70,000 849.29 668.96 585.51 540.27 513.64 
80,000 970.62 764.52 669.15 617.45 587.01 
90,000 1091.95 860.09 752.80 694.63 660.39 
100,000 1213.28 955.65 83644 771.82 733.76 
120,000 1455.94 1146.78 1003.72 926.18 880.52 
140,000 1698.58 1337.92 1171.02 1080.54 1027.28 
160,000 1941.24 1529.04 1338.30 1234.90 1174.02 
180,000 2183.90 1720.18 1505.60 1389.26 1320.78 
200,000 2426.56 1911.30 1672.88 


1543.64 1467.52 


EEO DL PEPOTE ELEM EDELLR NE REN CSE EEE NS ETE RE? 





*Bosch, W., and L. G. Cobb, “Temperature-Humidity Indices,” 
UMAP Unit 691, The UMAP Journal, 10(3), Fall 1989, 237-256. 
**Ruffner, James, and Frank Bair (eds.), Weather of U.S. Cities, Gale 
Research Co., Detroit, MI, 1987. 
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9% Annual Percentage Rate 








Monthly Pa Principal and Interest) 
Amount 10 iD 20 25 30 
Financed Years Years Years Years Years 
$50,000 $633.38 $507.13 $449.86 $419.60 $402.31 
60,000 760.05 608.56 539.84 503.52 482.77 
70,000 886.73 709.99 629.81 587.44 563.24 
80,000 1013.41 811.41 719.78 671.36 643.70 
90,000 1140.08 912.84 809.75. 755.28 724.16 
100,000 1266.76 1014.27 899.73 839.20 804.62 
120,000 1520.10 1217.12 1079.68 1007.04 965.54 
140,000 1773.46 1419.96 1259.62 1174.88 1126.48 
160,000 2026.82 1622.82 1439.56 1342.72 1287.40 
180,000 2280.16 1825.68 1619.50 1510.56 1448.32 
200,000 2533.52 2028.54 1799.46 1678.40 


EEE 


Source: The Mortgage Money Guide, Federal Trade Commission 





1609.24 





30. Wind and cold temperatures combine to make the air 


Wind Speed (mph) 


7 31. 


temperature feel colder than it actually is. This com- 
bination is reported as wind chill. The table below 
shows that wind chill temperatures, WC, are a func- 
tion of wind speed, s, and air temperature, ¢. If 
WC = f(s, 1), use the table to find the following, and 
then write a sentence of explanation for each. 


(a) (25,5) (b) f(15, —15) 

Air Temperature (°F) 
Sige 2) 15 5) Je) e 25) 
DoS 21 12 OSD. Al sah) 
15 16 225 S85 le 65 
25 8 —7J -—22 —36 —-5l —-66 —=81 
35.) 4s 1D D7 — 43-58 14. 89 
45 2 — 14> —30 9 —46) —62"  —78  —93 


Source: World Almanac, 1998 


Utility Suppose that the utility function for two 
goods X and Y is given by U = xy?, and a consumer 
purchases 9 units of X and 6 units of Y. 

(a) If the consumer purchases 9 units of ¥ how many 
units of X must be purchased to retain the same 
level of utility? 

If the consumer purchases 81 units of X, how 
many units of Y must be purchased to retain the 
same level of utility? 

Graph the indifference curve for the utility level 
found in (a) and (b). Use the graph to confirm 
your answers to (a) and (b). 


(b) 


(c) 
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B/ 33. 


fe) 34. 


35. 


36. 


By 32. 


Utility Suppose that an indifference curve for two 

goods, X and Y, has the equation xy = 400. 

(a) If 25 units of X are purchased, how many units of 
Y must be purchased to remain on this indiffer- 
ence curve? 

(b) Graph this indifference curve and confirm your 
results in (a). 


Production Suppose that a company’s production is 
given by the Cobb-Douglas production function 


Q = 30K 4734 


where K is dollars of capital investment and L is labor 

hours. 

(a) Find Q if K = $10,000 and L = 625 hours. 

(b) Show that if both K and L are doubled, then the 
output is doubled. 

(c) If capital investment is held at $10,000, graph O 
as a function of L. 


Production Suppose that a company’s production is 
given by the Cobb-Douglas production function 


QO = 70K*2L'2 


where K is dollars of capital investment and_L is labor 

hours. 

(a) Find Q if K = $64,000 and L = 512 hours. 

(b) Show that if both K and L are halved, then Q is 
also halved. 

(c) If capital investment is held at $64,000, graph Q 
as a function of L. 


Production Suppose that the number of units of a 

good produced, z, is given by z = 20xy, where x is the 

number of machines working properly and y is the 

average number of work-hours per machine. Find the 

production for a week in which 

(a) 12 machines are working properly and the aver- 
age number of work-hours per machine is 30. 

(b) 10 machines are working properly and the aver- 
age number of work-hours per machine is 25. 


Profit The Kirk Kelly Kandy Company makes two 
kinds of candy, Kisses and Kreams. The profit func- 
tion for the company is 


P(% y) = 100x + 64y — 0.01x2 — 0.25y? 


where x is the number of pounds of Kisses sold per 

week and y is the number of pounds of Kreams. What 

is the company’s profit if it sells 

(a) 20 pounds of Kisses and 10 pounds of Kreams? 

(b) 100 pounds of Kisses and 16 pounds of Kreams? 

(c) 10,000 pounds of Kisses and 256 pounds of 
Kreams? 


37. Epidemic The cost per day to society of an epi- 


demic is 
Ce y) = 20x + 200y 


where C is in dollars, x is the number of people 
infected on a given day, and y is the number of people 
who die on a given day. If 14,000 people are infected 
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38. Pesticide An area of land is to be sprayed with two 


brands of pesticide: x liters of brand 1 and y liters of 
brand 2. If the number of insects killed is given by 


Jl y) = 10,000 — 6500e-° — 3500¢- 2 


how many insects would be killed if 80 liters of brand 
1 and 120 liters of brand 2 were used? 


and 20 people die on a given day, what is the cost to 
society? 


14.2 Partial Differentiation 


OBJECTIVES 

® Jo find partial derivatives of 
functions of two or more 
variables 

= 7o evaluate partial derivatives of 
functions of two or more 
variables at given points 

® Jo use partial derivatives to find 
slopes of tangents to surfaces 

= Jo find and evaluate second- and 
higher-order partial derivatives of 
functions of two variables 





First-Order Partial Derivatives 


In general, if z = f(x, y) we denote the partial derivative of z with respect to x as 
0z/dx and the partial derivative of z with respect to y as dz/dy. Note that dz/dx 
represents the derivative of a function of one variable, x, and that dz/dx repre- 
sents the partial derivative of a function of two or more variables. 
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As mentioned in the Application Preview, dz/dx is found by treating y as a 
constant and taking the derivative of z = f(x, y) with respect to x. Other notations 
used to represent the partial derivative of z = f(x, y) with respect to x are 

ae oe 
% 2 2 ixy), fay) fo and x, 

If x is held constant in the function z = f(x, y) and the derivative is taken 

with respect to y, we have the partial derivative of ¢ with respect to y, denoted by 


(a) f, = 20%? — y*)2x = 4x3 — 4xy? 
|) f= 20? = y?2\(—2y) = —4x¥y + 4y? 


a af 8 
yey: ay! (Hy) HY) fy Hr 
| EXAMPLE 1 
| Ifz = 4x? + 5x’ + 6y° — 7, find dz/dx and dz/dy. 
| Solution 
| hi 
| =e 8x + 10y*x 
% = yxy + 18y? 
i dy y 
EXAMPLE 2 
If z= x*y + e* — Iny, find z, and z,. 
Solution — 
Ota x 
| ea 2yx +.€ 
eReOLe Aare 
zy ay x 5 
EXAMPLE 3 
If fix, y) = (x? — y?), find the following. 
(a) f, (b) f, 
Solution 


CHECKPOINT | 


, 1. Ifz = 100x + 10xy — »’, find the following. 
| @z 


Oz 
(b) ay 


CHECKPOINT | 





i 


4 
& 
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EXAMPLE 4 


P\P2 + 2p, 
Se ING C/O D» 
P\P2 — 2p, a/ 2 


Solistion 


If q 


dq _ (PP. — 2P2)(P2 + 2) — (PiP2 + 2p;)P> 
Op (P1P2 — 2py)? 
P1Py + 2p,p2 — 2px’ — 4p. — Pp’ — 2p,P, 
(P\P2 © 2p,)* 
x 2px Ae: 
Pr (P od 2y 
—2p,(p, 7 2) 
Py (Py i 2) 
apo 2) 
P2(P, es ae 





We may evaluate partial derivatives by substituting values for x and y in the 
same way we did with derivatives of functions of one variable. For example, if 
0z/dx = 2x — xy, the value of the partial derivative with respect to x at x = 2, 
y = 3is 

Oz 
= (2) ee 
OX | (2, 3) Y) 


Other notations used to denote evaluation of partial derivatives with respect to x 
at (a, b) are 


Sf (ab) and f(a,b) 


We denote the evaluation of partial derivatives with respect to y at (a, b) by 


aes. 
ail cw ay (a,b), or f,(4;)) 
EXAMPLE 5 
Find the partial derivative of f(x, y) = x? + 3xy + 4 with respect to x at the point 
(1,24 
Solution 

F.G5 y= 2x + By 

il, 2) = 2G) coe) = 


, 2. If g(x y) = 4x7 — 3xy + 10y”’, find the following. 


dg 
(a) sek i 3) 
(b) g,(4, 2) 
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Partial Derivatives 


/ EXAMPLE 6 


$ 


Suppose that a company’s sales are related to its television advertising by 
s = 20,000 + 10nt + 20n? 


where 7 is the number of commercials per day and ¢ is the length of the commer- 
cials in seconds. Find the partial derivative of s with respect to n, and use the 
result to find the instantaneous rate of change of sales with respect to the number 
of commercials per day, if the company is currently running ten 30-second com- 
mercials. 


Selstion 
_ The partial derivative of s with respect to n is ds/dn = 101 + 40n. Atn = 10 and 
i t = 30, the rate of change in sales is approximately 


95 |,=10 = 10(30) + 40(10) 


On | 1=30 


700 


Thus increasing the number of commercials by 1 would result in approximately 
| 700 additional sales. 


We have seen that the partial derivative dz/dx is found by holding y constant and 
taking the derivative of z with respect to x and that the partial derivative 0z/dy is 
found by holding x constant and taking the derivative of z with respect to y. We 
now give formal definitions of these partial derivatives. 





F(x, y) with respect to x at the point (x, y) is 
az _ 8 Lo is yf) 
ar ge h 
provided this limit exists. 
The partial derivative of z = f(x, y) with respect to y at the point (x, y) is 


a a ie ae te he) 
ay ayf ¥) we h 


provided this limit exists. 





We have already stated that the graph of z = f(x, y) is a surface in three dimen- 
sions. The partial derivative with respect to x of such a function may be thought 
of as the slope of the tangent to the surface at a point (x, y, z) on the surface in 
the positive direction of the x-axis. That is, if a plane parallel to the xz-plane cuts 
the surface, passing through the point (xy, yp, Z,), the line in the plane that is tan- 
gent to the surface will have a slope equal to z/dx evaluated at the point. Thus 


Oz 
OX | (Xp ¥0) 


represents the slope of the tangent to the surface in the positive direction of the 
x-axis (see Figure 14.4). 
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a 





Figure 14.4 x 


dz 0 
oz Sei? tg 
OY | (xy) ays | » Yo) 


represents the slope of the tangent to the surface at (x), yo, Z)) in the positive 
direction of the y-axis (see Figure 14.5). 





Figure 14.5 x 


EXAMPLE 7 

Let z = 4° — 4e* + 4y? and let P be the point (0, 2, 12). Find the slope of the 
tangent to z at the point P in the positive direction of (a) the x-axis and (b) the 
y-axis. 
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. Sotstion 


| (a) The slope of z at P in the positive x-direction is given by ae evaluated at P. 


| % Lrg and «=! = 120)? = 40 = 4 


Ox OX | (0, 2) 





This tells us that z decreases approximately 4 units for an increase of 1 unit 
in x at this point. 


: panes | 3 Oz 

_ (b) The slope of z at P in the positive y-direction is given by ay’ evaluated at P. 
| nee & 
dy dy 


Thus, at the point P in the positive y-direction the function increases 
approximately 16 units in the z-value for a unit increase in y. 


8y and = 8(2) = 16 





(0, 2) 


Up to this point, we have considered derivatives of functions of two vari- 
ables. We can easily extend the concept to functions of three or more variables. 
We can find the partial derivative with respect to any one independent variable 
by taking the derivative of the function with respect to that variable while hold- 
ing all other independent variables constant. 





i 


Ou _ 3a OU ree 
(c) ay OX =a (d) aoe 4xy 


EXAMPLE 8 
| If u = fw, x, y, z) = 3x*y + w3 — Axyz, find the following. 
bene ow au au au 
| (a) ow (b) aa (c) = (d) az 
| Solution 
Ou Ou 
Que as cee te 
| (a) 7 = 3w (b) = 6xy — 4yz 


| EXAMPLE 9 
| If C = 4x, + 2x,? + 3x, — x,x, + x,2, find the following. 
pede: ac ac 
i ——— ae pectiats 
Ok eee eaten 
Solution 

oC oC _ 


1 o) Be 
| Ceisgpe Stash rae ee tal ag tarsi sagt $C) ax, 


OX, 2x; 


CHECKPOINT | 


Second Partial Derivatives 
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3. If ftw, x, y, z) = Bxy? + 4yz — xw?, find 


(a) f = y 


wf if 
ax) ow: 


0 0 
(c) ay! ey bs oe (d) 920 2s 1,3); 


Higher-Order Partial Derivatives 


Just as we have taken derivatives of derivatives to obtain higher-order derivatives 
of functions of one variable, we may also take partial derivatives of partial deriv- 
atives to obtain higher-order partial derivatives of a function of more than one 
variable. If z = f(x, y), then the partial derivative functions z, and z, are called 
first partials. Partial derivatives of z, and z, are called second partials, so 
z = f(x, y) has four second partial derivatives. The notations for these second 
partial derivatives follow. 











0 
by = 55 (2 Gay) = 6 


a 
yg = ge (Oy ira OY 


= a a AY both derivatives taken with respect to x. 
TOD OR OX NOOR) P ‘ 
2 
Soe a = - (=): both derivatives taken with respect to y. 
ee OEZ a (az\__ first derivative taken with respect to x, 
<y ~ ay ax dy \ ax) second with respect to y. 
_ &z _ @(4z)\__ first derivative taken with respect to y, 
%= ~ ax dy dx \ady/’ second with respect to x. 
EXAMPLE 10 
If z = x*y — 3xy? + 4, find each of the second partial derivatives of the function. 
Solution 
Because 
Zor yoy and Le Oy, 
0 
Loss a (EY — Sy) = OMY 
0 
| Coe a ae eae 
i 


Note that z,, and z,, are equal for the function in Example 10. This will always 
occur if the derivatives of this function are continuous. 
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2-4 If the second partial derivatives z_. and z,, of a function z = f(x, y) are continu- 


xy x : 
ous at a point, they are equal there. 





EXAMPLE 11 
Find each of the second partial derivatives of z = x*y + e”. 


3 


5 


Solution 
Because 7. = 2xy +e" - y = 2xy + ye™, 
Ze sy 2y be Ayieeya yre™ 
Be Nt (Grea Cayce eX) 
= 2x + e + xye” 


i 

| Because z, = x2 + e%-x =x? + xe”, 

gers (eichlalnrerasy) 
| = 2x + e? + xye” 


Ze Ounce? pm er 


CHECKPOINT | 
nn ———— A. fz = 4x%y4 + 4xy, find the following. 


(a) z,, (b) z,, (c) z, (d) z,, 
, 5. Ifz =x? + 4e”, find ns 


We can find partial derivatives of order higher than the second. For exam- 
ple, we can find the third-order partial derivatives z__ and Z,yy for the function in 
Example 10 from the second derivative z,, = 3x? — 6y. 


ne 6x 
a 
| EXAMPLE 12 
If z = xy* + 4Inx, find z,,,. 
Solution 
1 





= 3x*y?+4.— 
rae x“y g 


Z,y = 3x%(2y) + 0 = 6x2 
eae 6x? 


10. 


Lt: 


£2. 11f 


12: 
14. 


2 2 aa 
. If fe y) = xy? + y)?, find 2 and = : 


CHECKPOINT 
SGLUTIONS | 





az _ 


Cais ia ao? 


, 1. @) z, = 100 + 10y 
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2. (a) $f = gr 3y and $f (1, 3) = 8(1) — 33) = -1 

| (b) g,= —3x+ 20y and g, (4, 2) = —3(4) + 20(2) = 28 

3.@ Z=sy-w ) 2 = -20w 

| (c) = l6xy + 4z and ail 2, 1,3) = 16(2)(1) + 4(3) = 44 
(d) z = 4y Lo, 2, 1,3) = 41) =4 


) 4. z= 12xy4 + 4y and z= l6x%y> + 4x 


(a) z,, = 24xy* 
(c) z,, = 48x43 + 4 


SiZs= 2a Aer (y). = 2x + 4ye” 


(0) z,, = 48xy? 
(a) z, = 48x°y3 + 4 


Calculation of a requires the Product Rule. 


EXERCISE 14.2 





_Ifz = x4 — 5x2 + 6x + 3y? — Sy +7, 


ee 4 
find ae and ay’ 
0z 0z 


_Ifz =x — 6x + 4y4 — y’, find — and —. 


Ox Oy 


aS 2 
. Ifz = x3 + 4x’y + 6y”, find z, and z,. 


If z = 3xy + y’, find z, and z,. 
Fg Oe 
oy 


0 
ms 2)3 Ey 
; If flx, y) = (¢ + 2y’)’, find 5 and 


af _. of 
y 


iif V 26 = Sy”, find f, and f.. 
. If g(% y) =x Vy — x, find g, and g,, 


“ac ac 


. If C(x, y) = 600 — 4xy + 10x7y, find ~~ and =. 


dy 
0c aC 
If C(x, y) = 1000 — 4x + xy’, find n= and By: 


unt 0 0 
25 3t find Q Q 


If Os, t) = 2 gv fd Ge and 


0 0 
a eee ee Ee 
Pi * Pr OP, op, 
If z = e# + yInx, find z, and z,. 
If z = In(1 + x?y) — ye™, find z, and z,. 


15. 


16. 
iT: 


18. 


1S: 


20. 


21, 


22. 


23. 


24. 


= 0 + (4y)(e”x) + (e%)(4) = 4xye” + 4e” 


2 ues 
If f(x, y) = 100e”, find a and ay” 

i aos 
If f(x, y) = In(xy + 1), find ae and By" 
Find the partial derivative of 


fe y) = 4x3 — 5xy + y? 


with respect to x at the point (1, 2, —2). 
Find the partial derivative of 


S(% y) = 3x* + 4x + xy 


with respect to y atx = 2,y = —1. 

Find the slope of the tangent in the positive 
x-direction to the surface z = 5x? — 4xy at the point 
(1, 2,43): 

Find the slope of the tangent in the positive y-direc- 
tion to the surface z = x3 — S5xy at (2, 1, —2). 

Find the slope of the tangent in the positive y-direc- 
tion to the surface z = e” at (0, 1, 1). 

Find the slope of the tangent in the positive x-direc- 
tion to the surface z = In(xy) at (1, 1, 0). 

Ifu=f(w,x y, 2 =y? — x°z + 4,, find the following. 


Ou ou ou ou 
(a) ay (b) (c) A @) 3 . 
If u = x? + 3xy + xz, find the following. 
(a) u, (b) u, (c) 4, 


33% 


34, 


35. 


36. 


Si Wt 
38. 
39. 


40. 


41. 


42. 


1014 Chapter 14 Functions of Two or More Variables 

25. If C(x,, X. %) = 4x 15a 6x,? + x,, find the 
following. * 
OO ies 

26. If f(x » 2 2xVyz — 1 + x°z3, find the following. 
(a) a (b) . (c) a 

27. Ifz= oe + 4x — Sy, find the following. 
Ue ge ‘D)ece (c) Z, (d) z, 

28. = x3 — Sy? + 4y + I, find the following. 
@) oe (b) z, (c) Zz, (d) z,, 

29. Ifz= 5 4xy, find the following. 
(a) le (b) z, (c) z (d) z, 

30. If z = xy? + 4xy — S, find the followne 
(a) 2, (b) z, (c) . (d) z,, 

31. Ifz=x rays find z,,.. 

32. Ifz =x? — 4x’y + Sy’, find : zt 


a7 
If f(x, y) = x°y + 4xy*, find ant De -1) 





a 
If f(x, y) = x+y? + 4xy, find apt y) i 














If f(x y) = eae find the following. 
a a 
es of 
5 21 (-1,4) © dy?|(-1.4) 
If f(x, ue ay aD ata find the following. 
a 
of 
By \ 4. = (b) ay? |c 
= oe + ye*, find a ha 


If z= xy? + x In y’, find oe 
If f(x, y) = x? + e”, find the following. 

















a az of 3 a 
(a) 5 a (b) ay r (c) iO (d) 5 
If z= Lee find the following. 
(a) z (b) z, (c) z,, (d) z, 
If f(%, y) = y* — In.»y, find the following. 
of of 
(a) axe (b) Oy Ox 
@2 a 
Cpe @ 2 
If f(x, 2 x + in@y —1), fin the following. 
a a bel 
@ wo) 24 
of af 
(c) ox Oy (@) dy Ox 


43. 


44, 


If w = 4x3y + y2z + z}, find the following. 
(a) w (b) w,., (c) w,,. 


If w = 4xyz + x3y2z + x3, find the following. 
(a) w,,. (b) w.. (c) w,,. 


Applications 


45. 


46. 


47. 


48. 


Mortgage When a homeowner has a 25-year variable- 
rate mortgage loan, the monthly payment R is a func- 
tion of the amount of the loan A and the current 
interest rate i (as a percent); that is, R = f(A, i. 
Interpret each of the following. 

(a) f(100,000, 8) = 1289 


(b) ~ 100,000, 8) = 62.51 

Mass transportation ridership Suppose that in a 
certain city, the number of people N using the mass 
transportation system is a function of the fare f and the 
daily cost of downtown parking p, so that N = N(f, p). 
Interpret each of the following. 


(a) NG: 10) = 6500 
(b) v6 10) = —400 
(c) ap 10) = 250 


Wilson’s lot size formula In economics, the most 
economical quantity Q of goods (TVs, dresses, gal- 
lons of paint, etc.) for a.store to order is given by 
Wilson’s lot size formula 


Q = V2KM/h 


where K is the cost of placing the order, M is the 
number of items sold per week, and h is the weekly 
holding costs for each item (the cost of storage space, 
utilities, taxes, security, etc.). 


(a) Explain why s¢ will be positive. 


(b) Explain why se will be negative. 

Cost Suppose that the total cost of producing a 
product is C(x, y) = 25 + 2x? + 3y?, where x is the 
cost per pound for material and y is cost per hour for 
labor. 

(a) If material costs are held constant, at what rate 
will the total cost increase for each $1-per-hour 
increase in labor? 

If the labor costs are held constant, at what rate 
will the total cost increase for each increase of $1 
in material cost? 


(b) 


49. Pesticide Suppose that the number of insects killed 


50. 


Sh 


a2. 


53: 


by two brands of pesticide is given by 
f(x ¥) = 10,000 — 6500e~°° — 3500e7 9% 


where x is the number of liters of brand | and y is the 

number of liters of brand 2. 

(a) What is the rate of change of insect deaths with 
respect to the number of liters of brand 1? 

(b) What is the rate of change of insect deaths with 
respect to the number of liters of brand 2? 


Profit Suppose that the profit from the sale of 
Kisses and Kreams is given by 


P(x, y) = 100x + 64y — 0.01x? — 0.25y? 


where x is the number of pounds of Kisses and y is 

the number of pounds of Kreams. 

(a) Find aP/ax, and give the approximate rate of 
change of profit with respect to the number of 
pounds of Kisses if present sales are 20 pounds 
of Kisses and 10 pounds of Kreams. 

(b) Find aP/dy, and give the approximate rate of 
change of profit with respect to the number of 
pounds of Kreams that are sold if 100 pounds 
of Kisses and 16 pounds of Kreams are currently 
being sold. 


Utility If U = f(, y) is the utility function for goods 
X and Y, the marginal utility of X is 9U/dx and the 
marginal utility of Y is 8U/dy. If U = xy’, find the 
marginal utility of 

(a) X. (b) ¥. 

Utility If the utility function for goods X and Y is 
U = xy + y’, find the marginal utility of 

(a) X. (b) ¥ 


Production Suppose that the output Q (in thousands 
of units) of a certain company is Q = 75K yas 
where K is the capital expenditures in thousands of 
dollars and L is the number of labor hours. Find 
aQ/aK and 9Q/dL when capital expenditures are 
$729,000 and the labor hours total 1728. Interpret 
each answer. 


14.2 Partial Differentiation 
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54. Production Suppose that the production Q (in hun- 
dreds of gallons of paint) of a paint manufacturer can 
be modeled by Q = 140K'?L'”, where K is the com- 
pany’s capital expenditures in thousands of dollars 
and L is the size of the labor force (in hours worked). 
Find 0Q/0K and 0Q/dL when capital expenditures are 
$250,000 and the labor hours are 1225. Interpret each 
answer. 


Wind chill factor Dr. Paul Siple conducted studies test- 
ing the effect of wind on the formation of ice at various 
temperatures and developed the concept of the wind chill 
factor, which we hear reported during winter weather 
reports. The wind chill temperatures for selected air tem- 
peratures and wind speeds are shown in the table below. 
For example, the table shows that an air temperature of 
15°F together with a wind speed of 35 mph feels the same 
as an air temperature of —27°F when there is no wind. 


Air Temperature (°F) 


< inet en 5: 5 —-§ -15 —25 
= Bn) sa ek ieee tO i et 
Supls 16 2 -1l1 -25 -38 —-51 —65 
HX 25 8 -7 -22 -36 -51 -66 —8!1 
30 AT 1D, eT aaa 6 eee 
= 45 2 -14 -30 -46 -62 -78 —93 


Source: World Almanac, 1991 


One form of the formula that meteorologists use to calcu- 
late wind chill temperatures is 


WC = 48.064 + 0.474t — 0.020ts — 1.85s 
+ 0.304tVs — 27.74Vs 


where s is wind speed and ¢ is the actual air temperature. 
Use this equation to answer Problems 55 and 56. 
55. (a) To see how the wind chill temperature changes 
with wind speed, find WC/9s. 
(b) Find dWC/ds when the temperature is 10°F and 
the wind speed is 25 mph. What does this mean? 
56. (a) To see how wind chill temperature changes with 
temperature, find aWC/dt. 
(b) Find dWC/dt when the temperature is 10°F and 
the wind speed is 25 mph. What does this mean? 
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74.3 Applications of Functions of Two Variables 
in Business and Economics 


OBJECTIVES 

® 76 evaluate cost functions at 
given levels of production 

= Jo find marginal costs from total 
cost and joint cost functions 

= Jo find marginal productivity for 
given production functions 

® Jo find marginal demand 
functions from demand functions 
for a pair of related products 


eonoveov 





Joint Cost and Marginal Cost 


Suppose that a firm produces two commodities using the same inputs in different 
proportions. In such a case the joint cost function is of the form C = Q(, y), 
where x and y represent the quantities of each commodity and C represents the 
total cost for the two commodities. Then 0C/dx is the marginal cost with respect 
to product x, and dC//dy is the marginal cost with respect to product y. 


EXAMPLE 1 
If the joint cost function for two products is 


C= Q y) = 504+ x74+ 8x + 
find the marginal cost with respect to the following. 
(a) x (b) y (c) x at (S, 3) (d) yat (5, 3) 


Solution 
(a) The marginal cost with respect to x is dC/dx = 2x + 8y. 


(b) The marginal cost with respect to y is a = 8x + 3y?. 





(c) 06 = 2(5) + 8(3) = 34 

Ox (5, 3) 
Thus if 5 units of product x and 3 units of product y are produced, the total 
cost will increase approximately $34 for each unit increase in product x if 


y is held constant. 

dC 

oe = 8(5) + 3(3)? = 67 

ayes (5) + 3(3) 

Thus if 5 units of product x and 3 units of product y are produced, the total 


cost will increase approximately $67 for each unit increase in product y if x 
is held constant. 
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Production Functions 


An important problem in economics concerns how the factors necessary for pro- 
duction determine the output of a product. For example, the output of a product 
depends on available labor, land, capital, material, and machines. If the amount 
of output z of a product depends on the amounts of two inputs x and y, then the 
quantity z is given by the production function z = f(x, y). 


EXAMPLE 2 


Suppose that it is known that z bushels of a crop can be harvested according to 
the function 


—aue 3 
: oes 2) 
i 2x + 0.01y 
when 100x work-hours of labor are employed on y acres of land. What would be 
the output (in bushels) if 200 work-hours were used on 300 acres? 
Solution 
Because z = f(x, y), 
6(2)(300) + 4(2)? — 3(300) 

AGES) 
3600 + 16 — 900 

7 


(2, 300) = (21) 


nsosronsesonnannpnreanvanaaernntnnreeyrinmrennrewrtervenaineananenannmanarannnnssniShXASTDASSINS 


= (21) = 8148 (bushels) 


If z = f( y) is a production function, dz/dx represents the change in the 
output z with respect to input x while input y remains constant. This partial 
derivative is called the marginal productivity of x. The partial derivative 0z/dy 
is the marginal productivity of y and measures the rate of change of z with 
respect to input y. 

Marginal productivity (for either input) will be positive over a wide range of 
inputs, but it increases at a decreasing rate, and it may eventually reach a point 
where it no longer increases and begins to decrease. 


| EXAMPLE 3 

| If a production function is given by z = Sx!y"4, find the marginal productivity 
of 

5 


(a) x. (b) y. 
Solution 
8z _ 5 inva 0Z _ 5 in, -34 
Note that the marginal productivity of x is positive for all values of x but that it 
decreases as x gets larger (because of the negative exponent). The same is true 
| for the marginal productivity of y. 


i 
3 
i 
4 
3 
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/ Graphing Utilities 





Figure 14.6 


i 
i 
i 








If we have a production function and fix a value for one variable, then we can 
use a graphing utility to analyze the marginal productivity with respect to the 
other variable. 


| EXAMPLE 4 


Suppose the Cobb-Douglas production function for a company is given by 
z= 100x!/4y3/4 


where x is the company’s capital investment and y is the,size of the labor force 
(in work-hours). 


(a) Find the marginal productivity of x. 

(b) If the current labor force is 625 work-hours, substitute y = 625 in your 
answer to (a) and graph the result. 

(c) From the graph in (b), what can be said about the effect on production of 
additional capital investment when the work-hours remain at 625? 

(d) Find the marginal productivity of y. 

(e) If current capital investment is $10,000, substitute x = 10,000 in your 
answer to (d) and graph the result. 

(f) From the graph in (e), what can be said about the effect on production of 
additional work-hours when capital investment remains at $10,000? 


Solution 
(az — 2x 
(b) If y = 625, then z, becomes 


Z, = 25x°¥8(625)"" = 25( sa )(125) = 





The graph of z, can be limited to quadrant I because the capital investment is 
x > 0, and hence z, > 0. Knowledge of asymptotes can help us determine 
range values for x and z, that give an accurate graph. See Figure 14.6. 

(c) Figure 14.6 shows that z. > 0 for x > 0. This means that any increases in 
capital investment will result in increases in productivity. However, Figure 
14.6 also shows that z, is decreasing for x > 0, which means that increases 
in capital investment have a diminishing impact on productivity. 





(d) Ze os Ok eV 
If x = 10,000, then a becomes 


si 1 750 
z= 75(10,000)"( ai 


The graph is shown in Figure 14.7. 


Figure 14.7 
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| Figure 14.7 also shows that z, > 0 when y > 0, so increasing work-hours 
increases productivity. Note that z z, is decreasing for y > 0 but that it does so 
more slowly than z,. This indicates that increases in work-hours have a 
i diminishing impact on productivity, but still a more significant one than 
increases in capital expenditures (as seen in Figure 14.6). 





Demand Functions 


Suppose that two products are sold at prices p, and p,, respectively, in a com- 
petitive market consisting of a fixed number of consumers with given tastes 
and incomes. Then the amount of each one of the products demanded by the 
consumers is dependent on the prices of both products on the market. If g, repre- 
sents the demand for the first product, then g, = f(p,, p,) is the demand function 
for that product. The graph of such a function is called a demand surface. An 
example of a demand function in two variables is gq, = 400 — 2p, — 4p,. Here 
q, is a function of two variables p, and p,. If p, = $10 and p, = $20, the demand 
would equal 400 — 2(10) — 4(20) = 300. 


| EXAMPLE 5 
| The demand functions for two products are 
GsA= D0 Spiaep, 
G7 = 100 3p), — Sp, 
(a) What is the demand for each of the products if the price of the first is p, = $5 
and the price of the second is p, = $8? 


(b) Find a pair of prices p, and p, such that the demands for product 1 and prod- 
uct 2 are equal. 


= 100 — 365) — 88) = 
| Thus if these are the prices, the demand for product 2 is higher than the demand 
} for product 1. 
| (b) We want q, to equal q,. Setting q, = 4,, we see that 
50 — 5p, — 2p, = 100 — 3p, — 8p, 
Cpa 20 = 2p, 
Die Spano 


| 
; 
| (a) Gi. 9015) 28) = 
j 
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| Now, any pair of positive values that satisfies this equation will make the 
| demands equal. Letting p, = 10, we see that p, = 5 will satisfy the equation. 
Thus the prices p, = 5 and p, = 10 will make the demands equal. The prices 
p, = 2 and p, = 9 will also make the demands equal. Many pairs of values (that 
| is, all those satisfying p, = 3p, — 25) will equalize the demands. 


If the demand functions for a pair of related products, product 1 and product 
2, are q, = f(p,, p,) and q, = g(P,, P,), Tespectively, then the partial derivatives 
of q, and q, are called marginal demand functions. 
oq, 


ape is the marginal demand of g, with respect to p). 
i 


0 ‘ 
a is the marginal demand of q, with respect to p,. 

2 
ag 
Op; 
2D 
2) 


For typical demand functions, if the price of product 2 is fixed, the demand 
for product 1 will decrease as its price p, increases. In this case the marginal 
demand of g, with respect to p, will be negative; that is, dq,/dp, < 0. Similarly, 
0q,/dp, < 0. 

But what about 0q,/dp, and 0q,/dp,? If 9q,/dp, and 0q,/dp, are both posi- 
tive, the two products are competitive because an increase in price p, will result 
in an increase in demand for product 2 (q,) if the price p, is held constant, and 
an increase in price p, will increase the demand for product 1 (q,) if p, is held 
constant. Stated more simply, an increase in the price of one of the two products 
will result in an increased demand for the other, so the products are in competi- 
tion. For example, an increase in the price of a Japanese automobile will result 
in an increase in demand for an American automobile if the price of the 
American automobile is held constant. 

If dq,/dp, and dq,/dp, are both negative, the products are complementary 
because an increase in the price of one product will cause a decrease in demand 
for the other product if the price of the second product doesn’t change. Under 
these conditions, a decrease in the price of product | will result in an increase in 
the demand for product 2, and a decrease in the price of product 2 will result in 
an increase in the demand for product 1. For example, a decrease in the price of 
gasoline will result in an increase in the demand for large automobiles. 

If the signs of 0q,/dp, and q,/dp, are different, the products are neither 
competitive nor complementary. This situation rarely occurs but is possible. 


is the marginal demand of g, with respect to p,. 


is the marginal demand of g, with respect to p,. 


EXAMPLE 6 


The demand functions for two related products, product 1 and product 2, are 
given by 


Gg; = 400 — 5p, + Gp, q, = 250 + 4p, — Sp, 


(a) Determine the four marginal demands. 
(b) Are product 1 and product 2 complementary or competitive? 
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Sokution 


0q; 
3 a) eh ent 
( Op, 


bay _ 
Op, Op, Op, 
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0q, 


om wt 6 942 


Wey 


(b) Because 0q,/dp, and 4q,/dp, are positive, products 1 and 2 are competitive. 


CHECKPOINT | 





(a) x. 
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EXERCISE 14.3 





Joint Cost and Marginal Cost 
1. The cost of manufacturing one item is given by 
C(x, y) = 30 + 3x + Sy 


where x is the cost of 1 hour of labor and y is the cost 
of 1 pound of material. If the hourly cost of labor is 
$4, and the material costs $3 per pound, what is the 
cost of manufacturing one of these items? 


| Bay 3 0 


. 1. If the joint cost function for two products is 


C = 100 + 3x + 10xy + y? 


find the marginal cost with respect to 
(b) y at (7, 3). 
2. If the production function for a product is 


P = 10x!4yl2 


find the marginal productivity of x. 
3. If the demand functions for two products are 


G2= 200 asp ap and g, = 50 — 6p, —'Sp, 


find the marginal demand of 
(a) q, with respect to p,. 


(b) q, with respect to p,. 


0G « 
(b) a 10x + 2y 


9€ (7, 3) = 10(7) + 2(3) = 76 
ay 


2 = _5 





2. The manufacture of 1 unit of a product has a cost 
given by 


C(x, y, Zz) = 10+ 8x + 3y +z 


where x is the cost of 1 pound of one raw material, y 
is the cost of 1 pound of a second material, and z is 
the cost of 1 work-hour of labor. If the cost of the first 
raw material is $16 per pound, the cost of the second 
raw material is $8 per pound, and labor costs $8 per 
work-hour, what will it cost to produce 1 unit of the 
product? 
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3. The total cost of producing | unit of a product is 


C(x,y) = 30+ 2n+ dy t = 

where x is the cost per pound of raw materials and y 

is the cost per hour of labor. 

(a) If labor costs are held constant, at what rate will 
the total cost increase for each increase of $1 per 
pound in material cost? 

(b) If material costs are held constant, at what rate 
will the total cost increase for each $1 per hour 
increase in labor costs? 

. The total cost of producing an item is 

xy 


ADITEAE SOV oh a 


C(x, y) = 
where x is the cost per pound of raw materials and y 
is the cost per hour for labor. How will an increase of 
(a) $1 per pound of raw materials affect the total 
cost? 
(b) $1 per hour in labor costs affect the total cost? 
. The total cost of producing 1 unit of a product is 
given by 


B. xy2 


20x + 70y + [000m 100 


Cy i= 


where x represents the cost per pound of raw materi- 
als and y represents the hourly rate for labor. The 
present cost for raw materials is $10 per pound and 
the present hourly rate for labor is $4. How will an 


increase of 
(a) $1 per pound for raw materials affect the total 


cost? 
(b) $1 per hour in labor costs affect the total cost? 


. The total cost of producing 1 unit of a product is 
given by 

C(x, y) = 30 + 10x? + 20y — xy 
where x is the hourly labor rate and y is the cost per 
pound of raw materials. The current hourly rate is $5, 


and the raw materials cost $6 per pound. How will an 


increase of 
(a) $1 per pound for the raw materials affect the total 


cost? 
(b) $1 in the hourly labor rate affect the total cost? 


. The joint cost function for two products is 
C(x, y) = 30 + x? + 3y + 2xy 


where x represents the quantity of product X produced 
and y represents the quantity of product Y produced. 
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10. 


Lt 


12. 


(a) Find the marginal cost with respect to x if 8 
units of product X and 10 units of product Y are 
produced. 

(b) Find the marginal cost with respect to y if 8 
units of product X and 10 units of product Y are 
produced. 


. The joint cost function for products X and Y is 


Ci, y) = 40 + 3x7 + y? + xy 
where x represents the quantity of X and y represents 
the quantity of Y. 


(a) Find the marginal cost with respect to x if 20 
units of product X and 15 units of product Y are 
produced. 

(b) Find the marginal cost with respect to y if 20 
units of X and 15 units of Y are produced. 


. If the joint cost function for two products is 


C(x, y) =xVy? +1 


(a) Find the marginal cost (function) with respect to x. 
(b) Find the marginal cost with respect to y. 

Suppose the joint cost function for x units of product 
X and y units of product Y is given by 


C(x, y) = 2500V xy + 1 


Find the marginal cost with respect to 
(a) x. (b) y. 
Suppose that the joint cost function for two products 
is 
C(x, y) = 1200 In(xy + 1) + 10,000 


Find the marginal cost with respect to 


(a) x. (b) y. 
Suppose that the joint cost function for two products 
is 


C@ y) = yIn@ + 1) 
Find the marginal cost with respect to 
(a) x. (b) y. 


Production Functions 


3. 


Suppose that the production function for a product is 
z = V4xy, where x represents the number of work- 
hours per month and y is the number of available 
machines. Determine the marginal productivity of 

(a) x. (b) y. 
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14. Suppose the production function for a product is 
GE 60x77y7> 


where x is the capital expenditures and y is the num- 
ber of work-hours. Find the marginal productivity of 
(a) x. (b) y. 

15. Suppose that the production function for a product is 
z = Vx In(y + 1), where x represents the number of 
work-hours and y represents the available capital (per 
week). Find the marginal productivity of 


(a) x. (b) y. 
16. Suppose that a company’s production function for a 
certain product is 


z= (et 1)? Ing? +1) 


where x is the number of work-hours of unskilled 
labor and y is the number of work-hours of skilled 
labor. Find the marginal productivity of 

(a) x. (b) y. 


For Problems 17-19, suppose that the production function 
for an agricultural product is given by 


elles = 0.000227 = "Sy 


: 0.03x + 3y 

where x is the number of hours of labor and y is the num- 

ber of acres of the crop. 

17. Find the output when x = 300 and y = S00. 

18. Find the marginal productivity of the number of acres 
of the crop (y) when x = 300 and y = 500. 

19. Find the marginal productivity of the number of hours 
of labor (x) when x = 300 and y = 500. 

20. If a production function is given by z = 12x>y!%, 
find the marginal productivity of 
(a) x. (b) y. 


7 21. Suppose the Cobb-Douglas production function for a 


company is given by 
z = 400x925 


where x is the company’s capital investment and y is 

the size of the labor force (in work-hours). 

(a) Find the marginal productivity of x. 

(b) If the current labor force is 1024 work-hours, 
substitute y = 1024 in your answer to (a) and 
graph the result. 

(c) Find the marginal productivity of y. 

(d) If the current capital investment is $59,049, sub- 
stitute x = 59,049 in your answer to (c) and 
graph the result. 

(e) Interpret the graphs in (b) and (d) with regard to 
what they say about the effects on productivity of 
an increased capital investment (part b) and of an 
increased labor force (part d). 
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me 22. Suppose the Cobb-Douglas production function for a 


company is given by 
Zz = 300x*3y14 


where x is the company’s capital investment and y is 

the size of the labor force (in work-hours). 

(a) Find the marginal productivity of x. 

(b) If the current labor force is 729 work-hours, sub- 
stitute y = 729 in your answer to (a) and graph 
the result. 

(c) Find the marginal productivity of y. 

(d) If the current capital investment is $27,000, sub- 
stitute x = 27,000 in your answer to (c) and 
graph the result. 

(e) Interpret the graphs in (b) and (d) with regard to 
what they say about the effects on productivity of 
an increased capital investment (part b) and of an 
increased labor force (part d). 


Demand Functions 

23. The demand functions for two products are given by 
q, = 300 — 8p, — 4p, 
gq, = 400 = Sp, = 10p, 


Find the demand for each of the products if the price 
of the first is p, = 10 and the price of the second is 
Pps: 

24. The demand functions for two products are given by 


G, = 900'— 9p. 2p, 
q, = 1200 + 6p, — 10p, 


Find the demands q, and q, if p, = $10 and p, = $12. 
25. Find a pair of prices p, and p, such that the demands 
for the two products in Problem 23 will be equal. 
26. Find a pair of prices p, and p, such that the demands 
for the two products in Problem 24 will be equal. 


In Problems 27-30, the demand functions for two related 
products, A and B, are given. Complete (a)e) for each 
problem. 
(a) Find the marginal demand of g, with respect to p,. 
(b) Find the marginal demand of g, with respect to pz. 
(c) Find the marginal demand of q, with respect to p,. 
(d) Find the marginal demand of g, with respect to p,. 
(e) Are the two goods competitive or complementary? 
Dan 12 = 00 ce 3D, “a 2D 
WB 250 — 5p, — 6p 


28 a, = 600 — 4p, + 6p, 
" (ap 1200 + 8p, — 4p, 
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600 600 
= 2 es = 2500 + ~~ — 40 
q, = 5000 — 50p, pee 5 qa Pat 2 Pp 
29. 400 
s005 = 3000 — 100p, + 
dy = 10,000 ae py 4 qa Ae ees 


OBJECTIVES 


74.4 Maxima and Minima 


= Jo find relative maxima, minima, 
and saddle points of functions of 


two variables 


= Jo apply linear regression 


formulas 


Figure 14.8 


(b) 








In our study of differentiable functions of one variable, we saw that for a relative 
maximum or minimum to occur at a point, the tangent line to the curve had to be 
horizontal at that point. The function z = f(x, y) describes a surface in three 
dimensions. If all partial derivatives of f(x, y) exist, then the surface described by 
z = f(x, y) must have a horizontal plane tangent to the surface at a point in order 
to have a relative maximum or minimum at that point (see Figure 14.8). But if 
the plane tangent to the surface at the point is horizontal, then all the tangent 
lines to the surface at that point must also be horizontal, for they lie in the tan- 
gent plane. In particular, the tangent line in the direction of the x-axis will be 
horizontal, so dz/dx = O at the point; and the tangent line in the direction of the 
y-axis will be horizontal, so dz/dy = 0 at the point. Thus we can determine the 
critical points for a surface by finding those points where both dz/dx = 0 and 
dz/dy = 0. 

How can we determine whether a critical point is a relative maximum, a rel- 
ative minimum, or neither of these? Finding that 0°z/dx* < O’and 07z/ay? < 0 is 
not enough to tell us that we have a relative maximum. The “second derivative” 
test we must use involves the values of the second partial derivatives and the 
value of D at the critical point (a, b), where D is defined as follows: 


#0 Zon Oe Cale 
D=~5-~=5-|-—+ 
dx” dy oxdy 
We shall state, without proof, the result that determines whether there is a rela- 
tive maximum, a relative minimum, or neither at the critical point (a, b). 
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Test for Maxima and Let z = f(x, y) be a function for which 
Minima 
oe ag at a point (a, b) 
Ox OY. ee 
and suppose that all second partial derivatives are continuous there. Evaluate 


az az * az 2 


DF aa aie Oxdy 


at the critical point (a, b), and conclude the following. 


a. If D> 0 and d?z/ax? > 0 at (a, b), then a relative minimum occurs at (a, b). 
In this case, d?z/dy* > 0 at (a, b) also. 

b. IfD> 0 and 07z/dx* < 0 at (a, b), then a relative maximum occurs at (a, b). 
In this case, 97z/dy* < 0 at (a, b) also. 

c. If D < OQ at (a, D), there is neither a relative maximum nor a relative mini- 
mum at (a, b). 

d. If D = Oat (aq, b), the test fails; investigate the function near the point. 








We can test for relative maxima and minima by using the following procedure. 
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EXAMPLE 1 

| Test z= x2 + y? — 2x + 1 for relative maxima and minima. 
| Solution 

[ese 


| Oz _ i = OZ _ ify = 
tao. ax OX = 1. ay Of y =,0: 


, Both are Oifx = 1 and y = 0, so the critical point is (1, 0, 0). 
i az Bs ai az mee 07z z az a 
; oy : axdy dyax x 


: 
ox dy 
i 











3 ag 

4. At(1,0), D=2:-2-0?=4. 

5. D> 0, d?z/ax? > 0, and 0?z/dy” > 0. A relative minimum occurs at (1, 0). 
(See Figure 14.10.) 















Figure 14.10 | ‘ 
EXAMPLE 2 
Test z = y” — x? for relative maxima and minima. 
Solution 
O25 5 ee 
J ree Dx, oy 2y 
OZ _ OZ _ = 
2. = = Oif = 0; a ee 
Thus both equal 0 if x = 0, y = 0. The critical point is (0, 0, 0). 
RE Oma. nies vz =0 
"ax Me Ova i OF OV Ov OX.» 


4. D=(-—2)(2) -0= -4 
5. D <0, so the critical point is neither a relative maximum nor a relative mini- 
mum. As Figure 14.11 shows, the surface formed has the shape of a saddle. 
For this reason, critical points that are neither relative maxima nor relative 
; Minima are called saddle points. 


Figure 14.11 | 
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The following example involves a surface with two critical points. 


EXAMPLE 3 
Test z = x? + y? + 6xy for relative maxima and minima. 
Solution 
{ 
Oz 5 OSes 
rele Fe 3x? + by; ay 3y? + 6x 


2. = Oi Oe a 6 eat is, ya 


5 = 0 if 0 = 3y? + 6x—that is, if = —4y? 
Because both conditions must be satisfied, we can substitute —3y? for x in 


= —}x? and obtain 


= seeeailas 
yo g> 
la 
Y ray 0 
yO y7)=0 


Hence y = 0 or y? = —8; thus, y = Oory = —2. If y = 0, x = —3(0)? = 0, 
so one critical point is (0, 0, 0). If y = —2, x = —}(—2)? = —2, so the 
second critical point is (—2, —2, 8). 








ee ae 
<< 
ll 
| 
Nl] 
pe 
| 
N|e 
<< 
N 
a 
N 


Gizee = | oz ee Giz: Wore 
are ay! ax dy dydx 
Thus D = (6x)(6y) — (6). 
4. At (0,0), D =0-0— (6 = —36 <0. 


At (—2, —2), D = (—12)(—12) — 36 = 108 > 0. 

i 5. At (0, 0), D < 0, so a saddle point occurs at (0, 0, 0). 
At (—2, —2), D > 0, 0?z/ax* = 6(—2) = —12, and 6?z/ay? = 6(—2) = —12, 
so a relative maximum occurs at (—2, —2). It is 8. 
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CHECKPOINT | 


es RGA PATI EERO TOES NCES, 


Suppose that z = 4 — x? — y? + 2x — 4y. 


_ 1. Find z, and z,. 
2. Solve z, = 0 and z, = 0 simultaneously to find the critical point(s) for the graph 


of this function. 


3. Test the point(s) for relative maxima and minima. 


Let us now solve the problem introduced in the Application Preview. 
EXAMPLE 4 
Maximize Adele Lighting’s profit if the demand functions are p, = 50 — x for 
20-inch lamps and p, = 60 — 2y for 31-inch lamps, and if the joint cost function 
is C = 2xy. Recall that x and y are in thousands of lamps, p, and p, are in dollars, 
and C is in thousands of dollars. 
Solution 
The profit function is P(x, y) = p,x + p,y — C(x, y). Thus, 
P(, y) = (50 — x)x + (60 — 2y)y — 2xy 
= 50x — x? + 60y — 2y? — 2xy 
gives the profit in thousands of dollars. To maximize the profit, we proceed as 
follows. 
Pee Urea eyerand “P= 00: Ay 2x 
Solving simultaneously P, = 0 and i = 0, we have 
0 = 50—2% —2y 
0 = 60-—2x—-4y 
Subtraction gives —10 + 2y = 0, so y = 5. Thus 0 = 40 — 2x, sox = 20. Now 
ES =), thes = -—4, and Ps =-—2, and 
Da) > (Rats She) — 2) 4 
Because P,, < 0, P,, < 0, and D > 0, the values x = 20 and y = 5 yield 


maximum profit. Therefore, when x = 20 and y = 5, p, = 30, p, = 50, and the 
maximum profit is 


P(20, 5) = 600 + 250 — 200 = 650 


That is, Adele Lighting’s maximum profit is $650,000 when the company sells 
20,000 of the 20-inch lamps at $30 each and 5000 of the 31-inch lamps at 
$50 each. 


Linear Regression 


We have used different types of functions to model cost, revenue, profit, 
demand, supply, and other real-world relationships. Sometimes we have used 
calculus to study the behavior of these functions, finding, for example, marginal 
cost, marginal revenue, producer’s surplus, and so on. We now have the mathe- 
matical tools to understand and develop the formulas that graphing utilities and 
other technology use to find the equations for linear models. 


Figure 14.12 
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The formulas used to find the equation of the straight line that is the best fit 
for a set of data are developed using max-min techniques for functions of two 
variables. This line is called the regression line. In Figure 14.12, we define line 
£ to be the best fit for the data points (that is, the regression line) if the sum of 
the squares of the differences between the actual y-values of the data points and 
the y-values of the points on the line is a minimum. 

In general, to find the equation of the regression line, we assume that the 
relationship between x and y is approximately linear and that we can find a 
straight line with equation 


vY=at bx 


where the values of ) will approximate the y-values of the points we know. That 
is, for each given value of x, the point (x, J) will be on the line. For any given 
x-value, x,, we are interested in the deviation between the y-value of the data 
point (x, y,) and the }-value from the equation, y,, that results when x, is substi- 
tuted for x. These deviations are of the form 


a=j ey, fori-=1,2, 0. 


(See Figure 14.12 for a general case with the deviations exaggerated.) 


y 





x 


To measure the deviations in a way that accounts for the fact that some of 
the y-values will be above the line and some below, we will say that the line that 
is the best fit for the data is the one for which the sum of the squares of the devi- 
ations is a minimum. That is, we seek the a and b in the equation 


y=at+bx 


such that the sum of the squares of the deviations, 


n A 


oe > Gy) e= > [(bx; + a) — y,}” 


i=1 i=] 


= (br a= yp tion ct aca) Oi) 


is a minimum. The procedure for determining a and b is called the method of 


least squares. 
We seek the values of b and a that make S a minimum, so we find the values 


that make 


dS. OS _ 

a and Bi 0 

= 2b, +a—y,)x, + 2(bx, t+a—y,)m + °° + 2(bx, + 4 — Yq)%n 
0 


© = 2(bx, +a —y,) + 2(bm, +a—y,) + + 2(bx, +a -y,) 


1030 Chapter 14 Functions of Two or More Variables 


Setting each equation equal to 0, dividing by 2, and using sigma notation give 


0=b Satta d x,- > xy, (1) 


i=1 i=} 


Serene INS Sint (2) 
= 


t=) i=1 


0 


We can write equations (1) and (2) as follows: 


Say ca Diath Sv (3) 


i=1 i=] i=} 
Sm anth > x : (4) 


r=] 


Multiplying equation (3) by n and equation (4) by > X, permits us to begin to 
solve for b. 


n >) xy, = na Sx +nb > 2? (5) 
i=1 

Se ge eee © 
iad Mela 


Se Sn Day 


i=1 i= i=1 


I 
> 
Leos 
Ms 
at 
See 
N 
| 
> 
M: 
a 
tN 


\\ 
> 
iN 
TMs 
ral 
Na 
N 
| 
3 
1 
& 
#25 82: 
heen 


n n n 
2% (OF ats, 1 Xi 
= (Ves es 
Be Di eee a ae 
( >) *) —n xi 
i= 1 i=1 
n n 
“ ¥,—0 > x; 
and, from equation (4), nes aan 


It can be shown that these values for b and a give a minimum value for S, so we 
have the following. 





SAE ARN NR see eee ae a exe euperat etaane 





Linear Regression Given a set of data points (x,, y,), tes y2), +++» (X, y,), the equation of the line 
Equation _ that is the best fit for these data is 





y=atbx 
where 
RSE yy pee 
(Sx) -—nlr fi ; n 


and each summation is taken over the entire data set (that is, from 1 to n). 
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| EXAMPLE 5 


i 

| The following data show the relation between the diameter of a partial roll of 
| blue denim material at MacGregor Mills and the actual number of yards remain- 
| ing on the roll. Use linear regression to find the linear equation that gives the 
number of yards as a function of the diameter. 

Yards/Roll 


Diameter (inches) Yards/Roll 





Diameter (inches) 





14.0 
15.0 
16.5 170 24.5 380 
Wels 200 DIS 405 
18.5 220 26.0 435 
19.8 255 26.75 460 
20.5 270 270) 470 
22.0 305 28.0 500 
Solution 





| Let x be the diameter of the partial rolls and y be the yards on a roll. Before find- 
| ing the values for a and b, we evaluate some parts of the formulas: 





16 
Thus the linear equation that can be used to estimate the number of yards of 
denim remaining on a roll is 


n= 16 
dx = 348.05 
Xx? = 7871.48 
Ly = 5020 
Sxy = 117,367.75 
: Lx y— Aa xy 
(Sx) n la 
_ (348.05)(5020) — 16(117,367.75) _ 
~ (348.05)? — 16(7871.48) eur 
we Ly Day 
nA 
| 2 (5020) = (27,1959) 24805) ae 
i 


y= —277.89 & 21.200 


Note that if we use the linear regression capability of a graphing utility, we 
obtain exactly the same equation. 


CHECKPOINT 
. 4. Use linear regression to write the equation of the line that is the best fit for the 


following points. 


jae sO mee 10S 
ee ae 
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CHECKPOINT 
SOLUTIONS | 





EXERCISE 14.4 
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Finally, we note that formulas for models other than linear ones, such as power 
models (y = ax®), exponential models (y = ab*), and logarithmic models 
fy = a + b In(x)], can also be developed with the least-squares method. That is, 
we apply max-min techniques for functions of two variables to minimize the 
sum of the squares of the deviations. 


ke 
2s 


haar Leas —2y —4 
—2x +2 =0 givesx = 1. 

—2y —4=0 gives y = —2. 

Thus the critical point is (1, —2, 9). 


alas is ends —2, and z,, = 0, so 


DG y= 22) O34 


Hence, at (1, —2, 9) we have D > 0 and z,_, < 0, so (1, —2, 9) is a relative 
minimum. 





Sx =50+25+10+5=90 
Sx? = 2500 + 625 + 100 + 25 = 3250 
Ly =2+4+ 10+ 20 = 36 
Txy = 100 + 100 + 100 + 100 = 400 
Then 
a re 2 ey Ps 56a 00 VR ond eee 
(Sx)?—n>dx? 90?7—4-3250 -4900 ~~” 
and 
Sy—b>d 36 — (—0.33)(90 
a = 2yabEs _ BA (HOS)) _ 57 _ 16.43 


Thus the line that gives the best fit to these points is 
y = —0.33x + 16.43 








In Problems 1—16, test for relative maxima and minima. peextemny? 
z=9-x2-y? 2 DGS . 
z= 16 — 4x7 — 9y ph eye 
z=axrtt+y+4 Sen dor 119 


SIAWARWN 


Zeya 

Zax ty? — 2x + 4y +5 
z=4x?7+y?+4x4+1 
z=x2+ Oxy ty? + 16x 


ee eae NEY YOY 


Lhe 24 xi eyicy? + 36y 
12. z= 46 — x2 + Qxy — dy? 

13. z=x?+ xy + y? — 4y + 10x 
14. z= x? + 5xy + 10y? + 8x — 40y 
15. z= x? yy" — Gry 

16. z= 23 + y3 + 3zy 


In Problems 17 and 18, use the points given in the tables 
to write the equation of the line that is the best fit for the 
points. 


17: 


x Fee Boe hl ae 
=—— on” OG 38 


18. x 10 20 30 40 
y 2 6 5 6 


Applications 


£9. 


20. 


PALE 


22. 


aS 


24. 


Profit Suppose that the profit from the sale of 
Kisses and Kreams is given by 


P(x, y) = 100x + 64y — 0.01x? — 0.25y? 


where x is the number of pounds of Kisses and y is 
the number of pounds of Kreams. Selling how many 
pounds of Kisses and Kreams will maximize profit? 


Profit The profit from the sales of two products is 
given by 


P(x, y) = 20x + 70y — x? — y? 
where x is the number of units of product 1 sold and y 


is the number of units of product 2. Selling how much 
of each product will maximize profit? 


Nutrition A new food is designed to add weight to 
mature beef cattle. The increase in weight is given by 
W = xy(20 — x — 2y), where x is the number of units 
of the first ingredient and y is the number of units of 
the second ingredient. How many units of each ingre- 
dient will maximize the weight gain? 

Profit The profit for a grain crop is related to fertil- 
izer and labor. The profit per acre is 


P = 100x + 40y — 5x? — 2y? 
where x is the number of units of fertilizer and y is the 
number of work-hours. What values of x and y will 
maximize the profit? 
Production Suppose that 
P = 3.78x2 + 1.5y? — 0.09x? — 0.01y3 


is the production function for a product with x units 
of one input and y units of a second input. Find the 
values of x and y that will maximize production. 


Production Suppose that x units of one input and y 
units of a second input result in 


P = 40x + 50y — x? — y? — xy 


units of a product. Determine the inputs x and y that 
will maximize P. 


2): 


26. 


2h 


28. 


29: 


30. 
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Production Suppose that a manufacturer produces 
two brands of a product, brand | and brand 2. If the 
demand for brand 1 is p, = 10 — x, the demand for 
brand 2 is p, = 40 — 2y, and the joint cost function is 
C = xy, how many of each brand should be produced 
to maximize profit? 


Production Suppose that a firm produces two prod- 
ucts, A and B, that sell for $a and $b, respectively, 
with the total cost of producing x units of A and y 
units of B equal to C(x, y). Show that when the profit 
from these products is maximized, 


LS Oat 
ay Y) = a and ay 2d) = B 


Manufacturing Find the values for each of the 
dimensions of an open-top box of length x, width y, 
and height 500,000/(xy) such that the box requires 
the least amount of material to make. 


Manufacturing Find the values for each of the 
dimensions of a closed-top box of length x, width y, 
and height z if the volume equals 27,000 cubic inches 
and the box requires the least amount of material to 
make. Hint: First write z in terms of x and y, as in 
Problem 27. 


Profit A company manufactures two products, A 
and B. If x is the number of units of A and y is the 
number of units of B, then the cost and revenue func- 
tions are 


CQ y) = 2x? = 2xy + yy? — 7x + 10y 5 11 
RG, y) = 5x + 4y 


Find the number of each type of product that should 
be manufactured to maximize profit. 


Production Let x be the number of work-hours 
required and y be the amount of capital required to 
produce z units of a product. Show that the average 
production per work-hour, z /x, is maximized when 


OF pends 
Ox x 


Use z = f(x, y) and assume a maximum exists. 
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31. Retirement benefits 


32. 


K7 33. 


The following table gives the 

approximate benefits for PepsiCo executives who 

earned an average of $250,000 per year during the 

last 5 years of service, based on the number of years 

of service, from 15 years to 45 years. 

(a) Use linear regression to find the linear equation 
that is the best fit for the data. 

(b) Use the equation to find the expected annual 
retirement benefits after 40 years of service. 


Years of Service Annual Retirement 


25 $109,280 
30 121,130 
35 132,990 
40 145,490 
45 160,790 


Source: TRICON Salaried Employees Retirement Plan 


Health insurance The number of people enrolled in 

health insurance plans (in millions) is given in the 

table below for the years 1987 to 1995. 

(a) Use linear regression to find the equation of the 
line of best fit. Use x = 0 in 1987. 

(b) Use the equation to estimate the number enrolled 


in 1996. 


Number of People Enrolled in Health 


Year Insurance Plans (millions) 
1987 241.2 
1988 243.7 
1989 246.2 
1990 248.9 
1991 251.4 
1992 256.8 
1993 259.8 
1994 262.1 
1995 264.3 


Source: Bureau of the Census, 1996 


Hourly earnings The following table shows the 
average hourly earnings for full-time workers in vari- 
ous industries for selected years. 

(a) Find the linear regression equation for hourly 
earnings as a function of time (with x = 0 in 
1970). 

(b) What does this model predict for the average 
hourly earnings in 2005? 

(c) Write a sentence that interprets the slope of the 
linear regression equation. 
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Year Hourly Earnings 
1970 $3.23 
1975 4.53 
1980 6.66 
1985 8.57 
1986 8.76 
1987 8.98 
1988 9.28 
1989 9.66 
1990 10.01 
1991 10325. 5 
1992 10.57 
1993 10.83 
1994 11.12 
1995, 11.43 
1996 11.81 


Source: Bureau of Labor Statistics, U.S. Dept. of Labor 


m/ 34. Tuition The following table gives the annual tuition 


for universities in Georgia from 1985 to 1994. 


Year Tuition Year Tuition 
1985 $377 1990 528 
1986 424 199] 552 
1987 460 1992 574 
1988 487 1993 597 
1989 506 1994 615 


Source: University System of Georgia 


(a) Let t = O in 1985 and use linear regression to 
write a linear equation representing the annual 
tuition at universities in Georgia as a function of 
the number of years past 1985. 

(b) Use the equation to predict tuition in 2003. 
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714.5 Maxima and Minima of Functions Subject to 
Constraints; Lagrange Multipliers 








APPLICATION PREVIEW _ 


OBJECTIVE 
practical —— eee that a = tion of two or more variables be 


8 Jo find the maximum or 
minimum value of a function of 
two or more variables subject to 
a condition that constrains the 
variables 








We can obtain maxima and minima for a function z = f(x, y) subject to the con- 
straint g(x, y) = 0 by using the method of Lagrange multipliers, named for the 
famous eighteenth-century mathematician Joseph Louis Lagrange. Lagrange 
multipliers can be used with functions of two or more variables when the con- 
straints are given by an equation. 

In order to find the critical values of a function f(x, y) subject to the con- 
straint g(x, y) = 0, we will use the new variable \ to form the objective function 


F(x, y, \) = f(% y) + Ag y) 


It can be shown that the critical values of F(x, y, \) will satisfy the con- 
straint g(x, y) and will also be critical points of f(x, y). Thus we need only find 
the critical points of F(x, y, \) to find the required critical points. 

To find the critical points of F(x, y, \), we must find the points that make all 
the partial derivatives equal to 0. That is, the points must satisfy 


gF/ax=0, OF/ay=0, and daF/dd =0 


Because F(x, y, \) = f(x, y) + Ag(x, y), these equations may be written as 


of ek. 
ae ae =( 
of 
Fae 0 
a(x, y) = 


Finding the values of x and y that satisfy these three equations simultaneously 
gives the critical values. 
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This method will not tell us whether the critical points correspond to max- 
ima or minima, but this can be determined either from the physical setting for 
the problem or by testing according to a procedure similar to that used for 
unconstrained maxima and minima. The following examples illustrate the use of 


Lagrange multipliers. 


| EXAMPLE 1 
_ Find the maximum value of z = x’y subject tox + y=9,x2=0,y=0. 


Solution 

The function to be maximized is f(x, y) = x’y. 
| The constraint is g(x, y) = 0, where g(x y)=xt+y-9. 
| The objective function is 
i 


‘“ 


4 


F(x, y, X) =f y) + Ag y) 





or 
F(x y, d) = ey + A(x + y — 9) 
Thus 

oF = by +A(1) = 0, or 2xy+A =0 
oe AL) =O or x +A =0 
| dy 

OF 509 Hea Gem Oee=o0} or x+y-9 =0 
i 0A 
| Solving the first two equations for A and substituting gives 
hin ane 
A= —x? 

day = x? 

2xy — x? =0 
| XO 2y =r) 0) 
i 


so 


x=0 or x=2y 





Because x = 0 could not make z = x*y a maximum, we substitute x = 2y into 


[xty-9=0. Ss 
2y+y=9 

x=6 

i 

| 


Thus the function z = x*y is maximized at 108 when x = 6, y = 3, if the con- 
| straint is x + y = 9. Testing values near x = 6, y = 3, and satisfying the con- 
straint shows that the function is maximized there. (Try x = 5.5, y = 3.5; x = 7, 
y = 2; and so on.) : 
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| EXAMPLE 2 , 

| Find the minimum value of the function z = x° + y? + xy subject to the con- 
| Straintx + y—4=0. 

| Solugon 

The function to be minimized is f(x, y) = °° + y? + xy. 

The constraint function is g(x, y) =x + y — 4. 

_ The objective function is 


| F(x, y, ¥) = fe y) + Age y) 


Solving the first two equations for \ and substituting, we get 
h = —(3x? + y) 

h = —@Gy? + x) 

3x? + y = 3y2 +x 


Ror 

| F(a y, A) = Fy? + xy AG + y — 4) 
| Then 

: S = aety+a =0 

| TU tEtA = 0 

| a= xty-4=0 

| 


| Solving x + y — 4 = 0 for y gives y = 4 — x. Substituting for y in the equation 
| above, we get 
3x2 + (4-—x) =3(4—-—x/ +x 
3x? A = x = AS Ay 43x eX 
22x = 44 or x=2 


Thus when x + y — 4 = 0, x = 2 and y = 2 give the minimum value z = 20. 





CHECKPOINT | 
, Find the minimum value of f(x, y) = x? + y? — 4nxy, subject to the constraint 
x + y = 10, by: 
1. forming the objective function F(x, y, \); 
| OF OF oF. 
2. finding ax” ane aA" 


: 3. setting the three partial derivatives (from question 2) equal to 0, and solving the 
equations simultaneously for x and y; 
| 4. finding the value of f(x, y) at the critical values of x and y. 
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We can also use Lagrange multipliers to find the maxima and minima of 
functions of three (or more) variables, subject to two (or more) constraints. The 
method involves using two multipliers, one for each constraint, to form an objec- 
tive function F = f + Ag, + wg,. We leave further discussion for more advanced 
courses. 

We can easily extend the method to functions of three or more variables, as 
the following example shows. 


| EXAMPLE 3 
Find the minimum value of the function w = x + y* + z?, subject to the con- 
straintx +y+z=1. 


Solution 

| The function to be minimized is f(x, y, c) = x + y* + z?. The constraint is 
| a(x, y, z) = 0, where g(x yz) =xt+y+z-1. 

_ The objective function is 


3 


FG, Gen) = fC 2) hee yc) 





| or 
Fa yzn=Hxryt+2lraraaty+z— 1) 
| Then 
a= 1+A=0 
: Ox 
Ors. Me 
| ae 
F = 2+ = 0 
0z 
i oF 
aA Se hy bz) = 0 


| Solving the first three equations simultaneously gives 





N|- 


A=-1 =F = 

i 72 ; 
Substituting these values in the fourth equation (which is the constraint), we get 

[xe +}—1=0,sox = 0, y = 3, z = }. Thus w = } is the minimum value 

| because other values of x, y, and z that satisfy x + y + z = | give larger values 
for w. 


Let us now return to the utility problem posed in the Application Preview. 
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Figure 14.13 
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EXAMPLE 4 


Find x and y that maximize the utility function U = x*y* subject to the budget 
constraint 2x + 4y = 40. 


Solution 


First we rewrite the constraint as 2x + 4y — 40 = 0. Then the objective function 
is 


F(x y, \) = x?y? + A(2x + 4y — 40). 


oe OE or = 
ay 2 + 2A, gy et 4A, ay ox + Ay — 40 


Setting these partial derivatives equal to 0 and solving gives 
—hN = xy? =xy/2, or xy? — xy/2=0 
so 
xy(y — x/2) = 0 


yields x = 0, y = 0, or x = 2y. Neither x = 0 nor y = O maximizes utility. If 
x = 2y, we have 


0 = 4y + 4y — 40 


Thus y = 5 andx = 10. 
Testing values near x = 10, y = 5 shows that these values maximize utility 
at U = 2500. 


Figure 14.13 shows the budget constraint 2x + 4y = 40 from Example 4 
graphed with the indifference curves for U = x’y? that correspond to U = 500, 
U = 2500, and U = 5000. 

Whenever an indifference curve intersects the budget constraint, that utility 
level is attainable within the budget. Note that the highest attainable utility (such 
as U = 2500, found in Example 4) corresponds to the indifference curve that 
touches the budget constraint at exactly one point—that is, the curve that has 
the budget constraint as a tangent line. Note also that utility levels greater than 
U = 2500 are not attainable within the budget because the indifference curve 
“misses” the budget constraint line (as for U = 5000). 


¥y 
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Figure 14.14 
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EXAMPLE 5 
Suppose that the Cobb-Douglas production function for a certain manufacturer 
gives the number of units of production z according to 


z= f(x y) = 100x*y!* 


where x is the number of units of labor and y is the number of units of capital. 
Suppose further that labor costs $160 per unit, capital costs $200 per unit, and 
the total cost for capital and labor is limited to $100,000, so that production is 
constrained by 


160x + 200y = 100,000 


“ 


Find the number of units of labor and the number of units of capital that maxi- 
mize production. 


Solution 
The objective function is 
F(x, y, XN) = 100x*>y5 + A(160x + 200y — 100,000) 
OF = gox-V5y"5 + 160a, 2 = 20x44 + 200A 
ox 4 oy 
OF 
a 160x + 200y — 100,000 
Setting these partial derivatives equal to 0 and solving gives 
—80x7 5/5 —20x4/5y-4/5 ys 4/3 
FBO Ee Or 2B Oy 
‘ 3 sere : 
This means Sy = x. Using this in he 0 gives 
160(S5y) + 200y — 100,000 = 0 
1000y = 100,000 
y = 100 
x = Sy = 500 


Thus production is maximized at z = 100(500)*°(100)'’5 ~ 36,239 when x = 
500 (units of labor) and y = 100 (units of capital). See Figure 14.14. 


y 







4/5 1/5) i 





160x + 200y = 100,000 
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| In problems of this type, economists call the value of —\ the marginal 
productivity of money. In this case 


i 1/5 0.2 
egy " (100) ay 
(ea 2(500)°2 ~ pe 





_ This means that each additional dollar spent on production results in approxi- 
_ mately 0.362 additional unit produced. 

Finally, Figure 14.14 shows the graph of the constraint together with 
| some production function curves that correspond to different production levels. 


CHECKPOINT 
SOLUTIONS | 
aS 1. F(x, y, A) = x7 + y? — 4xy + (10 — x — y) 
bi bart oF _ a 
ne ap em oe Ay Oe ae 


(3.0=2r-4y-A (1) 
: O=2y—4x-A (2) 
Os Ole yn (6) 
From equations (1) and (2) we have the following: 
XN =2x—4y and »A=2y- 4x, so 
2x — 4y = 2y — 4x 


i 


6x = 6y, or x=y 


| Using x = y in equation (3) gives 0 = 10 — x — x, or 2x = 10. Thus. x = 5 andy = S. 
4. f(5, 5) = 25 + 25 — 100 = —S0 is the minimum because other values that satisfy 
_ the constraint give larger z-values. 


EXERCISE 14.5 — 





_ Find the minimum value of z = x? + y? subject to the 
condition x + y = 6. 

_ Find the minimum value of z = 4x? + y? subject to 
the constraint x + y = 5. 

_ Find the minimum value of z = 3x* + Sy* — 2xy sub- 
ject to the constraint x + y = 5: 

. Find the maximum value of z = 2xy — 3x? 3 5y? 
subject to the constraint x + y = 5. 

_ Find the maximum value of z = x’y subject to x + y 
=6 r= 0, y= 0. 

_ Find the maximum value of the function z 
subject tox + y = 10,x20,y = 0. 

_ Find the maximum value of the function z = 2xy — 
2x? — 4y? subject to the condition x + 2y = 8. 

_ Find the minimum value of z = 2x? + y? — xy sub- 
ject to the constraint 2x+y=8. 

_ Find the minimum value of z = x? + y? subject to the 
condition 2x + y+ 1 = 9. 


= x3? 


10. Find the minimum value of z = x? + y? subject to the 
condition xy = 1. 

11. Find the minimum value of w = x? + y? + z? subject 
to the constraint x + y + z = 3. 

12. Find the minimum value of w = x? + y? + z* subject 
to the condition 2x — 4y + z = 21. 

13. Find the maximum value of w = xz + y subject to the 
constraint x2 + y? + z2 = 1. 

14. Find the maximum value of w = x*yz subject to the 
constraint 4x + y+z=4,x=0,y=0,andz=0. 

Applications 

15. Utility Suppose that the utility function for two 


commodities is given by U = x*y and that the budget 
constraint is 3x + 6y = 18. What values of x and y 
will maximize utility? 
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16. 


fe / 17. 


RB) 18. 


fe 19. 


me 20. 


Utility Suppose that the budget constraint in 
Problem 15 is 5x + 20y = 80. What values of x and y 


will maximize U = x*y? 


Utility Suppose that the utility function for two 
products is given by U = xy, and the budget con- 
straint is 2x + 3y = 120. Find the values of x and y 
that maximize utility. Check by graphing the budget 
constraint with the indifference curve for maximum 
utility and with two other indifference curves. 


Utility Suppose that the utility function for two 
commodities is given by U = x’y?, and the budget 
constraint is 10x + 15y = 250. Find the values of x 
and y that maximize utility. Check by graphing the 
budget constraint with the indifference curve for 
maximum utility and with two other indifference 


Curves. 


Production A company has the Cobb-Douglas pro- 
duction function 


z = 400x9%y04 


where x is the number of units of labor and y is the 

number of units of capital. Suppose labor costs $150 

per unit, capital costs $100 per unit, and the total cost 

of labor and capital is limited to $100,000. 

(a) Find the number of units of labor and the number 
of units of capital that maximize production. 

(b) Find the marginal productivity of money and 
interpret it. 

(c) Graph the constraint with the optimal value for 
production and with two other z-values (one 
smaller than the optimal value and one larger). 


Production Suppose a company has the Cobb- 
Douglas production function 


z = 100°75y025 


where x is the number of units of labor and y is the 

number of units of capital. Suppose further that labor 

costs $90 per unit, capital costs $150 per unit, and the 

total costs of labor and capital are limited to $90,000. 

(a) Find the number of units of labor and the number 
of units of capital that maximize production. 

(b) Find the marginal productivity of money and 
interpret it. 

(c) Graph the constraint with the optimal value for 
production and with two other z-values (one 
smaller than the optimal value and one larger). 
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oie 


Dee 


23; 


24. 


25: 


26. 


Cost A firm has two plants, X and ¥. Suppose that 
the cost of producing x units at plant X is x7 + 1200 
and the cost of producing y units of the same product 
at plant Y is given by 3y? + 800. If the firm has an 
order for 1200 units, how many should it produce at 
each plant to fill this order and minimize the cost of 
production? 


Cost Suppose that the cost of producing x units at 
plant X is (3x + 4)x and that the cost of producing y 
units of the same product at plant Y is (2y + 8)y. If 
the firm that owns the plants has an order for 149 
units, how many should it produce at each plant to fill 
this order and minimize its cost of production? 


Revenue On the basis of past experience a company 
has determined that its sales revenue is related to its 
advertising according to the formula s = 20x + y? + 
4xy, where x is the amount spent on radio advertising 
and y is the amount spent on television advertising. If 
the company plans to spend $30,000 on these two 
means of advertising, how much should it spend on 
each method to maximize its sales revenue? 


Manufacturing Find the dimensions x, y, and z of 
the rectangular box with the largest volume that satis- 
fies 


3x + 4y + 122 = 12 


Manufacturing Find the dimensions of the box 
with square base, open top, and volume 500,000 
cubic centimeters that requires the least materials. 


Manufacturing Show that a box with a square 
base, an open top, and a fixed volume requires the 
least material to build if it has a height equal to one- 
half the length of one side of the base. 
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KEY TERMS AND FORMULAS 
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Formula 


rere eee ee 


14.1 Function of two variables 
Variables: independent, dependent 
Domain 
Coordinate planes 
Utility 
Indifference curve 
Indifference map 


ee SSeS 


14.2 First-order partial derivative 


With respect to x 


With respect to y 


Higher-order partial derivatives 
Second partial derivatives 


_ a 
SG 
pase OS 
“yay 


Ze Zyy Ty» and Z,, 





14.3 Joint cost function 
Marginal cost 
Marginal productivity 
Demand function 
Marginal demand function 


C= dG y) 








Competitive products 
Complementary products 
14.4 Critical values for maxima and minima Solve simultaneously @ a a 
'y 
Test for critical values Use D@ y) = @)G,,) — &,)- 
Linear regression y=at bx 2 
na 2x+ Dy—nDxy 
(yx) x 
Ly DL 
a 
n 
14.5 Maxima and minima subject to constraints 
Lagrange multipliers 


Objective function 


REVIEW EXERCISES 





Section 14.1 





: ae Jes 
1. What is the domain of z = =F 


3x + 2Vy, 


2. What is the domain of z = iy 


F(x, y, A) =f y) + AgGe y) 


3. If w(x, y, z) = x? — 3yz, find w(2, 3, 1). 
4. If O(K, L) = 70K*L", find Q(64,000, 512). 
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Section 14.2 
5. Find 2 if z = 5x3 + 6xy + y?. 
Ox 
@ Find . po 10 enact 
yy 


In Problems 7-12, find z. and zy 


7. z= 4x43 + * 8.2 = Var 2y* 
Y 2 

9. z= ay 17 10. z=e°" 

lt. 2=e" + y lox 12. 2 = 2% 


13. Find the partial derivative of f(x, y) = 4x7 — Sxy? + 
y? with respect to x at the point (1, 2, —8). 

14. Find the slope of the tangent in the x-direction to the 
surface z = 5x4 — 3xy? + y’ at (1, 2, —3). 


In Problems 15-18, find the second partials. 


(a) z,, (b) z,, (c) Z, (d) z,, 

y: ? 
15. 2 = x*y — 3xy 16. z= 34'y8 — 
ae x20? 18. z=In(@y + 1) 


Section 14.4 

19. Test z = 16 — x? — xy — y* + 24y for maxima and 
minima. 

20. Test z = x? + y? — 3xy for maxima and minima. 

Section 14.5 

21. Find the minimum value of z = 4x? + y? subject to 
the constraint x + y = 10. 

22. Find the maximum value of z = x*y* subject to the 
constraint x + y = 9,x20,y=0. 


Applications 
Section 14.1 


23. Utility Suppose that the utility function for two 
goods X and Y is given by U = x’y, and a consumer 
purchases 6 units of X and 15 units of ¥. If the con- 
sumer purchases 60 units of ¥ how many units of X 
must be purchased to retain the same level of utility? 


24. Utility Suppose that an indifference curve for two 
products, X and Y, has the equation xy = 1600. If 80 
units of X are purchased, how many units of Y must 
be purchased? 


Section 14.2 


25. Concorde sonic booms The width of the region on 
the ground on either side of the path of France’s 
Concorde jet in which people hear the sonic boom is 
given by 


w =f(T,h,d) =2VTh/d 


where T is the air temperature at ground level in 

kelvins (K), # is the Concorde’s altitude in kilome- 

ters, and d is the vertical temperature gradient (the 
temperature drop in kelvins per kilometer).* 

(a) Suppose the Concorde approaches Washington, 
D.C., from Europe on a course that takes it south 
of Nantucket Island at an altitude of 16.8 km. If 
the surface temperature is 293 K and the vertical 
temperature gradient is 5 K/km, how far south of 
Nantucket must the plane pass to keep the sonic 


boom off the island? 
(b) Interpret f(287, 17.1, 4.9) ~ 63.3. 
(c) Find Z (293, 16.8, 5) and interpret the result. 


(d) Find hs 16.8, 5) and interpret the result. 


Section 14.3 


26. Cost The joint cost function for two products is 
Cx, y) = x*Vy? + 13. Find the marginal cost with 
respect to 
(a) x if 20 units of x and 6 units of y are produced. 
(b) yif 20 units of x and 6 units of y are produced. 


27. Production Suppose that the production function 
for a company is given by 
OQ = 80K 47, 3/4 
where @Q is the output (in hundreds of units), K is the 
capital expenditures (in thousands of dollars), and L is 
the work-hours. Find Q/dK and 8Q/aL when expen- 


ditures are $625,000 and total work-hours are 4096. 
Interpret the results. 


28. Marginal demand The demand functions for two 
related products, product A and product B, are given 
by 


q, = 400 — 2P gti 3D, 
q;=1300— Sp, 6p, 


(a) Find the marginal demand of q, with respect to 
Pp: 

(b) Find the marginal demand of G, With respect to 
Pp- 

(c) Are the products complementary or competitive? 


*Balachandra, N. K., W. L. Donn, and D. H. Rind, “Concorde Sonic 
Booms as an Atmospheric Probe,” Science, | July 1977, Vol. 197, 
p. 47. 


29. Marginal demand Suppose that the demand func- 


tions for two related products, A and B, are given by 








2 

44 = 800 — 407, ~ 7 
10 

dg = LOO 2 30, 


Determine whether the products are competitive or 
complementary. 


Section 14.4 


30. 


Profit The profit from the sale of two products is 
given by P(x, y) = 40x + 80y — x2 — y?, where x is 
the number of units of product I and y is the number 
of units of product 2. Selling how much of each prod- 


uct will maximize profit? 


Section 14.5 


Dl: 





Utility If the utility function for two commodities is 
U = x’y, and the budget constraint is 4x + 5y = 60, 
find the values of x and y that maximize utility. 


. Production Suppose a company has the Cobb- ay 


Douglas production function 
Zz = 300x74y13 


Where x is the number of units of labor and y is the 

number of units of capital. Suppose labor costs are 

$50 per unit, capital costs are $50 per unit, and total 

costs are limited to $75,000. 

(a) Find the number of units of labor and the number 
of units of capital that maximize production. 

(b) Find the marginal productivity of money and 
interpret your result. 

(c) Graph the constraint with the production function 
when z = 180,000, z = 300,000, and when the 


z-value is optimal. 


. Taxes The following data show U.S. national per- 


sonal income and personal taxes for selected years. 
(a) Write the linear regression equation that best fits 


these data. 
(b) Use the equation found in (a) to predict the taxes 


when national personal income reaches $7000 
billion. 
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Income (x) Taxes (y) 
(billions) (billions) 
$2285.7 $312.4 
2560.4 360.2 
2718.7 371.4 
2891.7 369.3 
3205.5 395.5 
3439.6 437.7 
3647.5 459.9 
3877.3 ae 
4172.8 532.0 
4489.3 594.9 
4791.6 624.8 
4968.5 624.8 
5264.2 650.5 
5480.1 689.9 
S555 731.4 
6150.8 795A 
6495.2 886.9 


Source: Bureau of Economic Analysis, 
U.S. Commerce Dept. 


. Supply and demand The table gives the number of 


color television sets (in thousands) sold in 15 differ- 
ent years, along with the corresponding average price 
per set for the year. Use linear regression to find the 
best linear equation defining the demand function 
q = f(p). 


Price (p) Quantity Sold (q) 

(dollars) (thousands) 
471.56 9793 
487.79 10236 
487.32 9107 
510.78 7700 
504.39 6485 
466.29 8411 
449.81 10071 
509.86 7908 
524.96 6349 
514.10 4822 
5315.43 5962 
520.82 5981 
525.01 SW duL 
462.32 5892 
560.09 2646 


Source: U.S. Bureau of the Census, Statistical 
Abstract of the United States, Washington, D.C. 
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1. Consider the function f(x, y) = —= 








2x + 3y 





is y 
(a) Find the domain of f(x, y). 
(b) Evaluate f(—4, 12). 


2. Find al! first and second partial derivatives of 


z= flx, y) = 5x — Sy? + 2Gy + 1) 


3. Let z = 6x? + x2y + y? — 4y + 9. Find the pairs 


(x, y) that are critical points for z, and then classify 
each as a relative maximum, a relative minimum, or a 
saddle point. 

4. Suppose a company’s monthly production value Q, in 
thousands of dollars, is given by the Cobb-Douglas 
production function 


O = 10K°451055 


where K is thousands of dollars of capital investment 
per month and ZL is the total hours of labor per month. 


Capital investment is currently $10,000 per month §) 


and monthly work-hours of labor total 1590. 

(a) Find the monthly production value (to the nearest 
thousand dollars). 

(b) Find the marginal productivity with respect to 
capital investment, and interpret your result. 

(c) Find the marginal productivity with respect to 
total hours of labor, and interpret your result. 

. The monthly payment R on a loan is a function of the 

amount borrowed, A, in thousands of dollars: the 

length of the loan, n, in years; and the annual interest 

rate, 7 as a percent. Thus R = f(A, n, r). In (a) and 

(b), write a sentence that explains the practical mean- 

ing of each mathematical statement. 

(a) (94.5, 25, 7) = $667.91 

(b) Foss, 25, 7) = $49.76 

(c) Would a (94.5, 25, 7) be positive, negative, or 
zero? Explain. 

aoe . af 

6. Let f(x, y) = 2e*”. Find Ieay: 
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. Suppose the demand functions for two products are 


g, = 300 — 2p, — Sp, and q; = 130 — 4p: S75 


where q, and q, represent quantities demanded and P, 
and p, represent prices. What calculations enable us 
to decide whether the products are competitive or 
complementary? Are these products competitive or 
complementary? ; 


. Suppose a store sells two brands of disposable cam- 


eras and the profit for these is a function of their two 
selling prices. The type 1 camera sells for $x, the type 
2 sells for $y, and profit is given by 


P = 915x — 30x? — 45xy + 975y — 30y? — 3500 


Find the selling prices that maximize profit. 


. Find x and y that maximize the utility function 


U = xy subject to the budget constraint 30x + 20y— 
8000. 


. For a middle-income family, the estimated annual 


expenditures associated each year of raising a child 

through age 11 are given in the table below. 

(a) Find the linear regression line for these data. 

(b) Use the regression equation to project the annual 
expenditure associated with raising a child during 
his or her 14th year. 

(c) If this linear model had the form E = F(x), where 
E is the expenditures and x is the age, would 





f(35) make sense? Explain. 
Age Expenditures Age Expenditures 
0 $7,880 6 $11,020 
| 8,270 ay 11,590 
a 8,700 8 12,200 
3 9,380 9 12,780 
4 9,870 10 13,450 
5 10,390 11 14,150 


Source: Family Economics Research Group, U.S. Dept. of 
Agriculture, 1996 


1. Advertising 





To model sales of its tires, the manufacturer of GRIPPER tires used the qua- 
dratic equation S = a, + a,x + a,x? + b,y, where S is regional sales in millions 
of dollars, x is TV advertising expenditures in millions of dollars, and y is other 
promotional expenditures in millions of doilars. (See the Extended Application/ 
Group Project “Marginal Return to Sales,” on page 729.) 

Although this model represents the relationship between advertising and 
sales dollars for small changes in advertising expenditures, it is clear to the vice 
president of advertising that it does not apply to large expenditures for TV 
advertising on a national level. He knows from experience that increased expen- 
ditures for TV advertising do result in more sales, but at a decreasing rate of 
return for the product. 

The vice president is aware that some advertising agencies model the rela- 
tionship between advertising and sales by the function 


Sie Ot ON me ten ny, 


where a > 0, S is sales in millions of dollars, x is TV advertising expenditures in 
millions of dollars, and y is other promotional expenditures in millions of dol- 
lars.* The equation 


S. = 24.58 4 325.18 — e7*™) + Diy 


has the form mentioned previously as being used by some advertising agencies. 
For TV advertising expenditures up to $20 million, this equation closely approx- 
imates 


S, = 30 + 20x — 0.4x? + by 


which, in the Extended Application/Group Project on page 729, was used with 
fixed promotional expenses to describe advertising and sales in Region 1. 

To help the vice president decide whether this is a better model for large 
expenditures, answer the following questions. 


1. What is dS,/dx? Does this indicate that sales might actually decline after 
some amount is spent on TV advertising? If so, what is this amount? 

2. Does the quadratic model S,(x, y) indicate that sales will become negative 
after some amount is spent on TV advertising? Does this model cease to be 
useful in predicting sales after a certain point? 

3. What is aS, /ax? Does this indicate that sales will continue to rise if additional 
money is devoted to TV advertising? Is S, growing at a rate that is increasing 
or decreasing when promotional sales are held constant? Is S, a better model 
for large expenditures? 


*Mansfield, Edwin, Managerial Economics (New York: Norton, 1990). 
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4. If this model does describe the relationship between advertising and sales, 
and if promotional expenditures are held constant at yo, is there an upper limit 
to the sales, even if an unlimited amount of money is spent on TV advertis- 
ing? If so, what is it? 


li. Competitive Pricing 


Often retailers sell different brands of competing products. Depending on the 
joint demand for the products, the retailer may be able to set prices that regulate 
demand and, therefore, influence profits. 

Suppose HOME-ALL, Inc., a national chain of home improvement retailers, 
sells two competing brands of interior flat paint, En-Dure 100 and Croyle & 
James, which the chain purchases for $8 per gallon and $10 per gallon, respec- 
tively. HOME-ALL’s research department has determined the following two 
monthly demand equations for these paints: 


D = 120 — 40d + 30c and C = 680 + 30d — 40c 


where D is hundreds of gallons of En-Dure 100 demanded at $d per gallon and 
C is hundreds of gallons of Croyle & James demanded at $c per gallon. For what 
prices should HOME-ALL sell these paints in order to maximize its monthly 
profit on these items? 

To answer this question, complete the following. 


1. Recall that revenue is a product’s selling price per item times the number of 
items sold. With this in mind, formulate HOME-ALL’s total revenue function 
for the two paints as a function of their prices. 

2. Form HOME-ALL’s profit function for the two pens (an terms of their sell- 
ing prices). 

3. Determine the price of each type of paint that will maximize HOME-ALL’s 
profit. 

4. Write a brief report to management that details your pricing recommenda- 
tions and justifies them. 
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Appendix 


Areas Under the Standard Normal Curve 





Appendix 


AP-1 


The value of A is the area under the standard normal curve between z = 0 and z = z,, for z) = 0. Areas for negative values 


of z, are obtained by symmetry. 





Zo A 25 A Bs A Ke A 
00 0000 36 .1406 ID .2642 1.08 .3599 
.O1 .0040 “oF 1443 eS .2673 1.09 3621 
.02 .0080 38 .1480 74 .2704 1.10 3643 
.03 .0120 39 ST eS .2734 1.11 .3665 
.04 .0160 40 .1554 .76 2764 al .3686 
.05 .0199 Al 1591 aT 2794 eS .3708 
.06 .0239 42 -1628 78 .2823 1.14 3729 
.O7 .0279 43 -1664 79 2852 leis 3749 
.08 .0319 44 .1700 80 2881 1.16 3770 
.09 .0359 45 .1736 81 .2910 1517, 3790 
10 .0398 46 a2 82 .2939 1.18 3810 
at .0438 47 .1808 83 .2967 1.19 3830 
ae .0478 48 .1844 84 2996 1.20 3849 
13 .0517 49 .1879 85 3023 1.2] 3869 
14 .0557 50 .1915 .86 3051 1.22 3888 
E15 .0596 Sl .1950 .87 .3079 123 .3907 
16 .0636 aL .1985 88 3106 1.24 3925 
"| 0675 53 2019 89 3133 1.25 3944 
18 .0714 54 .2054 .90 3159 1.26 3962 
19 0754 55 2088 91 3186 1.27 3980 
20 0793 56 123 92 3212 1.28 3997 
21 0832 57 157 93 3238 1.29 4015 
22 0871 58 2190 94 3264 1.30 4032 
2S .0910 59 .2224 95 3289 esi 4049 
24 0948 60 2258 96 3315 1.32 4066 
25 0987 61 2291 97 3340 1.33 4082 
26 1026 62 2324 98 3365 1.34 4099 
oF 1064 63 2357 99 3389 1.35 ALIS 
28 1103 64 2389 1.00 3413 1.36 4131 
sje TAI 65 1 2422 EOle 25438 137 OP Aia7 
30 1179 66 2454 1.02 3461 1.38 4162 
31 1217 67 2486 1.03 3485 1.39 ATT 
Ep 1255 68 2518 1.04 3508 1.40 4192 
Sy 1293 69 — .2549 1:05: oe e3531 1.41 4207 
34 1331 AO *8F2580 1.06 3554 1.421497) 
35.1368 yl e612 1070 "3577 143 4236 


AP-2 Appendix 


Areas Under the Standard Normal Curve (Continued) % 





oe 4 eee 
144. 4251 193. A732 242. 4922 291-4982 
isn 4865 194 4738 243 4925 292 4983 
1.46 4279 195 A744 2.44 4927 293 4983 
ak 400 1.96 4750 2.45 4929 294 4984 
1.48 4306 197 4756 246 4931 295 4984 
149 4319 198 4762 247 4932 296 4985 
1.50 4332 199 4767 2.48 4934 297 4985 
151 4345 200 4773 249 4936 . 298 4986 
[52.4357 201 4778 250 4938 299 4986 
1.53. 4370 2.02 4783 251 4940 3.00 4987 
154.4382 203 4788 252 4941 3.01. 4987 
1.55 4304 204 4793 253. 4943 3.02 4987 
1.56 4406 205 4798 sae nypreoas 3.03 4988 
Sec AES 2.06 4803 255 4946 3.04 4988 
‘eames 4230 2.07 4808 2.56 4948 3.05 4989 
159 4441 2.08 4812 257 4949 3.06 4989 
160 4452 2.09 4817 258 4951 3.07 4989 
ote 4168 210 4821 259 4952 3.08 4990 
162 4474 211 4826 260 4953 3.09  .4990 
lien dag 2.12 4830 io linse 244955 3.10 4990 
164... 4495 2.13 .4834 2.62 4956 3.11 4991 
1.65 4505 214 4838 2.63  .4957 3.12 4991 
Teomen 4515 2.15 4842 2.64 4959 3.13 4991 
T6iaae 4525 2.16 em ae46 2.65 4960 3.14. 4992 
eestsae. 4535 2.17 4850 2.66 4961 3.15 .4992 
peel 218 4854 267 4962 : 3.16 4992 
170 4554 2.19 4857 2.68 4963 3.17 4992 
een isha 220 4861 269 4964 3.18  .4993 
ee 4573 2.21 4865 2.70 4965 3.19. ° 4993 
173. 4582 222 4868 271 4966 3.20 4993 
eee 55) 223. —4871 2.72 4967 3.21 4993 
175.4599 224 «4875 2.73 4968 3.22 4994 
176 4608 225 4878 2.74 4969 3.23 4994 
arene able 226 ~—4881 275 4970 3.24 4904 
178 4625 227 4884 276 4971 3.25 4994 
179nen, 4633 2.28 4887 2.77 4972 3.26 4994 
180 4641 2.29 4890 2.78  .4973 3.27 4995 
ee eo 230 4893 279 4974 3.28 4995 
So meee A656 2.31 4896 280  .4974 3.29 4995 
1 S3igann 4664 232 4898 281  .4975 3.30 .4995 
tesguen 4671 233 4901 282 4976 3.31 .4995 
185 4678 234 4904 2.83 4977 3.32  .4996 
iEcemete 1086 235 4906 284 4977 3.33 4996 
187 4693 236 4909 285 4978 334 4996 
1.88 4700 237 4911 2.86  .4979 3.35 4996 
189 4706 238 4913 287 4980 3.36 . _ .4996 
190 4713 239 4916 2.88  .4980 957. i006 
191-4719 240 4918 289 4981 3.38 4996 


1.92 4726 2.41 4920 2.90 4981 3.39 4997 


Appendix aa AP-3 





Areas Under the Standard Normal Curve (Continued) 

Zo A 25 A Zh A Zp A 
3.40 .4997 SZ 4998 3.64 4999 3.76 4999 
3.41 4997 355 4998 3.65 4999 Sef) 4999 
3.42 .4997 3.54 4998 3.66 4999 Bes .4999 
3.43 4997 8:55 4998 3.67 4999 3.79 .4999 
3.44 4997 3.56 4998 3.68 4999 3.80 .4999 
3.45 4997 Bei 4998 3.69 4999 3.81 .4999 
3.46 .4997 3.58 .4998 3.70 .4999 3.82 4999 
3:47 4997 3.59 4998 Beil 4999 3.83 .4999 
3.48 .4998 3.60 4998 BeiZ .4999 3.84 .4999 
3.49 .4998 3.61 4999 Sy 9/3) 4999 3.85 4999 
3.50 4998 3.62 4999 Ba74 4999 3.86 .4999 


3.51 4998 3.63 4999 SD 4999 








Answers 


Below are the answers to odd-numbered Section 
Exercises and all the Chapter Review and Chapter Test 
problems. 


Exercise 0.1 (page 7) 


ROS Se SIS Peis 0, 45506. 7) 

9. {x: x is a natural number greater than 2 and less than 8} 
Pi vyess? T3ino 15.2085 17 pe 'A 
19.ACBorBCA_ 21. yes 23. no 
25. A and B, B and D, C and D 
27. ANB= {4,6} 29.ANB=D 
oA B= {1, 2, 3,4, 5} 

33. AU B= {1,2,3,4} =B 
35. A’ = {4, 6, 9, 10} 
STATS ={1,2,5,7} 39. AUB)"= (6,9} 
41. A’ UB’ = {1, 2, 4, 5, 6, 7, 9, 10} 
43. {1,2,3,5,7,9} 45. {4, 6, 8, 10} 
47. A—-B={1,7} 49 A-B=@Mor{} 
51. (a) L = {94, 95, 96, 97}; 
H = {92, 93, 94, 95, 96, 97}; 
C = {90, 91, 95, 96, 97} 

(b) LCH 

(c) C’ is the set of years when the percentage change 
from low to high was 25% or less. 

(d) {90, 91, 92, 93, 94} = the set of years when the 
high was 3300 or less or the percentage change 
was 25% or less. 

(e) {90, 91} = the set of years when the low was 
3300 or less and the percentage change exceeded 
25%. 

53. (a) 130 = (b) 840_—s (ce) 520 
55. (a) y | (b) 40 
(c) 85 


(0 (d) 25 





Answers A-1 


59. (a) and (b) | 





Exercise 0.2 (page 15) 


1. (a) irrational (b) rational, integer 
(c) rational, integer, natural (d) meaningless 
3. (a) Commutative  (b) Distributive 
(c) Multiplicative identity 
So TS SS Sie FAT ais ee 
15..2)- 17. =) 19..3. 245 HS) 23 enue tine 
25. (1,3) as27-9) 10) 29 =5— BSNS 
33. (—3,4) OO 
3) eit eal 4 
35. (4, +) —++-+ + > 
0 2 4 


37. [—1, +00) —e 


=k 1 3 5 


39. (==,0) U@ +00) Ot +H 


Pi Ph CES FP 


oO 


41. —0.000038585 
43. 9122.387471 45. 3240.184509 
47. (a) $1088.91  (b) $258.62 (ce) $627.20 
49. (a) Formula (2) is more accurate; 1996: $24.54; 
1997: $26.10 
(b) $40.29 


Exercise 0.3 (page 20) 


1 Oh 316i Sse ee oe 

11. is, 1353? 15, GP = 2 2 17. 1° 

19, Ay?” 20x 238 = i 2S, 

Bi. yl? 29Nx Stoxys 33. 1G 

35. x®/(16y*) 37. —16a7/b? 39. 2K(xy?) 

41. 1/(x°y°) 43. (a'8c!2\/p® 

45. (a) 1/(2x*) (b) 116x*) (ce) If* =) 8 


47. x71 49. 8x3 51. 4x7? 
55. 2.0736 57. 0.1316872428 
59. S = $2114.81; J = $914.81 
61. S = $9607.70; I = $4607.70 
63. $7806.24 


53. —}x3 


A-2 


65. 
67. 


69. 


Answers 


(a) 15,18,20,22  (b) $0.53, $0.76, $0.96, $1.22 
(c) $3.13 

(a) 46.7, 71.7, 3652.5 all in billions of $ 

(b) World War I had just ended. 

(a) 10 (b) $110.5 billion (ce) $872.5 billion 


(d) $2564.4 billion 


Exercise 0.4 (page 29) 


1. 
11. 
15. 
23. 
31. 


2: 
45. 
51. 
59. 
65. 
69. 


ak 


Lpy2o 


5.8 7. notreal 9. 3} 
13. (6.12) ~ 2.237 
19. We oa. -1/4W0) 


29. x 


se 3. -8 

(a) 4 (b) 3 
m2 17. (mn?) 
yi4 25. zi0l4 OTe Liye? 
33. x12 35. I/x 37. 8x? 


Al. 2x2yW5x’y? 43. 6x2 Vx 
47. 2xy3/3 49. 2bW/bI(3a?) 

55. V6I3. 57. Vmxlx 
Velie 61. —2x-28 63. 3x3? 
BVxn2 67. W2VX) 


(a) 1085 = 10172 = V/10"” 
(c) 14.125 
714kg 73. 39,491 


8x2y2V/2y 
42x3y2Vx 
19 53.7 


(b) 316,227,766 


75. (a) 10 (b) 259 


Exercise 0.5 (page 39) 


1. 

3. 

Be 

Te 
13. 
17. 
23. 
aoe 
31. 
Si. 
41. 
45. 
49. 
51. 
53. 
55. 
61. 
63. 
67. 


69. 
dis 


(d) one 
(c) 0  (d) several 

(c)eZ2™ (d) —5 

11. 21pq — 2p? 


(a) 2 
(a) 5 


(b) —1 
(b) —14 
(a)5 (b) 0 
-12 95 
m— In —3 18.3¢°+ 12 

x1 OFIS85x2) 213,375 

2ax* + a2x3+ abr 25. 6y?-—y— 12 
2—5x2+2x4* 29, 16x? + 24x +9 
xt—-x?t+t 33. 4x2-—1 35. 0.01 — 16x? 
x—8 39. x8 + 3x6 — 10x* + 5x3 + 25x 
3+m+t+2mn 43. 8x>y7/3 + 5/(3y) — 2x?/(3y) 
x34 3x2 4+3x4+1 47. 8x3 — 36x? + 54x - 27 
0.1x? — 1.995x — 0.1 

Beara 5 a ete 2) 

x? + 3x-—14+(-4x + 2VX? + I) 

Ro ot) Sie ee Lee 

4x2 + 4x 

(a) 9x2 -—21x+13 (b) 5 
(a) 4000—-x (b) 0.10x 
(c) 0.08(4000 — x)  (d) 0.10x + 0.08(4000 — x) 
CiSi2x) (Oe 2ne 

(a) =A2—1  (b) width = SO — length 

(c) =50—A2 (dd) =A2*B2 

(e) length = 33, width = 17 


(c) 10 


65. 55x 


oe 


(a) (b) 2007 








2004] 39.26991 
[2005] 9.50058) 
-~2009| 4.49466 

























Exercise 0.6 (page 46) 


1. 3b(3a — 4a* + 6b) 3. 2x(2x + 4y? + y?) 
5. (7x2 + 2)(x—2) 7. (6+ y)\(x-—m) 
9. + 2)a + Oe Th he — 3) ee 2) 
13. (7x+4)«%-2) 15. @-—5Y 
17. Ga + 426) a — 126) 
19. (a) (3x — 1)3x+8) (bd) 9x + 4)x + 2) 
21. x(4x-1) 23. G@?—5)\e+4) 
25. 2D )s 271 Otay 
29. (24 — 3)\@ + 2)mal 31.23G@ 4b 4)\xi=3) 
33. 2x +2)x > 2)iy wS5Sai(Sx 42)(2x 33) 
37. (DXaacel))(2xa—9) 
39. (y? + 4x2)(y + 2x)(y — 2x) 
41. (x + 2) — 27 
43. (2x + 1)(2x — 1) + 1)% - 1) 
45. (x+1)) 47. «~- 4) 
49. (x — 4x? + 4x + 16) 
51. @ + 2x9 =i6e- 4°)" *S35 x +1 
35.14%  SiigesS 3 59 PU) 
61. m(c — m) 
63. (a) p(10,000 — 100p); x = 10,000 — 100p 
(b) 6200 
Exercise 0.7 (page 53) x 
1. 2y¥z 3.4 4S GE 1L)/Ge=33) 
7. (Qxy? — 5SW(y + 3) 9. 20xy 11. # 
13. 2x7 —7x+ 6 
5B. -@ + DG + 3Vi@ — DG —3)] 
17. 15bc7/2, 19. 5y/(y — 3) 
= Xero ech) 1 4a—4 
as a3 Wee re ala—2) 


27. 


33. 
ons 


43. 


49. 
53. 


OS 
59. 


61. 


63. 


—x+x4+] 


79x +9 

e50G = 2) 
Seer Ate na! 
i eG 


16a + 15a? 
122) 


35 


ace | 29. 


—4 ) 

(x — 2y)?(x + 2y) 
(Takis; Sx2 V8 P7289. 4S ary 
Kore 45 ce. Va : eae 
x wien a (x-3)Vix2 +9 
(a) -12 (b) #8 51. 2b-a 
x+y ee Oya 
xv x + y) Mt xe 
(1-2Vx4+ x01 —x) 57 UV tht Ve) 
(bc + ac + ab)labc 

0.1.x? + 55x + 4000 


(a) se ora 60552 (b) 0.1x* + 55x + 4000 








t?7+9t 
(t+ 3) 


Chapter 0 Review Exercises (page 57) 


1. 


10. 
12. 
17. 
19. 


20. 


21. 
Dae 
- e936 
26. 
29. 
30. 


31. 


32. 
So. 


S21 5,0:/7, 6. 10) 
re 
8. (a) commutative property of addition 


3. no +4. {i57, 3.:4°9} 
6. {1, 2, 3,4, 9} 
yes, (A’ U B’)’ = {1,3} =ANB 


yes . 2. no 


(b) associative property of multiplication 
(c) distributive law 


. (a) irrational (b) rational, integer 


(c) meaningless 

(ie) AC) >) 2116 
142 13.10 14.54 15.9 
13/4 18. —10.62857888 

(a) [0, 5], closed 


16.29 


—Je—e nO le a Sh ae) 6. 78 
(b) [—3, 7), half-open 


=6.—-4 29 (0-0 4576 8-10 
(c) (—4, 0), open 


=O 43a On = 2 
(ay 12 <= 16. —(D) ix Ss 
(cx 1 
(a) 1 (b) 2-2= 1/4 
(a) I/x2 (b) x — () x? 
24. 9y8/(4x*) 
27. 3x/(y’z) 
(b) 2/7 (c) 1.1 
(b) 22 (c) x4 
(b) Vx = Valx 
(b) Vx°y/x2 


37. x75 


(c) 4 (d)7 
(d) l/y* 
25. y7/(4x*) 
28. x°/(2y?) 


(e) y® 


—x®z4/y4 
(a) 4 
(a) xi2 


(a) We 
(a) SyV/2x/2 


xl 36. xiIB 


(c) —xVx 
335, 5° 6034. ay 
38. xy8 


39: 


42. 
45, 
47. 
49, 
51. 
53. 
55. 
56. 
Sie 
59. 
60. 
61. 
~ 27 + 1P(1 + x1 — x) 
66. 
onl aaa) ete) 
70. 


72. 
74, 
Tee 
qo: 


81. 


TOV EN = 4) 


85. 


86. 
87. 


88. 
89. 


Answers A-3 
axy?V 3xy 40. 25x3y4\V/2y 41. 6x2yt W/5x°y? 
8a°b*V/2a 43. 2xy 44. Ax V3 xy/(3y4) 

—=xK-2 46 ---—x 

4 +xy+4y—4 48, 24x5y5 
3x?-7x+4 50. 3x2 +5x-2 
4y2 = Ix = 52. 6x7 -— 11x -—7 
4x*-—12x+9 54. 16x2-—9 


2x4 + 2x3 - 5x2 +x -3 
8x3 — 12x27 + 6x — | 
x>—y> 58. (2/y) — Bxy/2) — 3x? 
3x* + 2x — 3 + (—3x + T(x? + 1) 
xi— x? £2x+74+ 21x —3) 
x?—x 62. 2x-a 63. x3(2x — 1) 
65. (2x — 17 
67. 2x%(x + 2)(x — 2) 
69. (3x + 2) — 1) 
(4x + 3)(3x—8) 71. (2x + 3)°(2x — 3)? 
x 2xy(2 — 3xy) 
73. (0) (apy Oe eae 
x -4 (x +3) x*(3x — 2) 
x(x + 4) (x — 3) " (x- 1)(x + 2) 


(6x2 + 9x — 1)/(6x2) aXe Xe 


78. 4(x — 2) 
xr+2x+2 
G1) al 


He 4) 
; (4-2) 1)G=3) 
See see: 


83. 3(Vx + 1) 


(4 + 3x)(4 — 3x) 





x23 + | 


dae 





76 


(a) 
U 


(> 
(SYN 
Ney, 


R: recognized 
E: exercise 


Q C: community involvement 
5 


(b) 10 (ce) 100 

(a) 4115.27 (b) $66,788.69 
(0.0065) (1.0065)" 

(a) 10,000 | (1.0065)" — 1 | 


(b) $243.19 (for both) 
(a2) 5=kWA_  (b) W/2.25 x 1.31 
5400p 

@) 0a a 

(b) $0. It costs nothing if no effort is made to remove 
pollution. 

(c) $264,600 

(d) Undefined. Removing 100% would be impossi- 
ble, and the cost of getting close would be 
enormous. 





A-4 


Answers 








Chapter 0 Test (page 59) 

1. (a) {3,4,6,8}  (b) {3,4}; (3, 6}; or (4, 6} 
(c) {6} or {8} 

2, 24 

3.(a)8 ()1 ©: @-—-10 () 30 
(Qe (2). (hoa ¢ 

way eb) Wa s(a)%s () es 

ome of, 7 

6 @) NZ (bh). 2 6b 0) a 

7.(a)5 (b) -8  (c) —5 

ae) > ae, eg 4. Se G 

9. (a) 2x%(4x- 1) (b) (x — 12)(x + 2) 


10. 
11. 
12. 


13. 


14. 
15. 


(c) Gx —2)(2x-3) (da) 2x31 + 4x1 — 4x) 


(G2 
2x —6 
2 oa a a 


(a) 19y-45  (b) —61° + 97° 
(c) 4x3 — 21x? +13x—2 (d) —18x?+ 15x-2 
4 7 


x x 
(e) 4m? — 28m +49 (f) 3zx790.~«C®) 81 
6 


~ nS Ax 3 
(h) 3 (i) nee) 1) 
ae 


ytxy’ 
(a) 0 (b) 175 
$4875.44 (nearest cent) 











Exercise 1.1 (page 73) 


1. 

as 
13. 
19; 
25. 
29. 
33. 
Sis 
41. 
43. 
47. 
49. 
So: 
55. 


5. x = 4/5 
9.x=16/5 11. x = —29/2 
x=1713 15.x=13/5 17. x=-1/3 
x=3 21.x=74 23. Nosolution 
x=S3/4 27. x = —0.279 
x~—1147.362 31. y=ix-# 
y=-64+¥% 35. P=J(rt) 

96 39. (a) 132 pounds (b) 73.6 inches 
(a) 59.2% (approx.)  (b) t ~ 107, in 2082 
t~26in2014 45. 9000 

(a) T=(7n — 52/12 = (b) 61° 

$4000 51. $90,000 at 9%; $30,000 at 13% 
$2160/month; 8% increase 

lost $40 57. $307 59. $246 


x=-9/44 3.x=0 


x = —32 


15 


Exercise 1.2 (page 85) 


1. 
a: 


ae 


yes 3. no 

yes; each x-value has exactly one y-value; 
D = {1, 2, 3, 8,9}, R = {—4, 5, 16} 

(a) -10 (b)6 (ec) -34 (d) 2.8 


11. 
13. 


15. 


ys 


19. 
21. 


23. 
25. 


27. 


29. 


31. 
333 
JS: 
39. 


41. 


43. 


45. 
47. 


(a2) -3 ©) 1 © 13 @6 
(a) 63/8 (b) 6 (c) -6 
(a) no, f(2 + 1) = f(3) = 13 but f(2) + AI) = 10 


(bt) lLt+xt+h+x24+ 2h + h? 

(c) no, f(x) + f(A) =24+x+h+x?4+ h? 
(d) nou, f~y~th=1t+xt+xe2t+h 

(e) L+2x+h 

(a) —2x? -—4xh -—2h2?+x+h 

(Db). ay 82 

The vertical-line test shows that graph (a) represents a 
function of x, but graph (b) does not. 

(a) 10 (b) 6 

(a) b=a’—4a_(b) (1, —3), yes 

(c) (3, —-3),yes (d) x =0,x = 4, yes 


(a) 3x+x? (b) 3x -x3)— (ec) 3x4 @ 3 
(a) V2x + x2 (b) V2x — x2 
(c) x2°V 2x (d) V2x 


oe 

(a) —8x3  (b) 1 — 2 — 1) 

(©). 1G = IY = 1 ge). @ =41)8 

(a) 2Vx*+5 (b) 16x? +5 

(ce) 2V2Vx  (d) 4x 

D: all reals; R: reals y = 4 

D: reals x = —4: R: reals y = 0 

Leal eel See] ax Ss 7 

(a) f(20) = 103,000 means that if $103,000 is 
borrowed, it can be repaid in 20 years (of $800- 
per-month payments). 

(b) no; f(5 + 5) = (10) = 69,000, 
but f(5) + f(5) = 80,000 

(a) f(1950) = 16.5 means that in 1950 there were 
16.5 workers supporting each Social Security 
beneficiary. 

(b) 3.4 

(c) The parts of the graph that correspond to data 
prior to 1995 would be the same, but data on this 
graph beyond 1995 are predictions for the future 
and only might be accurate. 

(d) Domain: 1950<1= 2050 ~ 
Range: 1.9<n < 16.5 

(a) s=0 

(b) f(10) ~ —29.33 means that if the air temperature 
is —5°F and there is a 10 mph wind, then the 
temperature feels like —29.33°F. 

(c) (0) = 45.694 from the formula, but (0) should 
equal the air temperature, —5°F. 

(a) yes (b)t#-2 (©) $= 0. 

(a) yes (b) all reals 

(c) D: 32° = F S$ 212% R: 0° <= CS 100° 

(d) 4.44°C 





49. (a) O=p< 100 
(b) $5972.73; to remove 45% of the particulate 
pollution would cost $5972.73. 
(c) $65,700; to remove 90% of the particulate pollu- 
tion would cost $65,700. 
(d) $722,700; to remove 99% of the particulate 
pollution would cost $722,700. 
(e) $1,817,700; to remove 99.6% of the particulate 
pollution would cost $1,817,700. 
51. (a) yes = (b) A(2) = 96; A(30) = 600 
(c) 0<x=50 
53. (a) (pe x)(t) = 180(1000 + 101) 
(1000 + 10r)? 
zB 100 ae 
(b) x = 1150, p = $193,575 
55. L = 2x + 3200/x 57. R = (30 + x)(10 — 0.20x) 


Exercise 1.3 (page 99) 


1. x-intercept4 
y-intercept 3 







3x+4y = 12 


3. x-intercept 6 
y-intercept —4 





5. x-intercept 0 
y-intercept 0 





7m= = Iom=0 
11. m = 7/3, b = —1/4 


13. m=0,b =3 


Answers A-5 


15. no slope, no y-intercept 
17. m = —2/3,b =2 
19. y 











29. y=2x-—4 31. -—x + 13y = 32 
35. perpendicular 

37. neither; same line 

39. y=-ex-Y 44. y= —-8xe +2 
43. (a) y 


33. y=0 






y = 360,000 — 1500x 


180,000 


240 

(b) 240 months 

(c) After 60 months, the value of the building is 
$270,000. 


A-6 Answers 


45. (a) Res 





(b) Rsp 





eee Sera SOs. 7, 


(c) Att = 0, R,, = 88.381 and R,,, = 104.238. 
These are different from 100 because these equa- 
tions are a good fit to the data but are not perfect; 
the data are not exactly linear. 

(d) These equations show past performance; future 
sales, market conditions, profits, and confidence 
cannot be measured and are not part of these 
equations. 

47. (a) m = 0.1369 b = —5.091255 

(b) The y-intercept indicates that when there were 0 
terminals, the amount transacted was negative. 
This is impossible. The model must be restricted 
to when both x > 0 and y = 0. 

(c) The slope means that the transaction amount 
increases by $0.1369 (billion) when the number 
of ATMs increases by | (thousand). 

49. y = 4.95 + 0.0838x 15. (a) y = =~ 
51. (a) f = 0.838m — 1387.4 (b) $23,752.60 * #400 
53. p = 85,000 — 1700x 
55. R= 3.2 — 0.2 
57. y = 0.48x — 71 








Exercise 1.4 (page 108) 





17. (a) The equation is Jinear, so the graph will be a men 


Use the intercepts to determine a window. 
(b) Window: x-min = —5, x-max = 35; 
y-min = —0.06, y-max = 0.02 
(ce) y = 0.00lx — 0.03 


eee eS 
y = 0.001 x — 0.03; 








Pe (x? + 19x? — 62x — 840) 
ee 20 


x3 + 19x? — 62x — 840 
Whe Cer ran ae 


a 











dhs 


29 
31 


35. 
ST. 
Oo: 


43. 








Answers 





=| Qi) =—2 mate 10) 


(ae(]EMesi 
(a) 1.000, 4.000 


(b) (—1.11, 8.11) 
(b) 1.000, 4.000 
41. (a) 
“Ol F = 0.838M 








— 1.364 


30,000 
R = 28,000 — 0.08. 






400,000 


~~] 35 





0 
(b) The coordinates mean that when a male’s salary 


is $50 thousand, a female’s is $40.536 thousand. 
(a) 


~} 150 





=50,000 
(b) E = 0 when 0 = p < 100 


A-8 Answers 


45. (a) (b) 
| R = 0.03112 + 0.7761+ 0.179 | | R= -0.03122 + 0.7761 +0.179 | 











(c) From 1980 to 1995 revenues were rising to what 
appears to be a maximum. From 1980 to 2020 
revenues rose then declined below 0. This model 
cannot be valid for this period, because revenue 
cannot be negative. 

47. (a) 





(b) Near p = 0, cost grows without bound. 

(c) The coordinates of the point mean that obtaining 
stream water with 1% of the current pollution 
levels would cost $282,150. 

(d) The p-intercept means that stream water with 
100% of the current pollution levels would 
cost $0. 

49. (a) 600 





| 
| 





The first equation fits better. 
(c) predicts $325 (nearest dollar), actual is $305. 


Exercise 1.5 (page 121) 


1, £= 2, 2 e3s mo solutiod S24 — 2, => 
7,.x= 14/1l,y=6/11 9. x= 10/3, y =2 

Il. x=2,y=1 13.x=1,y=1 15. nosolution 
17. x = —52/7,y = —128/7 19. dependent 
21. x=1,y=7 
23.x=4,y=2 25.x=-l,y=1 


27. x= —-17,y=7,z2=5 

29. x=4,y= 12,z=-1 

31. x = 44, y = -9,z = -1/2 » 

33. $68,000 at. 18%; $77,600 at 10% 

35. $13,500 at 10%; $10,000 at 12% 

37. A=40z,B=60z 39. A = 4550, B = 1500 
41. 7 cc of 20%; 3 cc of 5% 

43. 10,000 at $20; 6000 at $30 
47. 5 oz of A, 1 oz of B, 5 oz of C 
49. A = 200, B = 100, C = 200 


45. 80cc 


Exercise 1.6 (page 131) 


1. (a) C(x) = 17x + 3400 = (b):- $6800 

3. (a) R(x) = 34x ~— (b): $10,200 

5. (a) P(x) = 17x — 3400 = (b) $1700 

7. (a) P(x) = 37x — 1850 (b) —$740, loss of $740 


(c) 50 
9. (a) m=5,b = 250 
(b) MC = 5 means each additional unit produced 
costs $5. 
(c) 250 
(d) Slope = marginal cost; c-intercept = fixed costs 
(e) 5,5 
11. (a) 27 
(b) MR = 27 means each additional unit sold brings 
in $27. 
(c) 27, 27 
13. (a) P(x) = 22x — 250 
(b) 22 
(c) MP = 22 
(d) Each unit sold adds $22 to profits at all levels 
of production, so produce and sell as much as 
possible. 
15. P = 58x — 8500, MP = 58 


17. 


1g. 
21. 
23. 


25. 


27. 
29. 
31. 
33. 
a7. 
a2. 


41. 
45. 
49. 


ol. 
aoe 


(a) Revenue passes through the origin. 
(c) 400 units 
BS 

(a) R(x) = 12x; C(x) = 8x + 1600 
(a) P(x) = 4x — 1600 

(b) x = 400 units to break even 
(a) R(x) = 54.90x (b) Cx) = 14.90x + 20,200 
(c) 505 

demand decreases 

(a) 650 (approx) (b) 300 (ce) shortage 

16 demanded, 25 supplied; surplus 

p= —2q/3 +1060 35. p=0.0001q + 0.5 

(a) demand falls; supply rises (b) (30, $25) 

(a) q=20 (b) q=40 

(c) shortage, 20 units short 


hrou origin.  (b) $2000 
(d) MC =2.5;MR=75 


(b) 400 units 


shortage 43. g = 20, p = $18 
g=10,p=$180 47. q = 100,p = $325 
(a) $15 (b) gq = 100, p = $100 

(c) g=50,p=$110 (qd) yes 

gq =8;p =$188 53. q=500,p = 40 

gq = 1200, p = $15 


Chapter 1 Review Exercises (page 137) 


i 

4. 

ne 
10. 
3. 
14. 
15. 
16. 
20. 
21. 


22. 


r= 7 2x=% 3.x = —13 

ere GG. x= 10.05 
x=8 8 y=—3x-— 3 9. nosolution 
yes li. no 12. yes 

D: reals x <= 9; R: reals y 20 

(a)2 (b) 37 (©) 29/4 

(a) 0 (b) 9/4 (ce) 10.01 

9 —%y— hh. V7. yes: 18. moo, .19..4 
x=0,x=4 

(ay 4. (bs = — 14 = 35 

(c) 





(a) x2+3x+5 (b) Gxt 5)/x? 
(c) 3x2 +5 (a) 9x + 20 





26. 
28. 


32. 
SS: 


Answers 


24, x2 3/229: 9/5 


¥ y 





m=1 27. undefined 

m=-?,b=2 29.m=-3,b=2 

y= 40 2 SES y jot ge 

year ts 33. y= —Yxt+7 34. x= —-1 
y=4x4+2 36. y=4x+% 








(c) The graph in (a) shows the complete graph. The 
graph in (b) shows a piece that rises toward the 
high point and a piece between the high and low 
points. 


A-10 


Answers 


(b) Standard window view 
10 











(c) The graph in (a) is a complete graph. The one 
in (b) shows pieces that fall toward the minimum 
point and rise from it. 

41. realsx=—-3withx#O 42. x=2,y=1 
43.x=10,y=—-1 44. x=3,y=-2 

45. nosolution 46. x = 10,y = —-71 
47.x=l,y=-1,z=2 

48. x=1l,y=10,z=9 49. 95% 

50. 40,000 mi. He would normally drive more than 

40,000 miles in 5 years, so he should buy diesel. 

51. (a) yes (b) no (ce) 4 
52. (a) $565.44 

(b) The monthly payment on a $70,000 loan is 

$494.75. 
53. (a) (p°q)(t) = ee + 102) 
(1000 + 102)° _ 
100 a 
(b) x = 1150, p = $193,575 


( (t- ae 
54. (We L(t) = k{ 50 — 


10 
55. (a) (b) When the time 
between lightning 
flashes is 9.6 sec- 
onds the storm is 


2 miles away. 





56. -H, 





20 40 60 80 100 


57. P = 58x — 8500 
58. F =2C + 320r C =i (F — 32) 





60. v? = 1960(/ + 10) 


a2 
1960 > h+10 


h =.10 


o— if 2 
~ 1960” 


61. $100,000 at 9.5%; $50,000 at 11% 
62. 2.8 liters of 20%; 1.2 liters of 70% 





(b) 0O<x<6 





63. (a) 12 supplied; 14 demanded _(b) shortage 
(c) increase 
Market Equilibrium 
p+6q = 420 
Demand 
10 20 30 40 50 60 
65. (a) 38.80 (b) 61.30 (ce) 22.50 (d) 200 
66. (a) C(x) = 22x + 1500 (b) R(x) = 52x 
(c) P(x) = 30x -— 1500 (d) MC =22 
(e) MR=52 (f) MP=30 (g) x=50 


67. q = 300, p = $150 


Chapter 1 Test (page 141) 


Le 18/7 2 Xe == 3/7. 
4.5-—4x-2h 
6.0x53 92215 


3. x = —38 
32k Ot, — 5 





4 


7. (a) Domain:x>—4 (b) 2/7" 
Range: f(x) = 0 


68. ¢ = 700, p = 80 





(c) 6 


12. 
iS. 
14. 


15. 


16. 
17. 


18. 


Exercise 2.1 


1. 

3. 
i. 
-. 
27. 
29. 
31. 
33. 
35. 
41. 
45. 
51. 


DS: 


Sf. 
61. 


~y=—3xth 
10. 
iL. 


5 5 
9, m=-3:b=¥% 


(jd x=-3 0) y= -4-13 

(a) No; a vertical line intersects the curve twice. 
(b) Yes; there is one y-value for each x-value. 
(c) No; one value of x gives two y-values. 

x= -2,y=2 

(a) 5x3 + 2x? — 3x 
(a) 30 


(b) x +2 


(b) P= 8x — 1200 = (e) 150 


(d) 8; the sale of each additional unit gives $8 more 


profit. 
(a) R = 50x 
(b) 19,000; it costs $19,000 to produce 100 units. 
(c) 450 
q = 200, p = $2500 
(a) 360,000; original value of the building 


(b) —1500; building depreciates $1500 per month. 


400 19. 12,000 at 9%, 8000 at 6% 


(page 156) 

ve+5x-—-3=0 3.x7+2x-1=0 
y+ Bye2 =O" 7. 3° 92001 
Pon eek ee 152 8400 tT 45 2 
Gone 4 3h) 623.58, b 25.5172 
(a) 24+2V2,2-2V2  (b) 4.83, —0.83 
no real solutions 

(a) —3,3 (b) —1.75, 0.75 

(a) (1+ V31y/5_— (b) 1.31, -0.91 
\/1, — Vai 37. no real solutions 
=9.—10re 43. —7.= 0.29 

—2,5 47. —300,100 49. 0.69, —0.06 
x=200rx=70 53. x= 10 0rx = 3455 
(a) 4V/41~25.6 (b) 4V 161 ~ 50.8 

(c) 25.2; K, is approximately doubled 
59.7mph 59. (a) 1.93, 13.99  (b) 1994 
x = 16.59;1991 63. $80 


39. 1, <9 


Exercise 2.2 (page 164) 


1. 
= 
as 
9: 


(—1,-3);min 3. (1, 9); max 
(a)x=3 (b) f3) =9 
Gira =i. abt) 5.54 


min (0, —4); zeros (—2, 0), (2, 9) 


y 





(¢) 5x7+ 7x +2 


Answers 


A-11 


11. max (2, 1); zeros (0, 0), (4, 0) 


y 








15. min (— 1,—33); zeros (—1 + V7, 0), 


(AT=W70} 





17. (a) 3 units to the right and 1 unit up 


(b) 


19. (a) 
(b) 


y 





y 






U 


y = (x- 10)? + 12 


2 4 6 8 1012 141618 





A-12 Answers 


21. vertex (1, —8); zeros (—3, 0), (5, 0) (c) When 0 < a < |, the graph of y = ax* opens 
more gradually than y = x°. When a > 1, the 
opening is narrower than for y = x. 

33. (a) 80 units (b) $540 

B53 37. 400 


39 x= 20-0.01v?| 


8 16 24 32 40 


39. Dosage = 500 41. Intensity = 1.5 
S R 








43. Equation (a) (384.62, 202.31)  (b) (54, 46) 
Projectile (a) goes higher. 
45. (a) quadratic 
(b) a> 0 because the graph opens upward. 
47. (a) y 





x 
STO 15: 20025) 30 


(b) The shape appears to be quadratic. 

(c) y = 0.6x* + 27.1 fits fairly well. 

(d) The model predicts 567.1. 7 

(e) Yes, $666.2 million is significantly larger than the 
predicted $567.1 million. Yes. 


51. (a) 2010, 1916 
(b) 2011 





(b) When a > 0, the graph of y = ax has the same 
basic shape as y = x. When a < 0, the graph is 
turned upside down. 


Exercise 2.3. (page 173) 


1. 


a 


29. 


ot. 


oo 


- g= 10,p = $196 
. p = $40, q = 30 

13. 
17. 
19. 
. $87.50 
ile 


(a) and (b) P 

90 

80 

70 

60 D 

50 

40 

30 E 

20 / 

10 

q 
fe eng ee Aeris 

(c) See E on graph. (d) g=4,p = $14 
(a) and (b) P 

10 , 


N 


q 
2 4 6 8 


(d) g= 4, p = $6.60 
7. p = $27.08, q = 2165 
11. g = 90, p = $50 
15. x = 40 units, x = 50 units 


(c) See E on graph. 


q = 70, p = $62 

x = 50, x = 300 

x = 15 units; rejectx = 100 21. $41,173.61 

25. k= 55.155) = 2025 

(a) P(x) = —x? + 350x — 15,000; max is $15,625 

(b) no (ec) x-values agree 

(a) x = 28 units, x = 1000 units (b) $651,041.67 

(c) P(x) = —x* + 1028x — 28,000; max is $236,196 

(d) $941.60 

(a) t ~ 8; 1988 R = $60.792 billion 

(b) The data show a smaller revenue, R = $60.53 
billion, in 1987 

(c) 100 





R(t) = 0.2531? — 4.031 + 76.84 


(d) Except for 1986 (¢ = 6), the model fits the data 


quite well. 
(a) P(t) = —0.019#? + 0.284t — 0.546 = (b) 1987 


Answers 


A-13 





(d) The model projects decreasing profits, and except 
for 1992, the data support this. 

(e) Management would be interested in increasing 
revenues or reducing costs (or both) to improve 
profits. 


Exercise 2.4 (page 185) 
Lek 3 eS ae ote eo 


1.300 3. 4 15.0 3rd> BE Ath ae 9 

21. ¢ -235 agnudsil ga27, dk 

29. (a) 8/3 =—(b) 9.9 (ce) —999.999 (d) no 
31. (a) 64 «=(b) I~ (ec): 1000) = (d):*¢0.027 

33. (a) 2. (b) 4 (c) 0 (dd) 2 

35. (a) y 





y = 1.6x2-0.1x4 


(b) polynomial (c) no asymptotes 
(d) turning points at x = 0 and approximately 
x = —2.8 and x = 2.8 

37. (a) y (b) rational 
(c) vertical: x = —1, 
horizontal: y = 2 
(d) no turning points 





A-14 


39. (a) 


41. 
43. 


45. 
47. 


49. 


Si. 


SRE 


Answers 





(b) piecewise 

(c) no asymptotes 

(d) turning point at 
x=0 


—x ifx<0| 
roo= {5% ifx>0 








gee ear 2 4 

(a) 6800; 11,200 (b) 0<x< 27 

(a) 0<p < 100 

(b) $5972.73; to remove 45% of the particulate 
pollution would cost $5972.73. 

(c) $65,700; to remove 90% of the particulate 
pollution would cost $65,700. 

(d) $722,700; to remove 99% of the particulate 
pollution would cost $722,700. 

(e) $1,817,700; to remove 99.6% of the particulate 
pollution would cost $1,817,700. 

(a) A(2) = 96; A(30) = 600 

(b) 0<x< 50 

(a) C(5) = $8.06 (b) C(6) = $19.87 

(c) C(3000) = $227.65 


(a) P(2.3) = 0.77 
The first-class postage for mailing 2.3 oz is 77¢. 
(b) p(1) = 0.33 p(i.01) = 0.55 
Pe 200 
TO Oly 





50 100 150 200 250 





Co) = 30-1) + 2 
(a) c® (b) Any turning point 
would indicate 
= the minimum or 
oe the maximum 
= cost. In this case, 
300 x = 0 gives a 
280 minimum. 
260 (c) The y-intercept is 
x the fixed cost of 
oe Vonks production. 


Exercise 2.5 (page 197) 


1. linear 3. quadratic 
9. y=2x=3 


5. quadratic 7. quadratic 


ll. y= 22 - 1.5x-4 








t 
t 
f 
t 
i 





—10 


(b) linear (b) quadratic 
(c) y=5x-3 (c) y = 0.09595x? + 
0.4656x + 1.4758 
21. (a) 23. (a) 15 





(b) quadratic (b) cubic 
(c) y= 2x7 —5x4+ 1 (c) y= x3 — 5x+1 
25. (a) y = 0.6305x + 27.0386  (b) 0.6305 


(c) For each additional dollar earned by men, 
$0.63 will be earned by women. 
27. (a) quadratic (b) 0.2912x? — 5.1350x + 84.4689 
(c) x = 8.8, during 1988; minimum is $61.83 billion 
(d) Predicted data are higher, but close to actual data. 
29. (a) —804.6429x? + 103,590.5286x + 320,812.9143 
(b) 1997 (ce) 1994 
31. (a) y = —3.628x? + 652.1699x — 29,042.0332 
(b) x = 98.39, in 1998 
33. y = 0.03743x3 — 9.6275x? + 821.0664x — 
23,169.1694 
35. (a) y = 0.19x? — 16.59x + 1038.29 
(b) x = 43.7,1944 (ce) 1945 
37. (a) T(x) = 0.33x + 24.33, A(x) = 0.13x + 29.73 
(b) x = 117.5, during 2017 ; 
(c) x = 108.1, during 2008 


Answers A-15 


Chapter 2 Review Exercises (page 203) 23. vertex (—3, 0); zero (—3, 0) 







1. x =0,x = -} ae xe0x=; y=x?+6x4+9]y 
aS 2 = = 8 
4. x=(-5 + V47)2, x = (=5 


SV Ae, 
V3 


IS 


5. noreal solutions 6. x= -y,x= AS 

7.3,-$ 8 (-1+ V2)4,(-1- V2)/4 

9. 7/2,100 10. 13/5, 90 
11. noreal solutions 12. z= —9,z=3 

ie 345-2, 1424 = 32S 1 Soa | =e . 
15. x =(-a+ Va’ — 4b)/2 minimum 
16. r= (Qa + V 4a? + x°c)/x 24. vertex (3, 0); zero (3, 0) 
17. 1.64, —7051.64 18. 0.41, —2.38 7 
a9. vertex (— 2; —2); 20. vertex (0, 4); pee 


zeros (0, 0), (—4, 0) zeros (4, 0), (—4, 0) 


y 





=f 
y = 12x-9-4x? 


25. vertex (0, —3); zeros (—3, 0), (3, 0) 


22. vertex (2, 1); no real zeros 


: feraaa 





4 
} 
/ 


ees 
a I 
AD i 


oe a 
pai nunum 


pe Nee 





A-16 Answers 


28. vertex (3, 7); zeros (2, 0), (5, 0) 36. (a) 0 (b) 10,000 (ce) -—25 (dd) 0.1 
5 37. (a)a=2 3 (BO ene) (d) 4 


f : 38. y 





1200 






a. ifx<1 
3x-2 ifx>1 


Aen 2 eA 6 


40. Turns: (1, —5),(—3, 27) 41. Turns: (1.7, — 10.4), 

Saya) (b) x =-2.4=4 “(CB (—1.7, 10.4) 

32. (a) (0,49) (b)x=-7,.x=7 (D 

33. (a) (7, 25) approximately, actual is (7, 243) 
(b) x =0.x= 14 "(A 

34. (a) (-1,9) (b) x= —-4,x=2 

35. (a) 











(Cac 







y 


(b) y = —2.1786x + 159.8571 
(c) y = —0.0818x? — 0.2143x + 153.3095 





(b) y = 2.1413x + 34.3913 
(ce). y= 2227660? 
46. (a) t= —1.65t = 3.65 
(c) At 3.65 seconds 
47. x = 20, x = 800 
48. (a) x = 76.9, in 1977; x = 108, in 2008 
(b) x = 92.5, in 1992; 9.15% 
49. (a) x= 200 (b) A = 30,000 square feet 
50. 51. 


P Pp 


21 

18 y =2q7+4q+6 

15 

12 

9 9 
6 6 
3 | 

q 
ieee 3 ee Amen 


ie eihente 5.06.7 
(b) p = 41,q = 20 


2 
ee 


(b) Just t = 3.65 









4 8 12 16 20 24 28 
53. p = 400, q = 10 54. p = 10, q = 20 
55. x = 46 + 2/89, x = 46 — 2V'89 
56. (15, 1275), (60, 2400) 
57. max revenue = $2500; max profit = $506.25 
58. max profit = 12.25; break-even x = 100, x = 30 


P(x) = 1.3x—0.01x? — 30 


59. x = 50, P(50) = 640 








Answers 


A-17 


60. (a) C = 15,000 + 140x + 0.04x?; R = 300x — 0.06x? 
(b) 100,1500 (ec) 2500 
(d) P = 160x — 15,000 — 0.ix*; max at 800 
(e) at 2500: P = —240,000; at 800: P = 49,000 

61. (a) power (b) 5,599,885 


(c) 20.481364; this model predicts 2,048,136 cases in 
1995. 


(b) OS x6 


63. (a) rational (b) O=p< 100 
(c) 0; it costs $0 to remove no pollution. 
(d) $475,200 
64. (a) x = 12; C(12) = $18.68 
(b) x = 825; C(825) = $909.70 
65. (a) y = 17.3969x0°0™ 
(b) (c) 39.5 mph 
(d) 18.3 seconds 





—-10 


66. (a) y = 1.8155x* — 11.1607x + 29.1845 
(b) Use x = 11; 126 million cubic yards 


Chapter 2 Test (page 206) 
1. (a) oy 





A-18 Answers 
2D a 3. 


4. (a) (b) 






Veer 3 aS 





-8 -6 -4 -25 


5. b; is cubic; f(1) < 0 
6. (a) —10 (b) —155 (Oy) 7 
hs y 









Ai tex 


2 
fay= e ifx <1 








9. x =2,x = 1/3 


senses tee 3 SVS 


10. x 7 2 
1 SB) os De 


13. (a) quartic (fourth-degree) (b) cubic 
14. (a) 24 Model: y = —0.3577x 
+ 19.9227 
(b) 5.6 
(c) Atx = 55.7 





15. q = 300, p = $80 

16. (a) P(x) = —x? + 250x — 15,000 
(b) 125 units, $625 
(c) 100 units, 150 units 


17. (a) fU5) = —31 means that when the air 
temperature is 0°F and the wind speed is 15 mph, 
the air temperature feels like —31°F. 

(b). =—5528 
18. (a) 





(b) y = 0.313 1x — 24.8619 

(c) No; the slope is positive. 

(d) The predicted debt continues to increase. 
19. (a) quadratic 

(b) y = —0.01607x? + 3.31845x — 165.27798 

(c) 5.59 in 1998; 5.75 in 1999 

(d) x = 103.2 or after 2003 


Exercise 3.1 (page 222) 


S00 8 
13 3 l Oot S.A, CAD FZ 
ae 3 4 
7. A, F and Z are 3 X 3; Cand Dare 2 X 2 
hee 3544 
Oa La Os 2a O 13. no 
2 ee ns 
OO G 9 5 Of = 2 et 
15.0) -0° 00 17. ° :] 19. | 4 Z 0 
OFT 0 Zz 3 t 
278506 3 1S aa 
2134 A 23. impossible 25. /4 2 2 
6e 146 Duy Se 
27. x= y=2z=3,w=4 
29. x=4,y=1,w=3,z=3 
31. x=2,y=2,z=—- 
= | She s74-9 4d 65 
SS Ae oe ies im 


pu|252 178 65 8 It 
19.28 (6 S14 ie 


w a+B= (97 22. 33% "6440 
197 104 = 
(©) Soe) 4 


307') 252" 79> a5 A 


10 —-10 -5 ~-4 -49 
more species in U.S. 
11,041.7 8978.4 6461 
8739.8 9159.6 6877.3 
9798.1 9086.7 6448.4 
9696.6 8926.7 6109.5 


35: 


825 580 1560 
ey es 650 so 
-75 20 —140 
0) | 10) 50 | 
39. M F M F 
54.4 55.6 45.5 45.2 
5 0 62666 |’ ye Pots —54.9 
ONO GTA 94 61.1 67.4 
70.7 78.1 | 653 73.6 
8.9 10.4 
Hy ae. S110 Giegl 17 
SLES nl EPA eae, 
54 4.5 
41. (a) wt 1 (b) wt l 
1/140 5.5 rf250°12'5 
We |°t54~ 327 WoP20s 10:8 
ti | 141 5.5 m}|190 9.8 
[ 0 i130 01 
rial! it oO 
SCV deal re Dee a Os=),-, 
Ooch: steer 0 tcc] 
(c) person 2 
S044 75 176-127 
oe e ty (b) ae Ha 
10 4 1 19 
(©) | 7 1 S | =¥ A 
47. (a) 3,4,5,6 (b) 1 
49, Worker 1: 0.9625 Worker 2: 0.9375 
Worker 3: 0.9125 Worker 4: 0.8875 
Worker 5: 0.85 Worker 6: 0.875 
Worker 7: 0.90 Worker 8: 0.925 
Worker 9: 0.95 


Worker 5 is least efficient; at center 5 


Exercise 3.2 (page 237) 


5reOe.6 
fe Skt ty 5 Se 926: -3 
ize 0-9 
28 16 ; ‘ 
te i M 9. impossible 11. a 
pS Se Fe 2, 
ce Ee 5 re ee 2 
TA VSR AS 2 
P7504 9 1 19. impossible 
13 A102 124.3 
13° 9" 3. 4 Ost 7% 16 
on | 9 716 ‘ 22 U 17 20 


| 


4 


Th 


| 


29 25 


IP 


| 


—_ Om — 


or KS 


Shortage, taken 
from inventory. 


25. 


31. 


37. 


43. 


47. 


49. 


Ske 


53. 


35. 


ST 


5 


\© 


Answers A-19 
Oe te 
13534 Tk els oe 29. no 
Gi Oeste 
= 550 088. 0 f° 0 0 
NO Ossie ao 67°80) 135510930" 0 
28 = 44 4 [0 0 0 
0 0 0 
0-020 39.A 41. Z 
Os 0000 
no (see Problem 35) 
‘lee Pee 
aB=| 5 as , 
Deane H 
6—4-—4] =| —2 |; is solution 
4-0 —2 2 
1+2+2 5 
4+0+1 1} =] 5 |; is solution 
Dee 5 
11 4 20 SS 
(a) AB=|—-4 -—2 —11 |BA=| 25° —4..12 
7 2 9 a 8 14 
(b) no 
10000 
ee (Some entries may appear as 
OO ee ae decimal approximations of 0.) 
O02 OI 50 ; 
O00" Ort 
2O2 2S 350.40 330 
451 403 541.20 483.60 
(a) 550 453 (b) 660 543.60 
582 464 698.40 556.80 
514 403 616.80 483.60 
389 353 466.80 423.60 
2340 42.00 105.00 5.25 
21.00 42.00 21.00 0.00 
(a) | 29.40 73.50 47.25 0.00 
15.75 73.50 21.00 10.50 
21.00 0.00 105.00 5.25 
24.20 44.00 110.00 5.50 
22.00 44.00 22.00 0.00 
(b) | 30.80 77.00 49.50 0.00 
16.50 77.00 22.00 11.00 
22.00 0.00 110.00 5.50 
ee a 
30,600 35,700 





A-20 Answers 
2703 3428 
3608 2481 
2383 2314 
4376 4584 
679 664 
(@ AAD SATE. 96.1 97.9 48.1 79.4 65.4 98.4 99.0 77.3 65.8 82.8 89.5 76.9] 
; 14424> 1528 109.02 105.08 63.3: 91.1 79:2 96.4 1210825: 85:4 9 ORS eo s5 16.4 
3152 2988 
1289 1224 
254: 25257) 5 
ne ts (b) 12X12 (e) the diagonal entries 
63. 1300 teens, 1520 single, 1620 married 
65. 172, 208, 268, 327, 101, 123, 268, 327, 216, 263, 162, 195, 176, 215, 343, 417 
DLot S4 A meas Sen el SeSme5. Ley 738 
1285.5 64 S05) 115 136 229 590 
67. | 969.5 46.5 24 98 139 224 476.5 
$52:5. 45 23 97.5 142.5 236.5 _ 463 
809 AA See eee 7F 141.5 240.5 455.5 
0.665" 7 48:075 9.690 ~ “b.045.- 5.320 3.420 
O47 56 O190' 7 5.795 & 1.235. 105190 0.950 
69. (a) 2.090 0.380 8.360 1.140 1.140 4.560 
239.210 60.230 77.520 33.440 51.585 136.990 
28.500 0.950 0.950 0.950 0.950 0.950 
749.455 0 0 0 0 0 
0.7560 9.1800 11.0160 1.1880 6.0480 3.8880 
0.5400 0.2160 6.5880 1.4040 0.2160 1.0800 
(b) 2.3760 0.4320 9.5040 1.2960 1.2960 5.1840 
271.9440 68.4720 88.1280 38.0160 58.6440 155.7360 
32.4000 1.0800 1.0800 1.0800 1.0800 1.0800 
852.0121 0 0 0 0 0 
0:900-" '0:3554~0:855 40.855. 0.855 .O0765  0:765 - 0.765 ~ 0:765 
0:765:. 0.900 ,9.0:855 .20.855" 0:855 -0.855°" 07765 0.765 0:765 
0:765°. 0765 ».0.900 .-0.855 0.855 .0:855 0.855 0.765 0:765 
0.765 0.765 0.765 0.900 0.855 0.855 0.855 0.855 0.765 
71.\~ 0,765. 0.765," ».0:765: 50.765: 0.900 4, 0:855 0.855 © 0.855 = 0.855 
0.355. 0.765 405765... 0765: .-0:765 4.0900 —0:855.© 0.855 = 0.855 
0:855)4" 0.855% 6205/6522 0.765° 930.765 ny, 0:765;,. 0:900* -.0:855 1 20.855 
0.855 0.855 0.855 0.765 0.765 0.765 0.765 0.900 0.855 
O55 0.855: £0855 990.855 S0765 0 0965. 0.765" 0765 =. 6.900 ~ 
Exercise 3.3 (page 254) 
aa ew 7 3 Zz 4 0 9% x= 18, y=10.z=0 11 x=-5,y=2,2=1 
1. OOS 2h Sel ted, sul gs 0 13. = 4, y= 1, ge 2, 15.4 =hL y=? 
FintD2 | fo —2- 4 0 17. x= 15,y = -13,z=2 
19. x= 15,y=0,2=2. 21.x=1,y=—l,z=1 
23. x, = 1,x, = Ox =, 4,10 
Lone 4 2 25. x= 1,y=3,z=1,w=0 
Slee Oy 1 7.x=2,y=1/2,z=—-5 27. nosolution 29. x=(11+ 2z)/3, y = (-1 — 23 
1 eee 1 31.x=0,y=-z 33. x=3z-—2,y =3—5z 





35. 
39. 
43. 
47. 
49. 
51. 
53. 
So. 
Sie 


ee 


61. 


63. 


65. 


67. 


eet = aoy= 42. 37S 2, y= 1 ee 
eS iy Stic = 141, XK, = HXqs Xp = SX 
x= 7/5,y = —3/5,z=w 45. no solution 


Meee OD ieee OAR, = 25S GX, 
Xo seib ca, Deva asD ) 

Beef: 2 cups; sirloin: 8 cups 

AB: 2 oz, SFF: 2 oz, NMG: I oz 

2 of Portfolio I, 2 of Portfolio II 

; pound of red meat, 6 slices of bread, 4 glasses 

of milk 

$ 13,500 @ 15% and $ 10,000 @ 16% 

Type I = 3 Type IV, Type II = 1000 — 2(Type I'v), 
Type II = 500 — Type IV, Type [V = any amount 
(less than 500 bags) 

Oil = 6138 — 3.3C — 0.6R, 

Bank = 7.5C + R — 12,787.50; R = any amount 
(less than 10,230); C = any amount (less than 1705) 
Bacteria III = any amount (between 1800 and 2300) 
Bacteria I = 6900 — 3 (Bacteria II) 

Bacteria II = + (Bacteria III) — 900 

There are three possibilities: 

(1) 4 of Land 2 of II 

(2) 5 of I, 1 of 0, and | of I 

(3) 6 of I and 2 of Hil 


Exercise 3.4 (page 269) 


1. 


a 


= 
am 


bo 
- 


t 
© 


37. 


41. 
43. 
53. 


£020 ey) 
eo res yes a Ore. 0 
O01 0,084 
2 -7 aaa 
ia 1 9. no inverse a | 2) i 
; : ae eH 
re a 1554 gil 5 0.20 
: : =P | 
Lea 1 
ae. Jee 549, no inverse 
|; 7 4 21. no inverse 
3 3 3 
Dee TE ee, 
O27 2 Ot 13 2 
Orie n 2” Fens ee 21. \ 6 
2 Cereal 3 
i 0 °O~0e2 
x 1 
yi=|1 31. x=2,y=1 
Z Z 
ual = tae Ly le = hl 
n= Lyateza 39. x=ly=3,z=2 
x= 6, X= 5.4, X, = 3.25, x, = 6.1, x, = 0.4 
a) AS i447, —5 ~ 49: —19 51. yes 


no 55. Hangon 57. Answers in back 


Answers 


A-21 


59. x, = 2400, y, = 1200 
61. A = 5.5 mg and B = 8.8 mg for Patient I; 
A = 10 mg and B = 16 mg for Patient II 
63. $68,000 at 18%, $77,600 at 10% 
65. 7 cc of 20%, 3 cc of 5% 
07 feo; 
67. (a) 0° ON 1 (b) 108 
pee tel 
Exercise 3.5 (page 282) 
1. (2 15 (bh) 4 3.8 5. 40 
7. most: raw materials; least: fuels 
9. raw materials, manufacturing, service 
11. 5 units of manufacturing; 10 units of ag; 105 units of 
utilities 
13. farm products = 200; machinery = 40 
15. agricultural products = 100; oil = 700 
17. utilities = 200; manufacturing = 400 
19. mining = 310; manufacturing = 530 
21. electronic components = 1200; computers = 320 
23. fishing = 100; oil = 1250 
25. development = $21,000; promotional = $12,000 
27. engineering = $15,000; computer = $13,000 
29. agricultural goods = 400; manufactured goods = 
500; fuels = 400 
31. electronics = 1240; steel = 1260; autos = 720 
33. products = 75 households; machinery = +; household 
35. government = {5 households; 
industry = }5 households 
37. manufacturing = 3 households; 
utilities = 3 households 
24 
96 
24 
39. 120 3456 bolts, 492 braces, 120 sheets 
492 
3456 
10 
10 
20 
41. | 56 | 562 X 4’s, 20 braces, 26 clamps, 300 nails 


20 
26 
300 


Chapter 3 Review Exercises (page 287) 


1. 


5: 


Agee. O00 Ss AWB 4eanone 
— Dae 5 tle 
DEG I 6.|-4 0 0 -4 
22 -1 -9 


A-22 


11. 


14. | 


17. 


19. 


22. 


25. 
27. 
29. 
a1, 
32. 


33; 


36. 


39. 


40. 
43. 


47. 


ag) 10,500 


Answers 
. Zero matrix 8. Order 
3° = 3 
6 -!I ~-9 3 i hasty 
10 3 -] 4 10. nis ate 
-2 -2 -2 14 es 
iO 
hoe 15: 20 iS 0] 
ci 13 
Ls i eitig-f <0 0 4] 
L 3 9 
2 — 12 9 20 5 16] 
as ei 1° a 2 8 i 15 | 
aot 61 —S55 43 —23 
= 22 AG9 —3 -—20 18. 33 -—12 
Oi O43 0 -13 15 


15 25 20. [17 | A Ise | 


18 30 7 28 


Olt 


i 


Fug ner2 
EASE rate | 
Fo) 26501,:2, b) 
x=22,y=9 28.x=—-3,y=3,2=4 


a 


x=-3,y=7,c=—% 30. no solution 
eee ey = — 1 22 
A= l, er Mae So fe 
eS =a oe 8 
yes 34, E i 35. Pre eg 
fe 1 1 —4 
Pree —9 — 33 4 
i. a5 Stee S7. te, 250) a8: 5 
-13 -9 15 19 — 13 
Ae a ea 
A t= Dl ee Se ky Nga ae Veena? eee) 
-9 Te 
250 140 1030 800 
a bite a | 700 4 


(a) higherin June (b) higher in July 
men women 
Ee ae, ae Holes 


210 270 | Hoods 480 | Hoods 


ieee 
10,600 

(b) Dept. A buys from Kink; Dept. B buys from Ace 
0.013469 

0.013543 

0.006504 


13,500 


(a) [0.20 0.300.50] (b) 


0.013469 
0.013543 
0.006504 


0.30(0.013543) + 0.50(0.006504) = 0.0100087 
(d) The historical return of the portfolio, 0.0100087, 
is the estimated expected monthly return of the 
portfolio. This is roughly 1% per month. 
48. 400 fast food, 700 computer, 200 pharmaceutical 
49. A = 2C, b = 2000 — 4C 
50. 3 passenger, 4 transport, 4 jumbo 
51. S = 6000;.A = 800 52. S= 1000; C = 500 
366 
53. X = | 322 
402 


54. G = SH; A = 3H; M = 8H 


(ce) [0.20 0.30 0.50] = 0.20(0.013469) + 


, approximately 


Chapter 3 Test (page 290) 


BS hee 2 jrerigh).8 
1 eeme 2 oa - 


D3, NG 

—12 -—16 co 
3. 4.1182 45 
5 12 87 Pi 
cect —43 —46 "= 207 
Sle i 6. 39 °— 30ae 297 
17 5 -216 
3 25 39 


1/2. 1/2 


hy ; ae 8. 1 Oni 
5 
4 10. x = —0.5, y = 0.5,z = 2.5 
5 
11. x =4—- 1.8z,y=0.2z 12. no solution 
13. x = 2,y=2,z=0,w= —-2 
14. x = 6w — 0.5,y = 0.5 —-wz=2.5 — 3w 
OS: B22? 
AOEOS 19 
£5: (a) 205. F079 09 
LO G26R15 ~ 
“12, 044-224 
(b) 0.08, 0.22, 0.12 consumed by carnivores 1, 2, 3 
(c) Plant 5 by 1, Plant 4 by 2, Plant 5 by 3 
16. (a) [1000 4000 2000 1000] 
(b) [45,000 55,000 90,000 70,000] 


$ 

5 A| 65 
3 -. Bl 145 
(9) 4 (d) [$1,030,000]  (e) anos 
4 D|\ 135 


17. Growth, 2000; blue-chip, 400, utility, 400 
18. Ag: 315, M: 245 
19. Profit = Households 
Non-profit = } Households 
20. Ag: M4 5 S 


Ag (0.2; 0.17 Om” 6.1 
MVE 0.3" 025 02) 02 
F\.:02> 02-708. 20.3 
Se Or “04> "02 
21. Ag: 5000, M: 8000, S: 7000 
22. Ag: é9 Hshds, $: 3§ Hshds, F: 8 Hshds 


Exercise 4.1 (page 302) 


Peet 8 eS. (55 <4 
7.X=-1 9%x>1.949 


isu 3 tH 


—4 0 4 
13. x < —3 <_———+—-+— ++ 
~6 4 ~2 0 


3 
15. x <3 i 
W7x<-6 <+++-+ + + 
12x = 2 St 


0 2 4 
20 io 
21. x<7 0 20 2 


Deh S35) 252 Sx <4 
27.x>4 29. -50<x<-22 

oiea( 1-3], half-open 

33. (2,10), open 35. [—3, 2], closed 
37. (—4,3), open 39. [4, 6], closed 
41. x > 80 Ss on oe oe i ee Se Se eae 


0 20 40 60 80 
43. 695 + 5.75x < 900; 35 or fewer 
45. (a) 0 <7 = 25,350 
25,351 = 1 = 61,400 
61,401 <7 = 128,100 
128,101 <7 S 278,450 
I= 278,451 
(b) 0 = T S 3802.50 
3802.50 < T S 13,896.50 
13,896.50 < T = 34,573.50 
34,573.50 < T = 88,699.50 
T > 88,699.50 
47. (a) 0.479 <h<1;h = 1 means 100% humidity 
(b) 0O=h < 0.237 
49. C= 37 


Answers A-23 


51. (a) (1) x, = 1100, (2) x, < 1000, 
(3) x, S 900, (4) x, = 0 
(b) 0=x, =< 900 


(c) x, € [100, 1000], x, € (200, 1100], 


x, € [300, 1200] 


Exercise 4.2 (page 31 0) 


9. (0, 0), (20, 10), (0, 15), (25, 0) 
11. (0, 0), (7, 0), (5, 5), (2, 6), (0, 4) 
13. (0, 5), (1, 2), (3, 1), (6, 0) 













345678 


y=-2x+3 


A-24 Answers 


21. +» 33. Let x = cord-type trimmer 
and y = cordless trimmer. 
(a) Constraints are 
x+y 300 
2x + 4y = 800 
x= Ory 0 


(b) y 








10 20 30 40 / 60 


2x +3y = 134 


25. y 








35. (a) 7x + Zy = 30 
4x + 12y = 28 
C= Oy =) 





37. Let x = minutes of radio 
and y = minutes of television 
31. (a) Let x = deluxe model (a) Constraints are 
and y = economy model x+y =80 
_ + 2y = 24 0.006x + 0.09y = 2.16 
= ry == 0 (b) , 


(b) 


0.006x + 0.09y = 2.16 





4/12 16 39. (a) x = pounds of regular 
(8, 0) y = pounds of all beef 
Corners: (0, 0), (8, 0), (4, 6), (0, 8) 0.18x + 0.75y = 1020 
0.2x + 0.2y = 500 
0.3x = 600 











A = (2000, 500) 
B = (2000, 880) 
C=(1500, 1000) 


Exercise 4.3 (page 322) 


i. 


11. 


£2: 
is. 
17. 
19. 
21. 
23. 
25. 
27. 
31. 
33. 
35. 
Sis 
39. 
41. 
43. 


45. 
47. 


49. 


51. 
53. 


(12,0) 3. max = 20 at (4, 4); min = 0 at (0, 0) 


5. max = 68 at (12, 4); min = 14 at (2, 2) 
le 
9. (0, 0), (0, 20), (10, 18), (15, 10), (20, 0); max = 66 


no max; min = 10 at (2, 1) 


at (10, 18) 

(0, 60), (10, 30), (20, 20), (70, 0); min = 90 at 
(10, 30) 

max = 382 atx = 10, y = 38 


max = 80. atx = 20, y = 10 

min = 115atx=5,y=7 

min = 36 atx = 3,y = 0 

max = 6 at (0, 2) 

max = 22 at (2, 4) 

max = 30 on line between (0, 5) and (3, 4) 

min = 32 at(2,3) 29. min = 9 at (2, 3) 

min = 75 at (15, 15) 

max = 10 at (2, 4) 

min = 3100 at (40, 60) 

max = $132 at (4, 6) 

max = $10,000 at 200 cord-type, 100 cordless 
250 fish: 150 bass and 100 trout 

R = $366,000 with 6 satellite and 17 full-service 
branches 

radio = 60, TV = 20, C = $16,000 

30 days for Factory 1 and 20 days for Factory 2; 
cost = $700,000 

60 days for Location I and 70 days for Location IT; 
cost = $86,000 

reg = 2000 lb; beef = 880 Ib; profit = $1328 
From Pittsburgh: 20 to Blairsville, 40 to Youngstown 
From Erie: 15 to Blairsville, 0 to Youngstown 
Minimum cost = $1550 


Answers 
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Exercise 4.4 (page 342) 


1. 


Bs 


11. 


13. 


15. 


17. 


19. 
23. 
25. 


27. 
31. 
35. 
37. 
39. 
41. 
45. 


Sh OV TIS aul ey Oy 4S 20 


CTs 


Qp— 
o 


CS) Cos) 


Nl AN 


| 

PIN — t 

| 

UN Man OIW Nn BIAN 

DoH CIO 

H15O 190 O° 
— N 
WO 

oOlk S 


i= Coc 
1 ae aC 








olution is complete 


Bo 2 Ale Os 0 an Das0 12 
Q @0t'0 —170 4 
-3 -11 001 -1 0 6 





2334 23") Ol Os80 4 1 150 


Either circled number may act as the next pivot, but 
only one of them. 

No solution is possible. 21. x = 1l,y =9;f= 20 
x=0,y = 14,z = 11; f = 525 

x = 50, y = 10,z = 0, f = 100. Multiple solutions 
are possible. 

Next pivot is circled. 


3-0 6 50 





x=0,y=5,f=50 29. x=4,y=3,f=17 
x=2,y=5,f=17 33.x%=4,y=3,f=11 
x=0,y=2,z=5,f=40 

x = 15, y = 15, z = 25, f = 780 
x=6,y =2,z = 26, f = 206 
x=8,y=16,f=32 43. no solution 

x = 0, y = 50 orx = 40, y = 40, f = 600 


A-26 


47. 


49. 


Si: 
53: 
55: 
57. 
59. 


Answers 


ee { 100) Omiemoe 

(a) I 300 a0 120 
=AOinn = GO Oe Owl 0 

(b) Max profit is $3000 with 30 ink jet and 30 laser 
printers 


(a) 





(b) Max profit is $3900 with 11 axles and 2 wheels 
500 tomatoes, 1800 peaches; P = 4100 

21 newspaper, 13 radio 

Medium | = 10, Medium 2 = 10, Medium 3 = 12 
$1650 profit with 46A, 20B, 6C 

8000 Regular, 0 Special, and 1000 Kitchen Magic; 

$32,000 


Exercise 4.5 (page 353) 


re 10 Sigil 3 
Pea) il ae 6 | transpose =| 2 2 1 
Crank g 10 6 8 
(b) Maximize f = 10x + 6y subject to 5x + y $3, 
2x Pay Slee Ony = 0. 
Laat 9 eel 5 
Sioa) alas 15 | transpose =| 1 3 2 
S22 g 9215 g 
(b) Maximize f = 9x, + 15x, subject to 
x, He 
eps 
5. (a) y, = 8. y,= 2..y, = 0; min: g = 252 
(Dy r= 5 0,1, 93max f = 252 
7.8 = 5 at y, = 0; y~= Sif = 5 atx, = 1/2, x, =,0 
9-2) ee ns 1Simin); +, = 2.x, = 05 
f = 18 (max) 
11. Maximize f = 11x, + 12x, + 6x, 


13. 


15. 
Lae 
19. 
21. 


subject to 4x, + 3x, + 3x, = 3 
Fak, + tg! 
Primal: y= 22,5595, 8 = 9 (min) 
Dual: x, = 3/5, x,°= U5, x, = 0; f = 9 (max) 
Maximize f = x, + 3x, + x, 
subject to x, 4.4%, S12 
3x, + Ox, + 4x, = 48 
x, +x, =8 
Y, = 5. Np = 55 )3 = 338 = 16 (min) 
Dual: x, = 4, x, = 2, x, = 6; f = 16 (max) 
min = 32 atx = 16,y=0 
min = 28 atx =2,y=0,z=1 
min = 480 at y, = 0, y, = 0, y, = 16 
(a) Minimize g = 120y, + 50y, 
subject to 3y, + y, = 40 
dy, Hy, = 20 


23. 
25. 


27. 


29. 


31. 


(b) Primal: x, = 40, x, = 0; f = 1600 (max) 
Dual: y, = 40/3, y, = 0; g = 1600 (min) 

Line | for 4 hours, Line 2 for 1 hour; $1200 

A = 12 weeks, B = 0 weeks, C = 0 weeks; 

cost = $12,000 

Factory 1: 50 days, Factory 2: 0 days. 

Minimum cost $500,000. 

105 minutes on radio, nothing on TV. 

Minimum cost $10,500. 

16 oz of Food I, 0 oz of Food Il, 0 oz of Food HI, 

Minimum cost = $16. 


‘ 


Exercise 4.6 (page 363) 


Le 


11. 


13. 
iS: 
19. 
23. 
25. 
27. 
29. 
31. 
33: 
35: 


3. 36x = p= — 40 





. (a) Maximize f = 2x + 3y subject to 


7x + 4y S 28 
Se yee 2 





(a) Maximize —g = —3x — 8y subject to 
Ay Sy = 50 
x+y=80 
asa ee 
x20,y=0 





3 8 0 OF0ic! 0 
x=6,y = 8,z = 12; f= 120 


x=10,y=17;f=57 17. x=5,ys7;f=31 
x=4,y=8f=16 21. x= 12, y= 8;f=76 
x=5,y=15;f=45 “ 

x = 10, y = 20; f= 120 

x = 20, y = 10,z = 0; f= 40 

x=5,y =0,z=3;f=22 
x=0,y = 44, z = 98; f = 34 

x = 70, y = 0, z = 40; f = 2100 

Produce 200 of each at Monaca; produce 300 
commercial components and 550 domestic furnaces 
at Hamburg; profit = $355,250 | 


37. Produce 200 of each at Monaca; produce 300 
commercial components and 550 domestic furnaces 
at Hamburg; cost = $337,750 

39. regular = 2000 Ib; beef = 880 Ib; profit = $1328 

41. 1 = 3 million, 11 = 0, IU = 3 million; 
cost = $180,000 


Chapter 4 Review Exercises (page 367) 


i G3 — 
0 4 
fleet 
2.x2=-20/8 0 4 0 


3,.x=>-1/A3 cee: 


4. x= —3/2 


5. (a) closed; [0, 5] 
(c) open; (—3, 2) 

6. (a) -l1<x< 16 
(Clix — | 


(b) half-open; [3, 7) 


(ib) -12<2=8 


8. 


5 10 15 2025 





x+2y = 20 


3x + 10y = 80 





10 (20, 0) % (5, -3) 


11. max = 25 at (5, 10); min = —12 at (12, 0) 
12. max = 194 at (17, 23); min = 104 at (8, 14) 
13. f= 66at(6,6) 14. f= 91 at (9, 2) 

15. f= 43 at (7,9) 16. f= 31 at (12,7) 

17. g =24at(3,3) 18. g = 20at(5, 1) 

19. g =~“ at (22,3) 20. g = 80 at (5, 45) 
21. f= 168 at (12,7) 22. f = 260 at (60, 20) 


Answers A-27 


23. f = 360 at (40,30) 24. f = 270 at (5, 3, 2) 
25. f = 640 on the line between (160, 0) and (90, 70) 
26. nosolution 27. g = 32aty, =2,y, =3 
28. g = 20aty,=4,y, =2 : 
29. g=Taty, =1,y,=5 
30. So 16 aty, es 3.) = 353 = 5 
31. f= 165 atx = 20, y = 21 
32. f= 54atx=6,y =5 
33. f = 156 atx = 15, y=2 
34. f=3latx=4,y=5 
35. p = $14,750 when 110 large and 75 small swingsets 
are made 
36. C = $300,000 when #1 operates 30 days, #2 operates 
25 days 
37. P = $320; I = 40, II = 20 
38. P = $420; Jacob’s ladders = 90, locomotives = 30 
39. food I = 0 0z, food II = 3 oz; C = $0.60 (min) 
40. Cost = $5.60; A = 40 lb, B= 0 1b 
41. Cost = $8500; A = 20 days, B = 15 days, 
C = O days 
42. pancake mix = 8000 Ib; cake mix = 3000 Ib; 
profit = $3550 
43. Texas: 55 desks, 65 computer tables; 
Louisiana: 75 desks, 65 computer tables; cost = $4245 


Chapter 4 Test (page 370) 
-9 
1.1=-9 ea 
-12 -8 +4 0 
Dey een 


3. (a) ++ Os 
0 2 4 


(b) 





Answers 


A-28 


5, Max = 120 at (0,24) 6. Min = 136 at (28, 52) 
7. Max = 6300 at x = 90, y = 0 
1 a2. Om ahve Oee3) 200 | 40 
OE) 20 Se Tr ae 15 
0 3 


ea) { =) 0 a Sop ee 
Ono 0m alo Gna 20 | 


—2R,+toR, —3R,+toR, 
(b) A; Pivot column is column 3, but new pivot is 
undefined. 
9. Maximize f = 100x, + 120x, 
subject to 3x, + 4x, = 2 
5x, ‘ch 6x5 =,3 
Kehisxy S'S 
Ki 0, = 0 
10. Maximize —g = —7x — 3y 
subject tox — 4y Ss —4 
rapes ts) 
DSi) 
11. Max: x, = 17, x, = 15, x, = 0; f = 658 (max) 
Min: y, = 4, y, = 18, y, = 0; g = 658 (min) 
12. Maximize P = 7x + 6y x = barrels of lager; 
subject to 3x + 2y = 1200 y = barrels of ale 


oO 


2x + 2y = 1000 
P = $3200 (max) at x = 200, y = 300 
13. x = number of day calls, y = number of evening calls 


Minimize C = 3x + 4y 
subject to 0.3x + 0.3y = 150 
0.1x + 0.3y = 120 
C = $1850 (min) at x = 150, y = 350 


Exercise 5.1 (page 389) 


1. 3.162278 3. 0.01296525 5. 1.44225 


He A -JO7k « Ds y 








19. All graphs have the same basic shape. For larger 
positive k, the graphs fall more sharply. For positive k 
nearer 0, the graphs fall moré slowly. 





21. y = f(x) + C is the same graph as y = f(x) but 
shifted C units on the y-axis. 












(b) As c changes, the 
y-intercept and 
the asymptote 
change. 


(b) Different c values change the y-intercept and how 
the graph approaches the asymptote. 
27. $1884.54 : 





Billions 


Billions 


2 ae OSA LO 


41. The linear model fails in 2007, giving a negative 
number of processors. 

43. (a) y = 6.869(1.0851)* 
(b) $52.92 

45. (a) y = 2.366(1.04457)" = (b) 230.39 
(c) x = 101.76, 2001 

47. y = 0.1018(1.06443)* 


Exercise 5.2 (page 402) 

1.24=16 3.444=2 5.x=8 

ie x= 5 9, log, 32 cae 5 11. log, (3) aa =| 
13. ay 15. ¥ 











Answers A-29 


173 y 19> (a) 3. (b) 4 


y = log, (-x) 








Ze 2323 

25. (a) 4.9 (b) 04 (©) 124 (dd) 09 

27. logx —log(x +1) 29. log,x + j log,(x + 4) 
31. In@/y) 33.1log. 1c" 4 1] 

35. equivalent; Properties V and II] 

37. not equivalent; log (V/8/5) 


39. (a 





i 
j 


| y = In(x—5) 


(b) For each c, the domain is x > c and the vertical 
asymptote is at x = c. 
(c) Each x-intercept is atx =c + 1. 
(d) The graph of y = f(x — c) is the graph of y = f(x) 
shifted c units on the x-axis. 
41. (a) 4.0875 (b) —0.1544 





3 =e 

47. If log M = wand log N = v, then a* = M anda’ = N. 
Therefore, log (M/N) = log (a“/a’) = log (a*~ *) = 
u—v= log M — log.N. 

49. y = 4.2885e-°75'* 51. 2.5 times as severe 

53. 14 times as severe 55. 40 


57. L = 10 log.) pany 
10 





A-30 Answers 


59. 0.1 and 1 X 10°" 


61. pH = log ey = log 1 — log[H*] = —log[H*] 
63. I(x) ; 
80 
= I(x) = 11.7 + 14.1 in x 
e \ 
a \ 
= 





20 30 40 50 60 70 80 90 


Very similar. 
65. (a) y = —22.88 + 320.88 Inx  (b) 1010 


Exercise 5.3 (page 415) 

1. (a) 2038 = (b) 4.9 months 

3. (a) 69% = (b) 37,204 years (approximately) 

5. 24.5 years 7. 128,402 

9. (a) 600 §=(b) 2119 = (ec) 3000 

(d) N 

3000 
2400 
1800 
1200 





11. (a) 10 = (b) 2.5 years 
13. (a) 37. (b) 1.5 hours” 15. (a) 52. (b) tenth 
17. (a) $4.98 (b) 8 19. $502 21. $420.09 
23. $2706.71 25. (a) $10,100.31  (b) 6.03 years 
27. (a) $5469.03 
(b) 7 years, 9 months (approximately) 
29. (a) 2% ~=(b) 20 months (x = 19.6) 
31. (a) 44.7 years (approximately) 
(b) The intent of such a plan would be to reduce 
future increases in health care expenditures. 
A new model might not be exponential, or, if it 
were, it would be one that rose more gently. 
33. (a) 18.3 yrs (approx.) (b) $42,340.00 


35. (a) log, o9,(2) = t 
(b) 139 months (approximately) 
37. (a) 0.23km? = (b)_:5.9 years 
39. (a) Olb =(b) 29.95 1b (e) 0.21 min 
41. (a) x= 16;0.2% (b) 10.56min (ce) 0.06% 


Chapter 5 Review Exercises (page 419) 
1. (a) log,y=x (db) log,2x% = y 
2.(4a)77=4 () 4 =x 

3. y 





11. 








15. Omeh16-- 2 ATS 8s 1 «19.8 

20. fee 21. 5 122 5 23). 97, 

24.0.6 25.5.1 26.156 27. logy+logz 

28. 5Intx+1)-—4Inx 29. no 

30. =2- -31..5.< 32.1. 33.0 

34. 3.4939 35. —1.5845 

36. In (2x-5) 


38. 





41. 
42. 


43. 
. (a) 3000 = (b) 8603 


y = log,, (2x—-5)= aaa 





Growth exponential because the general outline has 

the same shape as a growth exponential. 

(b) The function 
y = 0.0997!.969 


. Exponential because the general shape is similar to 


the graph of a growth exponential. 

(a) y = 604.9211 (1.082)*, x = 0 in 1900 
(b) 2,374,440 

(a) y = 18.1607 + 5.1865 In (x) 

(b) 38.4%  (c) 2017 ( = 67) 

(a) —3.9 (b) 0.14B, (ce) 0.004B, 
(c) 10,000 


(d) yes 








Answers 
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45. (a) 27,441 (b) 12 weeks 
46. 1366 47. 5.8 years 
48. (a) $5532.77 (b) 5.13 years 


Chapter 5 Test 
i y 


(page 422) 





—4 =3: =2) =1 











—§ =4 =30=201 





9. 5459815 10. 0.122456 11. 1.38629 
12. 3.04452 13. x = 173 ~ 6522.163 
14. log,(27) = 2x,sox=3 15.3 
16. x* 17.3 18. x? 
19. In(M)+In(N) 20. In(x? — 1) — n(@ + 2) 
In (x? + 
1 es 1) 0.721 In? +1) 


22. A decay exponential 


A-32 Answers 


23. A growth exponential 24. During 2103 
25. (a) y = 2227.8035 (3.0489)* 
(b) Model predicts attendance for 2001 will be 
about 471,468,000 (to the nearest thousand). 
It seems unlikely that this many peopie would 
attend one raily. 
26. y = 0.06626 (1.126724) 
27. y = 0.080073 (1.12401)*; The models are quite 
similar. 


Exercise 6.1 (page 437) 


1. (a) $9600 (b) $19,600 
3. (a) $30 = (b)- $1030 
5. $864 7. $3850 9. 13% 
11. (a) 6.5% = (b) 5.65% 13. $1631.07 
15. $12,000 17. 10 years 19. pay on time 
21. (a) $2120 (b) $2068.29 (nearest cent) 
23. 326, 9, 12915,18, 21,24, 27, 30 
DS ayl, srk, | eho WA ty Sind op 
29. =a a “7999 ji 31. aks aa cai: 0; 10 ~ 20 
33. (a) d=3,a,=2 (b) 11, 14,17 
35. (a) d=3,a,=3 (b) 49,7 37. 105 
39.1354. 41; 9203). 43.2185... 45. 19075 
47.2550 49. —15,862:5, — 51. 21, 34, 55 
53. $2400 55. the job starting at $20,000 
57. (a) $3000 (b) $4500 (ec) Plan II, by $1500 
d) $10,000 (e) $13,500 (f) Plan II, by $3500 
(g) Plan I 


ty 


Evercise 6.2 (page 452) 


(Minor differences may occur because of rounding.) 
1. (a) 6% )«=6—(b) 6— (ce) 3% = 0.03 = (d) 12 
3. (a) 8% (b)7 (ec) 2%=0.02 (d) 28 
5. (a) 9% (b)5 (cc) (&)% =.0075 (a) 60 
7. $24,846.78 9. $3086.45 11. $4755.03 
13. $6844.36 15. $6661.46 17. $5583.95 
19. $7309.98 21. $502.47 
23. (a) $12,245.64 (b) $11,080.32 
(c) A 4% increase in the interest rate reduces the 
amount required by $1165.32. 
25. $50.26 more at8% 27. 8.67% 29. 7.55% 
31. 6.18% 
33. 8% compounded monthly, 8% compounded quarterly, 
8% compounded annually 
35. The higher graph is for continuous compounding 
because its yield (its effective annual rate) is higher. 
37. 26.8% 39.3 years 41.4% 43. $3996.02 


45. (a) $63,128.75 (b) $14,263.10 


53: 
Sac 


61. 


67. 
aos 
The 
83. 


47. 5.12 years (approximately) 


49. $13,916.24 





a Future Value | (Yearly) 


End of Year Monthly 


0 000.00. 50! : 
[4 | $6420.36] $6428.74, 
[__6|_$7275.35| $7289.60 
| 8 | $8244.20] $8265.74 | 

























Q| $8775.99] $8801.79 
[40 = $9342.07] $9372.59 





(a) From quarterly and monthly spreadsheets: 
after 64 years (26 quarters or 78 months) 

(b) See the spreadsheet. 

(a) 24,48,96 (b) 24, 16, 2 





te 17 
40,960 57. 4- (3)!5 sp, U3) 
335 _ 
Ld + G)]~ 63. — 65. 18[1 — (2)!8] 


$350,580 (approx.) 69. 24.4 million (approx.) 
35 years 73. 40.5 ft 75. $4096 

320,000 79. $7,231,366 81. $1801.14 
15,625 85. 305,175,780 


Exercise 6.3 (page 464) 


1. 
3 
5. 


ide 
13. 
19. 
25. 


27. 
33. 
39. 


33% = 0.035 for 22 periods 

4% = 0.0025 for 60 periods 

(a) The higher graph is $1120 per year. 

(b) $8772.71 

$7328.22 9. $1072.97 11. $77,313.47 
$4774.55 15. $4372.20 17. $226.10 
$1083.40 21. $265.25 23. $741.47 

A sinking fund is a savings plan, so the 10% rate (a) 
is better. 

$53,677.40 29. $4651.61 31. $1180.78 
$4152.32 35. $26,517.13 37. $3787.92 
$235.16 s 


41. The spreadsheet shows the amount at the end of each 
of the first 12 months and the last 12 months. Amount 









after 10 years is shown. 





o ea ers | Future Value ee mci | 
| 2 | End of Month | Ordinary Ann.| Annuity Due_| 
a ae 









(b) $12,000 
(c) Annuity due. Each payment for an annuity due 
earns 1 month’s interest more than that for an 


ordinary annuity. 


Exercise 6.4 (page 475) 


1. $976.32 3. $69,913.77 
7. $5541.23 9. $27,590.62 
13. (a) $69,552.35 
(b) $1045.23 per annual payment; 
$10,452.30 over 10 years 
15. (a) The higher graph corresponds to 8%. 
(b) $1500 (approximately) 


5. $4595.46 
11. $2,128,391 


(c) With an interest rate of 10%, a present value of 
about $9000 is needed to purchase an annuity of 


$1000 for 25 years. If the interest rate is 8%, 
about $10,500 is needed. 


ly; 


19. 


21. 
ane 
33. 
39. 
43. 


Answers 
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(a) $30,078.99 (b) $16,900 

(c) $607.02 (d) $36,421.20 

Ordinary annuity—payments at the end of each 
period 

Annuity due—payments at the beginning of each 


period 

$69,632.02 23. $445,962.23 25. $316,803.61 
$2145.59 29. $146,235.06 31. $22,663.74 
$7957.86 35. $74,993.20 37. $19,922.97 
$1317.98 41. $85,804.29 

(a) The spreadsheet shows the payments for first 


12 months and the last 12 months. Full payments 
for 135 years. 






| «S| $99227.10] $1000.00] $98227.10) 
|__| $98865.58] $1000.00] $97865.58) 
| 8 | $98135.47| $1000.00] $97135.47 
| 9 | $9766.85] $1000.00] $9676.85] 



















[155 | $7855.25] $1000.00] $6855.25] 














A-34 Answers 



















43. (b) The spreadsheet shows the payments for the first 9. Period Payment Interest 
12 months and the last 12 months. Full payments j $5380.54 $600.00 
for almost 4 years. D 5380.54 456.58 
S 5380.54 308.87 
End of Month | A 4 _ 5380.54 156.71 
2 5 
71$100650.00 ZS 2216 1522.16 
| ___2| +$98787.98] $2500.00] $96287.98 | Period Balance Reduction Unpaid Balance 
i caegenamna hentia 
: oe 
ee Cue 
| __6 | $94218.05| $2500.00] $88718.05| 2 4973.96 10,295.50 
3 5071.67 5,223.83 
4 5223.83 0.00 






[9 | 8641047] $2500.00] $22910.47, 
[11 | -$81475.56] _ $2500.00] $780975.56 
P72 | $79488.90] $2500.00 $76988.90 
fe eae 






20,000.00 


11. $8852.05 13. $5785.83 

15. (a) $4359.23 (b) $87,184.60 (ec) $37,184.60 
17. (a) $1237.78 (b) $9902.24 (c) $1902.24 
19. $2967.75 © 21.-$62,473.28 

23. (a) $1,239,676.52  (b) $1,270,768.38 





$2523.95 


fH 
Seg 
5 
g 
oO 
@ 


: 


5 





11 
40 
1 















| __38 | $28047.88| $2500.00] $2054783} 25. (a) $89,120.53 (b) $6451.45 
| __—«39 | $20681.39] $2500.00] $18181.39] 27. The line is the total amount paid ($644.30 per 
| 40 | $18299.57| $2500.00| $15799.57 month X the number of months). The other curve is 
a ae eee ee 
[42 [$9489.38 | $2500.00 $10980.38| erpmnmmms IL 
2: : 
p48 | $6166.21] $2500.00] $3656.21 | ae en 
- 46 [$3679.98 $2500.00] $1179.98 ce amount pai 
oe to interest 
3 Z 
§ 75 
Exercise 6.5 (page 485) 2 = 
1. (a) The 10-year loan because the loan must be paid oe 
more quickly. 50 100 150 200 250 300 
(b) The 25-year loan because the loan is paid more ones 
slowly. 31. Payment Total Interest 
3. $2504.56 5. $1288.29 (a) 8% $366.19 $2577.12 
EEO peso OIETESE 8.5% $369.72 $2746.56 
1 $39,505.50 $9000.00 (b) 6.75% $518.88 $106,796.80 
2 39,505.50 6254.51 7.25% $545.74 $116,466.40 
3 39,505.43 3261.92 (c) The duration of the loan seems to have the 
118,516.43 18,516.43 greatest effect. It greatly influences payment size 
Period Balance Reduction Unpaid Balance (for a $15,000 loan vs. one for $80,000), and it 
$100,000.00 also affects total interest paid. 
1 $30,505.50 69,494.50 33, Payment Points Total paid 
2 33,250.99 36,243.51 (a) (i) $738.99 $221,697 
3 36,243.51 0.00 (ii) $722.81 $217,843 
100,000.00 (iii) $706.78 $2000 $214,034 





(b) The 7% loan with 2 points. 


35. The spreadsheet shows the amortization schedule for 
the first 12 and the last 12 payments. 


Unpaid Bal. 


00 





Chapter 6 Review Exercises (page 488) 


x 1,250 

2. Arithmetic: (a) and(c) (a)d=—-5S  (c) d=} 
3) 2357. 4) 1094. 5: 315 

6. Geometric: (a) and(b) (a)r=8 (b)r=% 
7.8 8. 2,391,4845 9. $10,880 10. 63% 
11. $2941.18 12. $4650 

13. the $20,000 job ($245,000 vs $234,000) 

14. (a) 40 = (b) 2% = 0.02 

15. (a) S=P(it+ir (db) S= Pe” 

16. (b) monthly 17. $372.79 — 18. $1601.03 
19. $14,510.26 20. $1616.07 21. $3,466.64 
22. $21,299.21 23. 14.5 years 24. 34.3 months 
25. (a) 16.32%  (b) 14.22% 26. 13.29% 

27. (a) 7.40%  (b) 7.47% 


Answers 


A-35 


37. The spreadsheet shows the amortization schedule 
for the first 12 payments and the last 12. Paying an 

extra $15 takes 57 full payments (rather than 60) and 

a final payment of $44.07. 





Interest 


2[ $383.43 
| 4] $383.43] $120.56] $262.87] $16959.42| 
[| S| $3a3.43|Site.72| $264.71 $1694.70 | 
| 6 | $383.43 $116.86) $266.57] $16428.14 | 
| 8 | $383.43] $113.12] $270.31] $1580.39 | 

























| 9 | $383.43] $111.23] $272.20/ $15617.19 | 


| 46 | $363.43] $31.07] $352.36] $4086.36 
| 48 | $368.43] $26.12] $357.31] $3974.22 
| 49 | $383.43[ $23.62 $360.81[ $3014.41 | 
| 50{ $33.43] $21.10[ $362.33] $2652.09 | 
| 54] $383.43] $10.85] $372.58 [$1177.23 
| 58] S447] s0.31f  $43.76[ $0.00] 





























29. 232 — ] 
32. $213.81 
35. $10,841.24 
38. $32,834.69 
(b) $161.5 million 
42. $12,162.06 


28.2" 
31. $1863.93 
34. $31,194.18 
37. $12,007.09 
39. (a) $11.828 million 
40. $1726.85 41. $5390.77 
43. $88.85 

44. (a) $592.76 (b) $177,828 
45. $3443.61 46. $34,597.40 


47. Payment Payment Balance Unpaid 
Number Amount Interest Reduction Balance 


i; $699.22 $594.01 $105.21 $94,936.99 
58 $699.22 $593.36 $105.86 $94,831.13 


30. $29,428.47 
33. $6069.44 
36. $130,079.36 


(c) $85,828 





A-36 


Chapter 6 Test 
1. 


Answers 


(page 491) 


25.3 years (approximately) 2. $840.75 


3. 6.82% 4. $158,524.90 5. 33.53% 
6. (a) $698.00 (b) $112,400 7. $2625 
8. $7999.41 9. 8.73% 10. $119,912.92 
11. $40,552.00 12. $32,488 (to the nearest dollar) 
13. $6781.17 14. (a) $95,164.21 (b) $1300.14 
15. $1688.02 16. (a) $279,841.35 (b) $13,124.75 
17. $23,381.82 18. $29,716.47 
19. (a) The difference between successive terms is 
always —5.5. 

(b) 23.8 

(c) 8226.3 
20. 1000 mg (correct to three decimal places) 
Exercise 7.1 (page 505) 
Limes s (SZ (a)yes - (by 0 1 
7Z@p 2 @i @i OF 
9 (a) (bh) (2 
11. {HH, HT, TH,1T}; “(@) 72. @) 4 ©) 3 
13.) 5 Op (©) % (a)x 
17. (a) 431/1200 

(b) If fair, Pr(6) = 5; 431/1200 not close to i, so not 

a fair die 

19. (a) 2:3. (b) 3:2.—21. (a) 3:8 = (b) 8:3 
23. (a) 7 «= (b) 5. (a) wD) 
27. (a) 1/3601 (b) 100/3601 (c) 3500/3601 
29. S = {A+, A—, B+, B—, AB+, AB—, 0+, O-—} 
31. 46 33. (a) 04 (b) .96 
35.2(8)7-627-0-(B) 2373-37-03 -~39, -.75 
414. 43,4 
45. .22; yes, .39 is much higher than .22 
47.4 49.3 
51. (a) no —(b) {BB, BG, GB,GG}_— (c) 3 
53.3: 55. 
57. Pr(A) = 0.000019554 or about 1.9 accidents 

per 100,000 

Pr(B) = 0.000035919 or about 3.6 accidents 

per 100,000 

Pr(C) = 0.000037679 or about 3.8 accidents 

per 100,000 

Intersection C is the most dangerous. 
59. (a) 557/1200 = (b) 11/120 
61. (a) boy: 1/5; girl: 4/5 


(b) boy: .4946; girl: 5054 (ce) partb 


Exercise 7.2 (page 515) 


19. 54 21. (a) 362/425 (b) % 

23. 25.(a)% ©) % : 

27. (a) a (b) 3 29a) dO) OE 

31. 567-733. 965. 35. (8) 72a (D) Sa aeae) ee 
37.2% 39. .13 


Exercise 7.3 (page 526) 


1. (a)3 0 (bh) 7 i 3. (a) 5 (bh) 3 > 53 

7. (a) § ~ (b) 3 a ()3 9 (a) @)} 

11. % 13. (a) } s bi; B@s bd 
las ®s © @MO 12.4 
21. (a) § ~~ (b) e (c)O 23. (a2) 4 (b) 13/204 
25. (a) 5 (b) # (c) % 27.2 29,2 
31.3 33.§ 35. 35/435=% 37.4 
39. 1/144,000,000 41. .004292 43. .06 
45. 045 47. (.95))=.774 49. .06 
51. (a) 366 (b) .634 53. (a) 4565 (b) 5435 


55. (a) (4)? (3)* = 1/16,875 
(b) (3)°(3)* = 2048/16,875 

57. 4/11; 4:7 

59. (a) 364/365 


(c) 14,827/16,875 


(b) xs 61. (a) 59 (b) 41 


Exercise 7.4 (page 538) 
l(a)s (b)3 3.2 5. 


.@s ®t ©? 

9% (ao (bs (oe) 5a 11. § 
132@% b)% (@)# @) 23 
15.$ 17.2 19. 0.3095 


21. (a) 81/10,000 (b) 1323/5000 

23. (2s hb § (© # 

2.()5 (bs © @ 2 

27. %  29.0.079 31. (a) 49/100 (b) 2 


Exercise 7.5 (page 546) 


L. 360) W°3.,151,200048 52 60 87. 1 

9. (a) 6-5-4-3=360 (b) 6* = 1296 

11 1) 1ST sie 7s 

19. 4950 21.1 23.1 25.1 

27. 13Ciq = 286; Cy + ,,Ci, = 220 + 66 = 286 

29. 10” 31. 604,800 "33. 120 35. 24 37. 64 
39.720 41. 2'°= 1024 43._ 10! = 3,628,800 


45. 252 47. 30,045,015 
53. 2,891,999,880 


49. 792 51. 210 
55. 3,700,000 


Exercise 7.6 (page 551) 


1. Tp 35;.(0) oh 2D ei (b) pines 2639 

7. (a) 1/10,000 (b) 1/5040 9. 1/106 

11. (a) (5)'° = 1/9,765,625  (b) (4)!° = 107 
(c) .893 

13. 1/10! = 1/3,628,800 


15. 
19, 


23. 
27. 


a. 
a5. 


Exercise 7.7 


1. 
fh 
13. 
Ee 


19, 


23. 


25. 
27. 
29. 


31. 
aoe 


90C 2¢° 10> 


6) i (©) % 17. .098 
21. (a) .119 (b) .0476 
25. (a) .721- (b) .262 
iD); 29, = 

(b) .633 33. (a) .0005 


(a) 5 
(c) .476 
(c) .279 


I 0030 
0238 


(a) 3 


(a) .033 
.00748 


(b) .002 


(page 560) 


3. cannot, sum + | 
9.248 752] 
SOEs! 
LISR44e" 143 
a7] 
21. 0.45 


5. cannot, not square 
11. [.228 .236 536] 


can 
can 
lara 
[34 
[4292 .4291 
Rea 
ae re 
N103 0.7 
A F 


-13]; [431 43 NBIC 


V 
3 
4 
0 


et 5) 
OHO 
No NY 


bo928 37" *.2372] 
[46/113 38/113 29/113] 
rou 


Til a eS 
: /4 
Uu E 3h | 


(ie & 3] 33. ($3 4] 


[49/100 42/100 9/100] 


Chapter 7 Review Exercises (page 563) 


- (a) 3 
. (a) 2 
. (a) 3:4 
A (a) 3 


j= 
NOM WN 


ln GQ IN AI 
oS 


- gP, = 1680 
- (a) np = 66 (db) p= .220 ; 
. If her assumption about blood groups is accurate, 


. (a) 63/2000 (b) @ 
3 «634. 
. (a) 3398 

(8) (CGC 20, 


(b)3 (ce) 3 
(b)> ()§ (dd? 
(b) 4:3. 4. (a) i 
(bb); © 634 
4 10% 1-@) 
14,5 
18. 26 
23. § 
26. ,,C, = 495 


—— 
O 
Wo} 


9. (c) 5 
13. 3 
17. 35 
22. 2 


NI- = 


< 
BIB wR eM 


19.3 20. 
24. 4! = 24 
Bie wen ean 
29. 62,193,780 


Sl 


there would be 4 - 2: 4- 8 = 256, not 288, unique 
groups. 
32. 39/116 
35. 55 
(b) .1975 37. 4 
(10€s) C1) + (0a) (2a) 
bb) 
126 


39, 
40. 


Chapter 7 Test 


1. 
Js 
6. 
10. 
13, 
14. 
15, 
16. 
19; 


21. 


22. 


A-37 


Answers 





L135. £5). 355}: [.09675 .3305 IO 
[.0640875 288275 6476375] 
[12/265 68/265 37/53] 


(page 565) 


(b) > 2. (a) ? 
(b)@r VW (4) tas: 
(b) ¢ Tes 8. : 9, 3 
U/17,576. AY .2389 =: 12. (a) 4 
@s ®% ©2 Wo 
1/5,245,786 
(a) 2,118,760 


Ge 
(a) 0 
(a) 3 


(b) 5 


Nir, 
Mie Ly 


(b) x5 


(b) 1/2,118,760 
064 17. (a) 633 (b) .962 
@> ok @# 20, a 


(a) 2° (ph) a ()} @ Change the code. 


_ | 80 .20] 
Ee Fe 93 | 
(c) 4; 25.9% of market 


18. .229 


(b) [.25566 .74434] 


Exercise 8.1 (page 575) 


1. 

De 

9. 
iS: 
17; 
19, 
21. 
25. 
27. 
29. 


0595 () 2 
(b) .0102 


13. (a) .375 


3. (a) & (b) Z 
0284 7. (a) .2304 
0585 11. .2759 
(a) 1157 (b) .4823 
as oO % © 
(a) .0729 (b) .5905 
.2457 23. 0007 

(a) 1323 (b) .0308 
(a) 9044 (b) .0914 
(a) .8683  (b) .2099 


(ce) .3174 
(b) .0625 


(c) .9914 


(c) .0043 
31. .740 


Exercise 8.2 (page 583) 


1. 

7. 
17. 
19, 
21. 
23. 
29, 
33. 
39. 


41. 
43. 


no; Prix)#0 3. yes 5, yes 
po; 2 Pra) > i, 9.8 4s 
w=Roer= 1.48, 0 = 1.22 

M = 4.2, 0? = 9.56, o = 3.09 

= 3,07 = 222, 06 = 1.49 
Behl. Jee 270 RS 

TV, 37,500; P.A., 35,300 31. 2 
DoS s ee o0 30 37. Expect to lose $2 each time. 
If he buys 0, his profit is 0. If the buys 100, his 
expected profit is $3(100)(.25) + $3(50)(.20) + 
$3(10)(.55) + $(—1) 50(.20) + $(—1)90(.55) = $62. 
If he buys 200, his expected profit is $3(180)(.25) + 
$3(50)(.20) + $3(10)(.55) + (—$1)(20)(.25) + 
(—$1)(150)(.20) + (—$1)(190)(.55) = $42, 

He should buy 100. 

TV: 37,500; newspapers: 39,200; newspapers 

$10 


13.0; 15, 2 


Answers 


A-38 


Exercise 8.3 (page 590) 





0 125/216 
1 25/72 
D 5/72 
3 1/216 
(b) 3) =2 (©) V3) =) V5 
3. (a) 42 (b) 3.55 S322 e1.29 
ene ae LH? 13. 15 


15. a° + 6a5b + 15a+*h? + 20a°b* + 15a2b* + Gab> + h® 
17. x4 + 4x3h + 6x2h* + 4xh7 + ht 


19. (a) 100(.10)=10 (b) V100(.10)(90) = 3 


21. (a) 60,000 (b) V 24,000 = 154.919 
23. 59,690 25. (a) 4 (b) 1.79 
27. 2,141 29. 300 


Exercise 8.4 (page 601) 


1. fw 3. fi 


oe RQ tC GN 


9101112 








Total Executions in U.S. 1950-79 


39. (a) $30,000  (b) $18,000 (c) $16,000 
41. The mean will give the highest measure. 
43. The median will give the most representative average. 


17. 
19. 
21. 
wlazl, 14.5, 145° 1 25.9 
29. 
33. 


617-20 





eS TE ts 18 15) 
mode = 2, median = 4.5, mean = 6 


mode = 17, median = 18.5, mean = 23.5 
mode = 5.3, median = 5.3, mean = 5,32 
Zi. 14 

4, 8.5714, 2.9277 31. 14, 4.6667, 2.1602 
2213s AAO © SOO Toy 2.90 


45. 33,000 47. 3.32, 0.677 
49. (a) 6.32% (b) 8.93% (ce) 7.625%  (d) 2.69% 
51. Gold Prod. 1249.1 thousand oz 
Gold Sales 1233.9 thousand oz 
Revenue 423 $/oz 
Aver. price Daa $/oz 
Oper. cost LIDe S102 
Net income 138.3 $/oz 
53. x = 159.8, s = 17.123 
Exercise 8.5 (page 612) 
1. 0.4641 3. 0.4641 5. 0.9153 7. 0.1070 
9. 0.0166 11. 0.0227 13. 0.8849 15. 0.1915 
17. 0.3944 19. 0.5381 21. 0.2957 23. 0.3446 
25. 0.7258 27. (a) 0.3413 (b) 0.3944 
29. 0.9876 
31. (a) 0.4192 (b) 0.0227 (c) 0.0581 
(d) 0.8965 
33. (a) 0.0668 (b) 0.3085 (ec) 0.3830 
35. (a) 0.0475 (b) 0.2033 (e) 0.5934 
37. (a) 0.0227 (b) 0.1587 (c) 0.8186 


Chapter 8 Review Exercises (page 614) 
1. 


3. 
Te 
10. 
11. 


7 © 2. (a) (99,999/100,000)99-99= 0.37 
(b) 1 — (99,999/100,000)!.90 ~ 0.63 


.2048 


4. 2.4 


5. yes 


yes 8. no; Prix) 0 


(a) 4.125 
(a) # 


(b) 2.7344 
(b) .9097 
12. wp = 4,0 = 2V3y3 


6. no; {Pr(x) # | 
Faz 

(c) 1.654 
(c) .9538 

13. (a) 1 


14, x° + Sxty + 10x*y? + 10x93 + Sxy4 + yy 


(b) (5)* 


16. 3 
17. Z=2.96 
18. 3 





20. 14 
21. 14 
22. 14.3 





x = 3.86; s? = 6.81; s = 2.61 
24. x = 2357 = 2.44; 5 = 1.56 
9165 26. .1498 27. .1039 28. 3413 
29. .6826 30. .1360 31. .297 32. .16308 
33. $—.50 . 34. 455 35.3 36. $18:00 
37. f@ 38. 30.3% 
39. 8.35% 
40. (a) .4773 
(b) .1360 
(c) .0227 
41. 15% 





a 
a et oe 
SS “SSS 
Class Marks 


Chapter 8 Test (page 616) 


-@ am b)wm 24 

w= 4,0°7=Fa=7V6 4. 5.1 
wp = 16.7, o* = 26.61, o = 5.16 

uw = 21.57, median = 21, mode = 21 
. (a) .4706 = (b) .8413— (ec) -.0669 
. (a) 3891 (b) 5418 (ec) .1210 


Ff) 


SPA AMNY p 


vt 
6S 
> | 
os) 











om 
te ees 
= @a ¢ 


10. x = 46.48, s = 15.40 


Answers A-39 


11. 34.47 

12. 1980, 6.4 yr; 1994, 8.1 yr; Higher prices, better quality 
13. (a) 00003.  (b) 30°): 14. 21.8) 15. 5 (5.4) 
16. 0 (.054) with correct use; 1 (.76) with typical use 

17. (a) 0158 (b) .0901 (ce) .5383 


Exercise 9.1 (page 637) 


1. (a) 1 (1° 3. (a) -8 () -8 

5. (a) 10 (b) does notexist 7. (a) 0 (b) —6 

9. (a) does not exist(+*) (b) does not exist (+) 
(c) does not exist(+%) (d) does not exist 

11. (a) 3. (b) -6_— (ec) does not exist (d) —6 


13. f(x) 15. f(x) 








4 
Different 
as 
1.001 4.995999 
1.01 4.9599 
el 4.59 


lim f(x) does not exist 


19552 A ee Sa 

27. 3/4 29.0 31. does not exist 

33. —3 35. does notexist 37. does not exist 
39. 3x2 41. —2 43. 4 45. does not exist 
47. 5/7 49. -4 51.9 


53. a (i a)is 
0.1 | 29937 
0.01 2.7048 


0.001 2.7169 
0.0001 2.7181 
0.00001 2.71827 
1 L 

0 ~=2.718 


55. (a) 2 (b)6 (ce) -8 (d) -3 


A-40 


Sis 
59. 
61. 
63. 
65. 


67. 
69. 
ais 


Ws 


Answers 
$150,000 
(a) $32 (thousands)  (b) $55.04 (thousands) 
(a) $2800 (b) $700 (c) $560 


(a) 1.52 units/hr (b) 0.85 units/hr  (c) lunch 

(a) 0; p > 1007 means the water approaches not 
being treated (containing 100% or all of its 
impurities); the associated costs of nontreatment 
approach zero. 

(b) =~ (c) No, because C(0) is undefiined. 

(a) $3697.50 (b) $3697.50 (c) $3697.50 

$1091.70 

7780 (approximately) This corresponds to the Dow 

Jones opening average on October 5, 1998. 

(a) —1.449 (approximately) 

(b) This predicts the percentage of U.S. workers in 
farm occupations as the year approaches 2000. 

(c) The model is inaccurate because the percentage 
must be 0 or positive; it cannot be negative. 


Exercise 9.2 (page 651) 


i 


19, 
23. 
. discontinuity at x = 3; lim F(x) does not exist 


27. 


29. 


31. 


. continuous 
. discontinuous; f(—3) does not exist 

. discontinuous; f(—1) and im F@) do not exist 
11. 
13. 
15. 
17. 


(a) continuous 
(b) discontinuous; f(1) does not exist 
(c) discontinuous; lim n f(x) does not exist 


(d) discontinuous; 10) does not exist and lim n f(%) 
does not exist 
5. continuous 


continuous 

discontinuous; lim f(x) does not exist 

continuous oy 

discontinuity at x = —2; g(—2) and | Jim, g(x) do not 
exist 

continuous 21. continuous 

disc. :tinuity at x = —1; f(—1) does not exist 


vertical asymptote: x = —2; 
lim f(x) =0 

vertical asymptotes: x = —2, x = 3; 
lim f(x) =2 

0 F354 ie Bs z 


ee 
zim FG) = 


37. does not exist (+0) 


x= =287.23404 
1Y=. 49996667 





lim f(x) = 
x +00 


(b) The table indicates jim f@) = 


41. 


43. 
45. 
47. 
SL 
33. 


55. 


Si 


(a) x= —1000 (b) y= 1000 
(c) These values are so large that experimenting 
with windows to discover asymptotes may never 


locate them. 
(a) no,notatp= —8 (b) yes (ec) yes 
(d) p>0 
(a) yes,g=-—I1  (b) yes 
(a) Ri = (b) $10,000 49. yes,0 <p = 100 


100%; No, for p to approach 100% (as a limit) 
requires spending to increase without bound, which 
is impossible. 

R(x) is discontinuous at x = 41 ,200; x = 99,600; 

xX = 151,750; and x = 271,050. 


(a) $79.40 (db) im, C(x) = 19.40; 
Jim, C(x) = 49.40 (c) yes 


(a) Fourth degree is better. 


d(t) = —0.000015432* + 0.00427413 — 0.42152? 
AFD Si 252A 
(b) 19.75% (ec) —x 


(d) No, d(t) is negative for t-values greater than 114. 
(e) 28 


: r\ 
ke oferty | 





-10 pL 120 

f { 

—4 
Exercise 9.3 (page 667) - 
1. (a) 32.) (b) 32s (©) (4, 64) 
3. (a) verification (b) —5 (ec) —5 (d) (—1, 3) 
5. (a) PU, 1),AG,0) (b) -; © -} @ -} 
7. (a) P(1, 3), A(0,3) (b) 0 (c) 0 (d) 0 
9. (a) f'(x)=-6 (b) -6;-6 (c) -6 
11. (a) f’(x) =8x-2 (bd) 8x -2; -—26 (c) —26 
13. (a) p'(qg)=2q¢+4 (b) 2¢+4;14 (© 14 
15. (a) 89.000024  (b) 89.0072 (c) ~ 89 
17. (a) 294.000008  (b) 294.0084 (c) = 294 
19. —31 21. f'(—3) = 3; 7-3) = -9 
23. y= 3x -—4 
.(ajabd (bbc MACE 
27. (a) A,B,C,D (b) A,D 
29. ee atl. (b) /Q)= (c) y=5x-—4 





31. 


ao. 
a. 
ao. 


41. 
43. 


45. 


47. 


(a) f’(x) = 3x? 
(d) 


() f0)=3 (© y=3x+1 





(a) —32 ft/s 
decreasing 
Oe es 
(a) R'(x) = MR = 300 — 2x 
(c) —100 (dad) O 
(e) It changes from increasing to decreasing 
200 
(a) 100; the expected profit from the sale of the 
201st car is $100. 
(b) —100; the expected profit from the sale of the 
30 Ist car is a loss of $100. 
(a) 1.039 
(b) If humidity changes by 1%, the heat index will 
change by about 1.039°F. 
(a) 1.164 million infections per year (approximately) 
(b) Low: 3.6 million infections per year 
High: 20 million infections per year 


(b) the ball is falling, so S is 


37. 68 mph 
(b) 200 


Exercise 9.4 (page 680) 


i 
1 
9. 
11. 
15. 
t7. 
19. 


21. 


23. 
27. 
31. 
32: 


35. 


0 35 em ERS SG) = 60? — 5° 
y 2473 — 1001 

g’(x) = 90x® — 25x4 + 21x? +5 

(a) 19 (b) 19 13. (a) 0 (b) 0 
y= Ser 8x? 


aie. 





yy in 5x 

feta 4s is 

g'@) = we a = ie 

y= —3e4+6. 2ay=3 

(1, -1), (5,31) 29. (0, 9), G, =i ks) 

(a) —1/2  (b) —0.5000 (to four decimal places) 
(a) f'(x) = 6x? +5 

(b) 





Graph of f’(x) and numerical derivative of f(x) 





adepe4 
'‘g) = + + 2x 
Set Ae 


Answers 


A-41 


(b) 








Graph of A’(x) and numerical derivative of h(x) 
37. (a) y= 8x — 3 
(b) AY (c) x:0.7 > 1.6; 


y:3.0> 7.9 





NAAWONFA 





(c) f’(x) = Oatx = -1;f'@) > 0 forx < —-1 
fi @)<@torx=]—1 
(d) f(x) has max when x = —1 
f(x) rises for x << —1 
f(x) falls for x > —-1 
41. (a) f’(x) = 3x - 12 


) 






(c) f'(x) = Oatx = —2andx =2 
ff @) = Olore= =Zandx > 2 
f'@)aO0for=2.<7.<72 
(d) f(x) has max when x = —2, min when x = 2 
f(x) rises when x < —2 and when x > 2 
f(x) falls when -—2<x<2 
43. (a) 40, revenue increasing 
(b) —20, revenue decreasing 
45. (a) 920 = (b) 926 


Answers 


A-42 


47. (a) —4; if the price changes to $26, the quantity 
demanded will change by approximately —4 
units 

(b) —5; if the price changes to $101, the quantity 
demanded will change by approximately —} unit 

49. (a) C(x)’ = (—4000/x?) + 0.1 (b) 200 

51. (a) — 120,000 

(b) If the impurities change from 1% to 2%, then the 

expected change in cost is — 120,000 (doliars). 

(a) WC = 55.174 — 2.15s — 23.18Vs 

(b) —4.468 

(c) If the wind speed changes by + | mph (to 

26 mph), then the wind chill will change by 
approximately —4.468°F. 

(a) u(x) = 0.0003836x? — 0.08853x? + 6.2132x — 

105.247 

(b) —0.78% per year 

(c) u’(80) = —0.59% per year 

(a) f(t) = 0.030847t3 — 8.497792? + 779.66274t — 

23,820.28 

(b) f’(t) = 0.092541t? — 16.99558t + 779.66274 

(c) f'(89) = 0.07; f’(94) = —0.23 

(d) f’(89) ~ 0.07 means that from 1989 to 1990, the 

consumer price index rose about 0.07%. 
f' (94) = —0.23 means that from 1994 to 1995, 
the consumer price index fell about 0.23%. 





5S. 


SS. 


S/. 


Exercise 9.5 (page 690) 


1. y’ =3x?+2x-6 3. dp/dq = 9q? -—2q+6 
5. f'(x) = (x2 + 3x4 + 4)(12x?) + 
(4x3 = 1)(12x!! + 12x) 
Taty= (1x® — Sx* + 2x? — 1)G6x® + 21x5— 10x + 3) 
+ (4x9 + 3x7 — 5x? + 3x)(42x> — 20x3 + 4x) 
9. y =P 4+at 147277 — x7) + 
(x3 — 2x12 + 5)(2x + 1) 
11. (a) 40) «=—(b) 40~— ss -13.. y’ = (—x? — 1x? — 1)? 
15. - = (¢? — 4q — 1)q — 2? 
dy 4x°— 4x3 — 16x 


Me a ey 
ans 20x 
21 ap 2qt hk 
e ome 5 
ag Va? (1 4)? 
, _ 2x3 — 6x? — 8 
23. y ae, 
25. (a)? (b)?2 27. y = 44x — 32 
29. y=%x-—¥ 31. 104 


33. 1.3333 (to four decimal places) 


41. f’(x%) = lim 


35. (a) f'(x) = 3x? — 6x — 24 





Graph of both f’(x) and numerical derivative of f(x) 
(b) Horizontal tangents (c) f@) = («2 +424 4\%-7) 

where f’(x) = 0; at 35 

x= -2andx=4 





Sire 





Graph of both y’ and the numerical derivative of y 
(b) Horizontal tangents where y’ = 0; at x = 0 and 
x=4 
(c) (0, 0) (4, 8) 





20x 


39. (a) f’(x) = (@+1P 


(c) f’ =Oatx=0 

f' >0forx>0 

f' <0forx<0 
(d) fhas a min atx = 0 
f increasing for x > 0 
f decreasing for x < 0 
u(x+h) u(x) . 
v(x +h) v(x) 

h 








ee: u(x +h) v(x) — u(x) v(x + h) 
h—0 h-v(x) v(x + h) 
= fm META) v(x) = ula) v(x) + w(a)v(x) — wade hi) 





a we +h) = Ha) ra Hh +h) — v(x) 
h : ven EAH] 


Meroe 
ae v(x) v(x + 
— V(x) u’(x) = u(x) v’(x) 


[v(x) }? 


43. 
45. 


47. 


49. 
So. 


55. 


ai. 


C'(p) = 810,000/( 100 — py? 

R'(49) = 30.00 The expected revenue from the sale 
of the next unit (the 50th) is about $30.00. 

R'(5) = —50_ As the group changes by 1 person 

(to 31), the revenue will drop by about $50. 


i F anu ALS 7) 
» = 1000x— x 51. a atl BOe ye 
(a) P’(6) ~ 0.045 During the next (7th) month of 


the campaign, the proportion of voters who rec- 
ognize the candidate will change by about 0.045, 
or 4.5%. 

(b) P’(12) = —0.010 During the next (13th) month 
of the campaign, the proportion of voters who 
recognize the candidate will drop by about 0.010, 
or 1%. 

(c) It is better for P’(f) to be positive—that is, to have 
increasing recognition. 

(a) f'(20) ~ —0.79 

(b) At O°F, if the wind speed changes by | mph 
(to 21 mph), the wind chill will change by 
about —0.79°F. 

(a) C’'(5) = 0.3 

(b) From 1990 to 1991, the model predicts a change 
of 0.3% in the cost of living. 


(ce) [C@ = (+ 5)(—0.2182 + 3.57) — 20.13 
6 






(d) The model fails to be valid when C(t) < 0, below 





the f-axis. 
59. (a) f' = 
8.8854321917 — 3423.8432487 + 16,731.97758 
oe (1.098162? — 122.1832 + 21,472.6)? 


(b) f’(70) = —0.5356 = f’(170) = —0.2932 

(c) f’(70) means that from 1870 to 1871, the model 
predicts a change of about —0.5356% in U.S. 
workers in farm occupations. f’(170) means 
that from 1970 to 1971, the model predicts a 
change of about —0.2932% in U.S. workers in 


farm occupations. 


Exercise 9.6 (page 698) 


1. 
Ds 
9. 


11. 


15. 


6x02 +17 3.48.1) 42s 2 +8) 
—6xK(x2 +2) 7. —4x t+ 2)(x? + 4x)-3 
—3(2x + 3)(x?2 + 3x + 4) 


2. 
=3(6r +3) 43, wt WV +4045 


4(2x° + 3x +5) 
17. 16x(x? — 3)* 


(6 — 4x)/V 3x — x? 


19, 


23 
27 
29 


31 


33. 


35. 
39. 


41. 


43. 


45. 


Answers 


A-43 


15(3e + 1)'=3 










* 21. (a) and (b) 96,768 
. (a)and(b) 2. 25. y= —3x+4 
~ Ox Sy. =2 
- (a) f'(x) = 6x(x? — 4)? 
(b) 70 (c) x =0,x = 2, 
Ln | i= 2 
Pol) Se sienna waa(On a 52) aL2) 


\ A (—2, 12) 


Graph of both f’(x) and numerical derivative of f(x) 
(e) f(x) = @? — 4) + 12 


Conoyn anne) 
‘¥(0, —52) 





f(x) = 8x(1 - x?)!18 


(c) f’(x) = Oatx = -1,x=0,x=1 
f @) => Oforx < —1land0 =< x1 
Fx) <0 for =—1 <>< 0 andy 
(d) f(x) has a maximum at x = —1 and x = 1, 
a minimum at x = 0 
f(x) increasing for x < —1 andO<x< 1] 
f(x) decreasing for —-1 <x<Oandx>1 
a) y =23 "O)ly’ =— 2s 


(c) y' =2(2x% @) y= cn 


10 ft/sec 37. $1499.85 (approximately) 

(a) —0.114 (approximately) 

(b) If the price changes by $1, to $22, the weekly 
sales yolume will change by approximately 
—0.114 thousand unit. 

(a) —$3.20 per unit 

(b) If the quantity demanded changes from 49 to 50 
units, the change in price will be about — $3.20. 


dy _ 8k a 3/5 
dx ( 5 Je 0) 





aD ieee 100 De Miyake fea 
dg (ga ei)? Cedi Nays) 


Answers 


A-44 


49. (a) $658.75. If the interest changed from 6% to 7%, 
the amount of the investment would change by 
about $658.75 

(b) $2156.94. If the interest rate changed from 12% 
to 13%, the amount of the investment would 
change by about $2156.94. 

d'(30) ~ —0.170 means from 1960 to 1961, the 

model predicts that the interest paid as a percent of 

federal expenditures would change by —0.17%. 

d'(60) ~ 0.58 means from 1990 to 1991, the model 

predicts that the interest paid as a percent of federal 

expenditures would change by 0.58%. 

p’(10) ~ —0.42 means from 1970 to 1971, the model 

predicts that the number of persons below the poverty 

level would change by —0.42 million (a decrease). 

p'(30) = 0.58 means from 1990 to 1991, the model 

predicts that the number of persons below the poverty 

level would change by 0.58 million (an increase). 


51. 


Sc 


Exercise 9.7 (page 706) 


1.0 3. 4(—4x75); —16/x5 

5. 15x? + 4(—x7?); 15x? — 4/x? 

7. (x2 — 2)1 + (x + 4)(20); 3x? + 8x — 2 
eee) — De 
11. (3x2 — 4)(x3 — 4x)? 
13. 3x3[3(4x5 — 5)?(20x*)] + (4x5 — 5)°(5x?); 
5x?(4x° — 5)?(24x° — 5) 

(x — 1)°(2x) + (2 + 1)2(x — 1); 
22x at 1) 

(x? +1) 3(x? — 4)?(2x) — 

(x? + 1)? 
2x(x? — 4)?(2x* +7) 
(x* + 1)? 

3[(q + 1)(q? — 3)PU(¢g + 1)3q? + (g* — 3)11; 
3(4q3 + 3q? — 3)L(q + 1)(q* — 3)P 
A[x2(x? + 3x) P[x2(2x + 3) + (x? + 3x)(2x)]; 
4x2(4x + 9)[x2(x? + 3x) 

Drea ee ee ek | axe el, 
(3 + 2 ee 
4(—2x? + 2x + 1)(2x—1)° 
See aa 
. (8x4 + 3)?3(03 — 4x)?Bx? — 4) + 
(x3 — 4x)32(8x4 + 3)(32x3); 

(8x* + 3)@3 — 4x)*(136x° — 352x* + 27x? — 36) 
(Ae oe (2e) at Se eee 
(4 ai aa ’ 
2x(2x? + 19) 


3V (x2 +5)? (4-2) 


15. 





17. ease ey 


19. 


21. 








27. 


29. 


Oi: 


23. 


35: 
as 


39. 
41. 
43. 


(x2)h (4x — 3)-34(4) + (4x — 3)*(2x); 


(9x? — 6x) (4% — 3) 


(20; +t) MG anGe aie 2: 

(5x3 + 2VV x3 + 1 

(a) F'(x) = 12x3(x4 + 1) 
ke. 

(b) 2G) = (+ 1s 

(c) Fi(x) = 12x3(3x* + 1)4 
jhoPe =300% 

(Cy FOO alg eae 

dP/dx = 90x + 1)? 

(a) $59,900 


(b) It is increasing. 

C'(y) = /Vy+1+0.4 

dV/dx = 144 — 96x + 12x? 

(a) —1.6 This means that from the 9th to the 
10th week, sales are expected to change by —1.6 
(decrease). 


45. (a) f'O = 
0 8.885432192 (t + 20)? — 3423.843248 (t + 20) — 16,731.9776 


[1.09816 (t + 20)* — 122.183 (¢ + 20) + 21472.6]" 


(b) 1850: f’(30) ~ —0.4033 
1950: f’(130) ~ —0.3827 

(c) f’(30) means that from 1850 to 1851, the model 
predicts a change of —.4033% in U.S. workers in 
farm occupations. 
J'(130) means that from 1950 to 1951, the model 
predicts a change of —0.3827% in U.S. workers 
in farm occupations. 


Exercise 9.8 (page 712) 


1. 

de 
11. 
17. 
23. 
27. 
31. 
33. 
35. 


24x-30 3.60x-2 5. 6x-—2x73 
6x +4x732 9, 60x? — 96 

1008x° — 720x513. —6/x4 =: 15. 3.x-52 
20x3 + 5x2 «19. 3 +: 1)": 21. 0 
—15/(16x7”) 25. f(x — 1)-5? 
—2(x+1)73 29. 26 

16.0000 (to four decimal places) 

0.0004261 c 

(a) f(x) = 3x? -6x fx) = 6-6 







0) [Foal 







Sf) = 2x3 -3x24+5 


oT. 


SF 
43. 


45. 


47. 


49. 


(c) f"(x) = Oatx = 1 
iL y= 0 forx >t 
iy) <0 fora = 1 

(d) f(x) has a min at x = | 
f'(x) is increasing for x > | 
f' (x) is decreasing for x < 1 


Chee) Oey 7°) — 0 
ip Ca a 3 Pay 22 2 
(b) 


f(x) =-ix5- x? +347 











(c) f"(x) = Oatx = —-1 
fF OO torx, << | 
yO forx SS 1 

(d) f’(x) has a max atx = —1 
f'(x) is increasing for x < —1 
f'(x) is decreasing for x > —1 


ee) f"@<0 ( f'@)>0 

a— 042 41.°—0,02 \ 

(a) oR = me — mi? (b) oe = 62m 
(c) Second 


(a) 0.0009 (approximately) 

(b) When | more unit is sold (beyond 25), the 
marginal revenue will change by about 0.0009 
thousand dollars per unit, or $0.90 per unit. 

‘ x3 36 : = 

(a) S = (t+3) ata (t +3) (b) S (15) 0 

(c) After 15 weeks, the rate of change of the rate of 
sales is zero because the rate of sales reaches a 
minimum value. 

(a) p’(t) = —0.0051691? + 0.25821 — 2.5015 

(b) 1970: p"(10) = 0.155 
1990: p”(30) = —0.052 

(c) p’(10) = —0.44 means that from 1970 to 1971, 
the number of people who lived below the 
poverty level was expected to change by about 
—0.44 million. 

p"(10) = 0.155 means that from 1970 to 1971, 
the rate of change of the number of people who 
lived below the poverty level was expected to 
change by about 0.155 million per year. 

Thus, from 1970 to 1971, the number of people 
who lived below the poverty level was increasing 
at an increasing rate. 


Si 


Answers 


A-45 


(a) f(t) = 0.030847t* — 0.446741? + 1.48932 + 
3.43357 

(b) f’(t) = 0.09254 1t? — 0.89348r + 1.48932 

(ey 1991: (4) = — 0.153 
1995: f"(8) = 0.587 

(d) f'(8) ~ 0.264 means that from 1995 to 1996, the 
expected change in the CPI was about 0.264%. 
f"(8) ~ 0.587 means that from 1995 to 1996, the 
expected change in the rate of change of the CPI 
was about 0.587% per year. 


Exercise 9.9 (page 721) 


a5. 


17. 


19. 


21. 
23. 


> MC=8 
. MC = 3x? — 12x + 24 
- (a) $10; the cost will increase by $10. 
11. 
13. 





3. MC = 13 + 2x 

7. MC = 27 + 3x? 
(b) $11 
$46; the cost will increase by $46. 


(a) MR=4 
(b) The sale of each additional item brings in 
$4 revenue at all levels of production. 
(a) $3500; this is revenue from the sale of 100 units. 
(b) MR = 36 — 0.02x 
(c) $34; Revenue will increase by $34. 
(d) Actual revenue from the sale of the 101st item 
is $33.99. 
(a) MR = 36 — 0.02x 
(c) $32,400 MR 


(b) x = 1800 


MR = 36 —0.02x 





MP =5 

(a) $0 (b) MP =30- 2x 

(c) —$10; profit will decrease by $10 if 1 additional 
unit is sold. 

(d) The sale of the 21st item results in a loss of $11. 


A-46 


25. 


27. 
HG 


33. 


Answers 


(b) 15 
(c) 15 
(d) $25 


(a) 





70 29. $200 

(a) Data: R(7) = 60.53 Model: R(7) = 61.027 
R(7) represents AT&T’s total revenues (in billions 
of dollars) for 1987. 

(b) R'() = 0.506 t — 4.03 

(c) R’(12) = 2.042 

(d) R’(12) = 2.042 means that from 1992 to 1993, 
the model predicts that AT&T’s revenue rose by 
about $2.042 billion. 

(a) C’(10) = 0.252 

(b) This means that from 1990 to 1991, the model 
predicts that Scott Paper Company’s costs and 
expenses will change by about $0.252 billion. 
(The actual change for that period was $0.0319 
billion.) 


Chapter 9 Review Exercises (page 725) 


13. 
17. 
aie 
. (a) yes 
Pale 
31. 
33. 
35. 
36. 
37. 
41. 
. (a) no 
. (a) —5.9171 (to four decimal places) 
ede = A780 20x 184 


. UW2Vx) 51. 0 


RAS 


7 Seay ie 
55. 


ana) 2 
- (a) 2 
- (a) does not exist 
. (a) does not exist 


IA Uw = 


(b) 0 


(b) does not exist 


2. (a) 0 

4. (a) 2 

(b) 2 

(b) does not exist 
10.6 11. } 

15. 4 16. no limit 

195 6x e205 — Ax 

4 2ze) 2oe0(a)syese (Db) uno 

(b) no 25.2 26. no limit 

1 28. no 29. yes 30. yes 

discontinuity atx=5 32. discontinuity at x = 2 

continuous 34. discontinuity at x = 1 

(a) x=0,x=1 (b)0 (c) 0 

(a)x=-I,x=0 (4 (© 3 

—2 38.0 39. true 40. false 

f = Ox 2 1 42.7 (x) = 1 — 2k 

(b) no 44. (a) yes’ (b) no 

(b) —5.9 
48. 8x 49. 3 

52. —4/(3 Wx*) 

i eo 1 

x oe AP 3We 


y=15x-—18 56. y= 34x — 48 


(b) 2 
(b) 1 


5580 9 -2 2.3 
nolimit 14. 0 


3 ~=18. no limit 





Se 


58. 


59. 
61. 


65. 
66. 


67. 


69. 
Tk: 
72. 
ao 
71. 


as. 
81. 


. (a) MC = 6x + 6 





(a) x=0,x=2 (bd) (0,1) (2, -3) 
f@) = x9 -3x74+1 
(a) x=0,x=2,x= -2 


(b) (0, 8) (2, —24) (—2, -24) 





9x? —-2x-—12 60. 15x* + 9x? + 2x 

2 - 

Bil ss at 5 aoe ie 

q [2V1(3¢ + 1)?] 

5x° + 2x4 + 20x3 — 3x? — 4x 

(+1) 
(9x? — 24x)(x3 — 4x?)? 
6(30x> + 24x3)(5x® + 6x4 + 5)9 
— (3x? -—4 
72x3(2x4 — 998 68. ee 
2V (x? = 4x) 
—2(3x + 

2x(2x4 + 5)’ (Bdx +5) 70. ae 

36[(3x + 1)(2x7,—,1)]}'"(8x3 + 2x? — 1) 
3 (2x? — 4) 2x-1 

(Saas ; 

(1-x)* : a Z (3x — 1)” 

y= ax? -2 76. y" = 12x? — 2/3 

d° da 

Ge70 78 Ss= 301 -x) 

d*y mies d'y moe Ge ==3) 

— , = -4/ = 3/2 Caen Ne ee eee | 

(a) x’(10) = —1 means if price changes from $10 to 
$11, the number of units demanded will change 
by about as 

(b) x’(20) = —{ means if price changes from $20 to 
$21, the number of units demanded will change 
by about —} 

dq =P 


9x +2 


63; 
—wW«x 


dp \/0.02p? + 500 


. x/(10) = 


é meahs if price changes from $10 to $11, 

the mnie of units supplied will change by about 3. 

(b) 186 

(c) If a 31st unit is produced, costs will change by 
about $186. 


86. 
87. 


88. 


89. 
91. 


Chapter 9 Test 
1. 
2. 


. C'(4) = 53 means that a Sth unit produced would 


change total costs by about $53. 

(a) MR=40-0.04x = (b) x = 1000 units 

MP(10) = 48 means if an 11th unit is sold, profit will 

change by about $48. 

(a) MR = 80—0.08x  (b) 72 

(c) If a 10 1st unit is sold, revenue will change by 
about $72. 





120x(x + 1) = 
oe . MP = 4500 — 3x? 

(2x +1) 90. M. x 
MP = 16 — 0.2x 


(page 728) 

(a): (b) -8/5 — (c) 9/8 
h)- 

(a) f'@®) = lim fas A) Se) 


(b) f'(x) 


(d) does not exist 





as OU = Ce) +9 [a — x + 9] 
= lim i 
h-0 
_ [3x2 + 6xh + 3h? — x—h+9] —[3x?-x +9] 
= um h 
h-0 
Dore 
one Fe ti (6e Oh = Ge 
h>0 h h>0 
3. x=0,x=8 
4 99x? — 24x° 


On N NM 


10. 
11. 


12. 


sears 11h 


(b) (3x5 — 2x + 3)(40x° + 40x°) + 

(4x!° + 10x* — 17)(15x* — 2) 
(c) 9(10x* + 21x?)(2x° + 7x* — 5)" 
(d) A + 5x + 18)(2x + 5) 


= 
(ge th 
— 
3 
a = 6 +60x-* 
. (a) y=—15x-—5 (db) 4, —90), (—2, 18) 
. (a) 2. (b) does not exist (ce) —4 
- &(—2) = 8; lim g(x) = 8, lim, g(x) = — 
*. lim_ g(x) does not exist and g(x) is not continuous 
x>-2 
atx = —2. 
. (a) P(x) = 50x — 0.01x? — 10,000 


(b) MP = 50 — 0.02x 

(c) MP(1000) = 30 means the predicted profit from 
the sale of the 1001st unit is approximately $30. 

104 

(a) -5 (b)-1 ©4 

(e) 7 (f) nh 13,0: (2) 

(a)? )-4 ©3 


(d) does not exist 
SAL BS 


Answers A-47 

Exercise 10.1 (page 747) 
te (a) Gi 3)> 4a) =~ “(e) ay 
3. (a) (1,5) (eG ©) 4a, 2) 
Sa(ajeoe 7 | (Db) 3! Sane 

(Ory =3; a (d) 7 (e) 3 
7.x=0,x= 
9 


11. 


13. 


is: 


17. 


19. 


~ fG) age a es oe 


PLGO, mets Nee o+tet+ 





by 
0 4 


Min: (4, —58); Max: (0, 6) 
(a) dy/dx =3x?-3 (b) x=1,x=-—1 
(eh, 2)5 (15:6) 


(d) relative max at (— 1, 6), relative min at (I, 2) 


(a) dy/dx = 3x7 +6x+3 (b)x=-l1 

(C\A=1,=3) 

(d) horizontal point of inflection at (—1, —3) 
dy 

() ek 1 (b)x=1 (©) (1,-2) 


(d) decreasing:x<1 (e) 
increasing: x > 1 





-2 (1,-4 
(a) dle aay cee relative minimum 
(b) x=-2,x=1 (© (-2,5), 0-8) 
(d) increasing: x < —2 andx > 1 
decreasing: -2<x< 1 





2 
@ 2 Ace Bae 


(d) ieee x= 0 
increasing: x > 0 


(b)x=0 (€) (0,0) 


(e) 





_jrelative minimum 


A-48 


21. 


23. 


25. 


27. 


29. 


31. 


ae 


Answers 


1 


(a) f’(x) = Oatx = —3 
fie Oforx— 5 
f'(x) <0 for x > —3 
(b) f(x) = —1 —2x verifies these conclusions 
(a) (@)=Cat y= 0 = 3,4 = 3 
TO fOt a Se eo 
fix = Oforx <= —3:and a> 3 


(b) f’(x) = 4x? (9 — x?) verifies these conclusions. 


y 


HPI (1, 3) 
no max or min 





(—6, 128) rel max; 
(4,— 383) rel min 





(—1, 3) rel max; 
(1, —1) rel min; 
HPI (0, 1) 


(1, 1) rel max; 
(0, 0), (2, 0) rel min 


(3, 4) rel max; 
(5, 0) rel min; 
HPI (0, 0) 


Jo: 


5 


39. 


41. 


43. 


(0, 0) rel max; f(x) 
(2, —4.8) rel min 





f(x) = 273% - 5) 


(50, 300,500), (100, 238,000) 
0 <x < 150,0 <y < 301,000 





(0, — 40,000) (60, 4,280,000) 
—20=x=90 -—50,000 = y = 5,000,000 





—500,000 
f(x) = 7.5x4 — x3 +2 
(0, 2) HPI 
(0.1, 1.99975) rel min 
-—0.1=x=0.2 
1.9997 < y < 2.007 





critical values: x = —1,x =2 

f(x) increasing for x < —1 andx > 2 

f(x) decreasing for -—1<x<2 

rel max at x = —1; rel min atx = 2 
possible graph for f(x) 





45. 


47. 


49. 
51. 


53. 


55. 


St. 
59. 
61. 


63. 


critical values: x = 0, x = 3 
f(x) increasing for x > 3 

F(x) decreasing for x < 3,x #0 
rel min at x = 3; HPI atx =0 


possible graph of f(x) 
F(x) 





Graph on left is f(x); on right is f’(x) because f(x) is 
increasing when f’(x) > 0 (i.e., above the x-axis) 
and f(x) is decreasing when f’(x) < 0 (i.e., below 
the x-axis). 

decreasing for t => O 

(a), 252 V13 Pe 

(b) 2+ V13 ~ 5.6 

(c) O<¢<24+V13 1 


80 






(5.6, oP Rel max 





P(t) = 27t + 617 — £3 


(a) x=S5_ (b) decreasing for0 <x <5 
(c) x>5 
(a) at x = 150, increasing; at x = 250, 


changing from increasing to decreasing; 

at x = 350, decreasing 
(b) increasing for x < 250 
(a) t=6  (b) 6 weeks 
(a) 10 = (b) January 1 
(a) x ~ 10.12, during 1990 
(b) x = 1.76, during 1981 
(a) y = —9.3458x? + 34.0863x + 235.8625 
(b) at x = 1.82, late in 1991; data indicate the 

maximum in 1992. 


(c) 250 units 


Exercise 10.2. (page 761) 


i, 
oe 
Ss 
11. 


13. 


(a) concave down (b) concave up 

(a) concave down (b) concave up 

(atc) and (dye) 7. (c,d (e,f)” 9.'e,d.e 
concave up when x > 2; concave down when x < 2; 
POI at x = 2 

concave up when x < —2 and x > | 

concave down when —2 < x < 1 

points of inflection atx = —2 andx = 1 


15. 


17. 


19, 


Answers 


A-49 


no points of inflection; 
(2, —2) min 4 


tse 





y=x7—4x+2 














(1, 4’) max; (3, 2) min; 
(2, $) point of inflection 


. x > 
Yly= J Axe t+ 3x42 





(0, 0) rel max; (2/2, —64), (-2°V2, —64) min: 
points of inflection: (26/3, —320/9) and 
(—2V6/3, —320/9) : 





21. (—2, 64) rel max; (2, —64) rel min; and 


points of inflection: (— V2, 39.6), (0, 0) 
and (V2, —39.6) fix) 





A-50 


25. 


27. 


31. 


33. 
35. 
a7. 
39: 
41. 
43. 


45. 


Answers 


(a) f’"(x) = 0 when x = 1 
f"(~) > 0 when x < 1 
f’() < 0 when x > | 

(b) rel max for f’(x) at x = 1 
no rel min 


(c) 


f(x) =—x? + 2x48 












(a) concave up when x < 2 concave down when x > 2 
(b) point of inflection at x = 2 
(c) (d) possible graph of f(x) 

% 





(d) H 


(e) I 


29. (a) G (b)C (ce) F 

(a) concave up when x < 0 
concave down when x > 0 
point of inflection at x = 0 

(b) concave up when —1 <x< 1 
concave down when x < —1 andx> 1 
POI atx = —landx=1 

(c) concave up when x > 0 
concave down when x < 0 
point of inflection at x = 0 

(j7 P(t) )B OC 

(a) C (b) right (c) yes 

(a) in an 8-hour shift, max when t = 8 

(a) 9days  (b) 15 days 

x = 9,53, during 1989 

(a) y = —0.00816x> + 0.4635x? — 8.1122x + 
64.7785 

(b) min at x = 13.73, during 1983 
max at x = 24.14, during 1994 

(c) no; data give min in 1984, max in 1991. 

(a) y = —0.4052x3 + 6.0161x? — 17.9605x + 52 

(b) x = 1.83, during 1913 

(c) x = 8.07, during 1920 


(b) 4hr 


Exercise 10.3 (page 773) 


1. 
Be 
te 


7. 
11. 
‘5; 
BS. 
17. 
19. 
23. 
25. 
27. 
29. 
31. 
33. 
oo: 


KE 
39: 


41. 


43. 


min —6 at x = 2, max 3.481 atx = —2/3 

min —1 atx = —2, max 2 atx = —1 

(a) x = 1800 units, R = $32,400 

(b) x = 1500 units, R = $31,500 

x = 20 units, R = $24,000 9. 40 people 

p = $15, R = $22,500 

(a) max = $2100 (b) x= 10 

x = 5 units, C = $23 

x = 10 units, C = $20 

200 units (x = 2), C = $108 

x = 80 units, P = $280,000 

x= 10V/15 ~ 39 units, P ~ $71,181 (using x = 39) 

x = 1000 units, P = $39,700 

x = 600 units, P = $495,000 

(a) 60 (b) $570 = (ec): $9000 

(a) 1000 units (b) $8066.67 (approximately) 

2000 units priced at $90/unit; max profit is 

$90,000/wk 

rent = $430 

(a) t ~ 12.5 (in 1992), R = $5.0353 billion 

(b) the data show a max in 1990 of $5.1686 billion 

(a) August 1991; approximately $3 billion 

(b) August or September 1991; approximately 
$5.5 billion 

(c) December 1992 or January 1993; approximately 
$12 billion 

(d) May 1993; approximately $9.5 billion 

(a) About January 1980 or January 1991 

(b) (January 25, 1994, 37%) 

(c) No, either some citizens think crime is the most 
important problem or no citizens think that. 

(d) Crime would be a less important issue, and the 
percent would drop. 

(e) Not 1980, because crime was a low priority. 
Yes, in 1994, as seen from the high concern about 
crime then. 


21. x =5 


Exercise 10.4 (page 785) 


1. 


3. 

2: 
15. 
19, 
21. 
25. 
31. 


(a) x, = $25 million, x, = $13.846 million 
(b) $38.846 million : 

400 trees 5. (a) 5 (b) 237.5 7. $50 
m=c Il. lweek 13. t=8,p=45% 
240 ft 17. 300 ft x 150 ft 

20 ft long, 63 ft across (dividers run across) 
4in. X 8in. X 8in. high 23. 30,000 
12,000 27.x=2 29. 3 weeks from now 
25 plates 


5. HA: y = 2: VA: x = 3 

7. HA: y = 0; VA: x = —2,x =2 
9. HA: none; VA: none 

11. HA: y = 2; VA: x = 3 


13. VA: x.= 0; y 


15. VA: x = —1; HA: y = 0; 


17. HA: y = 0; (1, 8) rel max; 


Answers A-51 


Exercise 10.5 (page 797) 19. HA: y = 0; VA: x = 1; (— 1,-4) rel min; point of 
l(ax=2 (1 @y=!l @i1 inflection: (— 2,—§) 
3.(a)x=2 (1 @Wy=1 @! v 


no max, min, or points of inflection 





2 VAS 13: y 
(2 l)irels max: 
‘ (4, 7) rel min 





(—2, —4) rel max; 


(2, 4) rel min 23. HA: y = 0; VA:x = 0 


(2, 0) rel min; (3, 1) rel max 
points of inflection: (1.87, 0.66), (4.13, 0.87) 





(0, 0) rel min; (2, 4) rel max; 





x 25. (a) HA: approx. y = —2; VA: approx. x = 4 
(b) HA: y = —3; VA:x = 4 
27. (a) HA: approx. y = 2; 
VA: approx. x = 2.5, x = —2.5 
(b) HA: y = 2; VA: x =4,x = —3 
natal 
29. IO) = 371400 


(a) 





(—1, —8) rel min; 
points of inflection: 


(0, 0), (- V3, -4V3), 
and (V3, 43) 





(b) HA: y = 0; rel min (—70, —0.0071) 
rel max (20, 0.025) 





Answers 


A-52 


(c) x: —500 to 400 
y: —0.01 to 0.03 





(b) HA: y = —100; 
rel max (0, 9) 





(ce) x2—=75 to 75 





y: -120 to 20 
1000x — 4000 
33. f@) = 52 — 10x — 2000 
(a) (b) HA: y=0 
VA: x = —40, 
x= 50 


no max or min 





-10 


(c) x: —200 to 200 
y: —200 to 200 





35. (a) none ~=(b) C20 (ce) p=100 (d) no 
37. (a) oR (b) 6 weeks 
(c) 22 weeks after its 
release 





39. (a) yes,x=—1 (b) no; domainisx =5 
(c) yes, y = —58.5731 
(d) At O°F, as the wind speed increases, there is a 
limiting wind chill of about —58.6°F. This is 
meaningful because at high wind speeds, addi- 
tional wind probably has little noticeable effect. 
41. (a9 P=C (HC (S) P= (d) 0 
43. (a) 0 
(b) As the years past 1800 increase, the percentage 
of workers in farm occupations approaches 0. 
(c) no % 
45. (a) No. Barometric pressure can drop off the scale 
(as shown), but it cannot decrease without bound. 
In fact, it must always be positive. 
(b) See your library with regard to the “Storm of the 
Century” in March 1993. 


Chapter 10 Review Exercises (page 801) 
1.,(0; 0) max 2. (2, =9)} mini 3.c Heel 0) 
4. (1,3) max, (— 1,—3) min 
5. (a) 3,—-1  (b) (—1, 0) rel max, (3,— 3) rel min 
(c) none (d) 





6. (a) 3,0 = (b) (3, 27) max 
(d) Sx) 


(c) (0, 0) 


(3, 27) Max 





2 
8 (0, 0) HPI 


Ie (a) 126 
(b) (—1, 11) rel max, (6, —160.5) rel min 
(c) none (d) Kx) 








Max (-1, 11).20 


fax - By 18x+ 3 


(6, -160.5) Min 


Ip 8. (a) 0,41 
f © @-1 


(b) (—1, 1) rel max, (1, —3) rel min 
(d) y 


x 







2 
0, -1) HPI 
(1, -3) Min 


9. (a) 0 (b) (0, —1) min 
(d) y 


(c) none 





Vertical tangent 


10. (a) 0, 1,4 
(b) (0, 0) rel min, (1, 9) rel max, (4, 0) rel min 


OY a A eeeten 07 






a Dera 
(0, 0) Min (4, 0) Min 
Vertical tangent 

11. concave up 
12. concave up when x < —l andx > 2 

concave down when —1<x<2 

points of inflection at (—1, —3) and (2, —42) 
13. (—1, 15) rel max; (3, —17) rel min; 

point of inflection (1, —1) 
14. (—2, 16) rel max; (2, — 16) rel min; 


point of inflection (0, 0) 
6 


18: 


16. 


17. 


18. 
19. 
20. 
21. 
22. 


23. 





Answers 


A-53 


(1, 4) rel max; (—1!, 0) rel min; points of inflection: 


I ees ee re 
Sree wa a 


y 





y=24+5x-3x0 


(a) (0, 0) absolute min; (140, 19,600) absolute max 
(b) (0, 0) absolute min; (100, 18,000) absolute max 
(a) (50, 233,333) absolute max; (0, 0) absolute min 
(b) (64, 248,491) absolute max; (0, 0) absolute min 


(jx=1 (b)y=0 (0 @O 
(ajx=-1 (y=; © W@W? 
HA: y = 3; VA: x = 2 


HA: y = —1; VA:x=1,x=—-1 
(a) HA: y = 3; VA: x = —2 
(b) nomaxormin (c) 





(a) HA: y = 0; VA: x = 0 
(b) (4,1) max (c) » 





. (a) HA: none; VA: x = 1 


(b) (0, 0) rel max; (2, 4) rel min 
(c) y 





Answers 


A-54 


25. (a) f’(x) > 0 for x < } (approximately) and x > 2 
f(x) < 0 for about } <x<2 
f'(x) = 0 about x = § andx = 2 
(b) f(x) > 0 for x > 3 
f(x) < 0 for x < 3 
f'(x) = Oatx=4 





26. (a) f’(x) > 0 for about —13 <x <Oandx >7 
f'(x) < 0 for about x < —13 andO<x<7 
f'(x) = 0 for about x = 0,x = —13,x =7 
(b) f’(x) > 0 for about x < —8 andx > 4 
f’(®) < 0 for about -8 <x<4 
f’(*) = 0 for about x = —8 andx = 4 
(c) 





f(x) = 0.01x3 + 0.06.x? — 0.96x + 0.08 





27. (a) f(x) increasing for x << —5 andx> 1 
f(x) decreasing for —5 << x< 1 
f(x) has rel max at x = —5, rel min atx = 1 
(b) f’(x) > 0 for x > —2 (where f’(x) increases) 
f(x) < 0 for x < —2 (where f’ (x) decreases) 
f’() = 0 forx = —2 
(c) 





(d) f(x) =2x+4 








28. (a) f(x) increasing for x < 6,x #0 


29. 


30. 


31. 
32. 


oo 
35. 
38. 


f(x) decreasing for x > 6 

f(x) has max at x = 6, point of inflection at x = 0 
(b) f"(x) > Ofor0<x<4 

f(x) < Oforx <Oandx>4 

f(x) = Oatx = Oandx =4 





(a) f(x) is concave up for x < 4 
f(x) is concave down for x > 4 
f(x) has point of inflection at x = 4 
(b) fF G)=4—% 





-20 


(a) f(x) is concave up for —3 <x <2 

f(x) is concave down for x < —3 andx > 2 

f(x) has points of inflection at x = —3 and x = 2 
(b) (GC) 62 





x = 5 units, C = $45 

(a) x = 1600 units, R = $25,600 
(b) x = 1600 units, R = $25,600 
P = $54,000 at x = 100 units 

x = 152 units 


34. x = 3 units 
36. x=7units 37. $300 
selling 175 sets at $425 each 


: 39. $93,625 at 325 units 
40. (a) 150 (b) $650 
41. $208,490.67 at 64 units 42. x = 1000 units 
43. 10:00AM. 44. 325 in 1995 
45. 20 mifromA,10mifromB 46. 4ft x 4ft 
47. 8 in. X 10in. 48. 500 49. 3 50. 24,000 


Chapter 10 Test (page 805) 
1. max (—3, 3); min (—1, —1) y 


2. HPI (4,75) 


3. max (0, —3); y 
min (4, 5); 
vert asym x = 2 





« (0) ae(e=) 


1 1 
551(0) 2) SP (-+,, 3237), (5. 0.763 
ee ay/-2; V2 

6. max (—1, 4); min (1, 0) 
7, max 67 at x = 8; min —122 atx =5 
8. horiz asym y = 200; vert asym x = —300 
9. Point if fe fe 

A - + = 

B + - 0 

é + 0 + 


10. (a) -2. (b) x= —1 
11. local max at (6, 10) 





Answers A-55 


12. (a) x = 43.7, during 1943 
(b) The ratio of priests to Catholics was highest in 
1943. 
13. (a) x= 7200 (b) $518,100 14. 100 units 
15. $250 16. centimeter 17. 28,000 units 


18. (a) y = —0.0161x? + 3.3185x — 165.278 
(b) x = 103.059; during 2003 


Exercise 11.1 (page 818) 
Lffi@=4x- 3. y' =I 





its vee 2 oes 
Sy 4x" oT ey) TEBE 
91g! se ap Sead eae 
DY: By ae, - dp/dq = 2ql(q ) 
1 1 =a 
13. ap lee pl es Bae 
oe 2x ee 2x 
1D: (a) y 3(x? — 1) (b) y ~ 3(x? — 1) 
‘= 4 p33, ee eo eae 
LO aa ek, ee ee 
ad re oe GS poeeleeOe 
ye Uae) Os 
a1 pee de) dy) et (Bie) 
"dq q(q*-1) "dt =. 21. —24)(#7 +3) 
dy _ 1 ie 2 
25. =1-— 27. y' = (1 — Inxvix 
4(1In x)? 
29. y' =8/(x4+3) 31. y = “nay 
1 8x da( x 3) 
pe ae ee aaa 
joel 4x3 — 12x? 
37. Y = (A= 4x + 1) nb 
39. rel min (e~', —e7') 4 


nd 
= — 


[ 
3 
t 


41. re] min (2, 4 — 8 In 2) 








—— 400 
43. (a) MC= 74 
—— 400 ; 
(b) MC = Ot 1.0; the approximate cost of the 


201st unit is $1.00 


Answers 


A-56 


—- 2500[(x+ 1)An(10x+10) —x] 
goo) RS (x + 1) In?(10x + 10) 
(b) 309.67; at 100 units, selling 1 additional unit 
yields $309.67. 
47. (a) —5.23 (b) —1.89  (€) increasing 
49. A/B 51. dR/dI = 1/7 In 10) 
53. (a) y = 561.2713 + 2646.5135 In) 
(b) $115/year 


Exercise 11.2 (page 825) 
Ly a=se=— 1 Bf Oe oa Clan 
5. y'=3xre" 7. y! = 36xe* 
gy = 12 1)2e" + er ar y= 3x7 
2 = 
[Si yie eat) ASS yi= ae!" = ee 
17. ds/dt =te(t+2) 19. 48 e —4e% 
4e** : 2 a 
21. 42 23. tyme x — 3e 3¥ In(2x) 
25. y’ = (2e* — 3Vve* = 2e* — 3e™* 
27. y' = 30e"(e% +4) 29. y =G&In6 
31. y’ = 4"(2x In 4) 
33. (a) y’(1) =0 
35. (a2) z=0 = (b) 


(b) y=e"! 





37. rel min atx = ly =e 
39. rel max atx =0,y = —1 
41. (a) (0.1) Pe®!” = (b) (0.1) Pe®! 


(c) Yes, because e°!" > 1 for any n = 1. 
43. aoe —50,000e-°" 45. 1200e 


dt 
8,990, 10027 °° 
47. 29.107 49. y’= irr eoaser ny? 


51. y’ = 100,000e~"*/x? 


dN 
53, Y= yy + ry Intl +7) 
55, 4 =108In10 57. 112.066 ($billion/year) 


59. (a) d'(x) = 29 — 20.1891e"!™ + 0.044e~ 

(b) $1.28 (billion/year), $198.01 (billion/year) 

(c) The United States could not tolerate exponential 
growth in its debt. The percent of federal expen- 
ditures devoted to payment of interest on the debt 
was too high. 

dP 


61. eae —0.044 dollars per year 


63. (a) y = 6.8690 (1.08514) 

(b) y'(23) = 3.68; $3.68 per year 
65. (a) y = 604.9211 (1.0820) 

(b) 126,186 per year 


Exercise 11.3 (page 836) 
13006 3.-4 5. -3? 7. —x/(2y) 


< 





9. —(2x + 4/Qy—-3) 11. —x4y 
jad ORIN ce 

17 dy _ x(3x'— 2) 19 dy _ 4x + 6x'y 71 

“dx 3y*(1 + y*) "dx —4x3y — 3y 

Ate Ey 

28.1 2.y=pxt1 Wiy=4+5 
eels ey a 

ato = Oey Oe oe ine ee 

37s x 39. ye 


41. ye/(1—e) 43.0 45. y=-3x4+1 
47. horizontal: (2, V2), (2, — V2): 
vertical: (2 + 2V2, 0), (2 — 22, 0) 
51. (b) yes, becausex?+y2=4 53, I/(2xVx) 
55. max at (0, 3); minat(0,—3) 57.3 59, —3% 
61. At p = $80, g = 49 and dg/dp = —%, which means 
that if the price is increased to $81, quantity 
demanded will decrease by approximately * unit. 


63. =0.000436y 65 ee 


dt 44 12 


Exercise 11.4 (page 842) 


1/36: 3.40 5.22 

9. —Sifz=5, -10ifz= —5 

11. —80units/sec 13. 12 7 ft?/min 

15. $in/sec 17. $1798/day 19. $0.42/day 
21. 430 units/month 23. 367 mm?/month 


dw aL dC dw 
9g, ey & 27, 4 = 1.54| 2h 


Ww Cc W 


29. ee micrometers/day 


— 31. 1/207) in./min 
33. —0.75 ft/sec 35. —120V/6 
37. 61.18 mph 39. 35 ft/hr 


Exercise 11.5 (page 853) 


1. (a) 1 ~~ (b) nochange 
(b) Revenue will decrease. 

5. (a) % (Db) elastic —(c) decrease 

7. (a) 0.81  (b) inelastic (ce) increase 

9. (a) n = 11.1 (approximately) (b) elastic 


3. (a) 84 


iin = a5 3 


(b) unitary: g = 93.75; inelastic: g > 93.75; 
elastic: g < 93.75 
(c) As q increases over 0 < q < 93.75, p decreases, 
so elastic demand means R increases. Similarly, 
R decreases for g > 93.75. 
(d) Maximum for R when g = 93.75; yes. 
13. $12ftem 15. t= $350 17. $115/item 
19. $483 per item; $40,100 21. $1100/item 


Chapter 11 Review Exercises (page 856) 


WiGe- ae 2. 2xh 3: Va | rt a Gay 
4. dy/dx = e* (22 +1) 5. dy/dx = 3*-3 1n3 
10 a= las 
6. dy/dx = a Te a eS xe 
8. dy/dx = —2e*(1 — e*)? 
9. y = 12ex — 8e, or y = 32.62x — 21.75 
ut ee 
Rey le AE y ae 
12. dy/dx = ye"/(1 — xe”) ~=13. dy/dx = 4 
ay 2a 1) 2b Ox xs) 
— = 1. 9 =—-> 
ey 3 2) Y * yy? — 4x7) 


16. d*y/dx? = -@? + yy = —-ly 17. 59 
18. (—2,+ V2) 19. 3/4 20. 11 square units/min 
21. 135.3 22. (a) 152.5 (b) 1.13 times faster 
23. (a) —0.00002876A,  (b) —0.000028764, 

(c) less 
24. $1200e ~ $3261.94 
26. 1/(2577) mm/min 


25. —$603.48 
27. # ft/min 


dS/dt 1 dA/dt 
28. eo 3( 5 29. yes 
30. t = 1446.67 31. $880 
32. (a) 1 (b) nochange 33. B,elastic 34. 1 
35. (a) 20 (b) g = 100 





(d) Revenue is maximized where elasticity is unitary. 








Answers A-57 

Chapter 11 Test (page 858) 

i eee 2x2 path L2G ea Loan 

ode eT Sy ani oe eee 

4. yy! = 15x & 49x 5: a =e" (414 Pal) 

, en ZN (is 1) ! 2 
6. y' = —— 7. f'(x) = 20 (374) In3 

eee 8 ee 3x 
Serge) errant aes, 

' ~é 
10. y Sn —$ 12. —586 per day 


13. —0.05 unit per dollar 
15. n = 3.71; decreases 
16. (a) 16.82  (b) 25.96 
18. 1020 ($ billions/year) 


14. $1349.50 per week 


17. 0.087% 
19. $540 


Exercise 12.1 (page 870) 

LttC 3.5274 658i ec 
7.92°+C 9, 27x42" 
M1. 3x=—x" +0 13,4 37) 43x +6 
15. 2x +4xVx+C We tC 


19. -5/38)+C 2.2Wr+C 
ee = Le ipa 4 
23. —x* — 4. +C 25. i0* + 53 + 3x™ +C 


4 
27. tx4 + I0y3 4 32 4. C 29. 2x8 — $x6 +he4 + 


ol: ay 2x7 yi 1433; 


F(x) = x27+3x4+C 
(C = -8, —4, 0, 4, and 8) 





35. [(5—4x) dx 37. \(3x? — 6x) dx 
41. R(x) =0.2x2+3x 43. $3800 

45. P(t) = 4t4 + $23 + 6t 

47. (a) x =174/1050 —(b) 0.96 tons 
49. (a) x/4+ 100/x+30 (b) $56 

51. (a) R = —0.0312? + 0.776r + 0.0639 


39. R(x) = 3x 





Answers 


A-58 


(b) Graph of R(t) with data points 
Graph of R(t) with data points 
6 





(b) Graph of PS(t) with data points 
Graph of PS(t) with data points 
300 





PS = 0.70? — 32.7t? + 491.6t — 2192.2 


Exercise 12.2 (page 850) 


1. 4x7 +3)8+C 3. (15x? + 1099/5 +C 
5.33x-x8P+C 7. 42+5)4+C 

9. 3(4,-17+C 11. -30?4+1)7?7+C 

13. i(x? -—2x+55+C 15. —3(x4 — 4x+3)44+C 
BEG Or Ge 19. gx® Fax +347 +-C 

21, Bx! Sie CG — 23) 3G? = 3x)? + € 


=I 
255 Be= hi 1] ra | 27. [1022 — 5) + 1G 
= ; 
ae TRG age © 31. $V x3 - 67° 4+24+C 
33. (a) f(x) =3@? - 1)4+C 


(b) f= 5(z? EG 
(C=-5, 0, 5) 





35. 


37. 


39. 


41. 
45. 


47. 
49. 


Si; 


(a) F(x) = 2(2x — 15 +C 
(b) (c) x =3 
FQ@)= B (2x - 1) -t | (d) Be, 





\, 
N, 


if 


4 
i 
L 
f 
ie 
A? 





~4——t_____|s 
= 

g De 1/3 

| xO a1) 5 d 
om 

R(x) = m1 i a2 Sper 115) 
3720 =43. (a) s=10Vx+1  (b) 50 
(a) 100/(¢ + 10) — 1000/(t + 10)? 
(b) 2.5 million 
7400 
(a) p = —0.001545(¢ — 60/7 + 0.1206(t — 60)? — 


2.4165t + 184.26 





(c) a good fit 
(a) U = 0.4717(0.1t + 2)3 — 10.6585(0.1f + 2)? + 
7.3900t + 18.044 





(b) Graph of U(t) with data points 
36 





(c) The data fit fairly well, but the maximum points 
do not agree. 


Exercise 12.3 (page 890) 


< 
Ss 
9. 


13. 
17. 
23. 
27. 
oi. 
35. 


ST. 


41. 
47. 
49. 
51. 


Ind + 4/+C 3. 4 inl4z+1)/+C 
Lin|xt+i]+C 7. 2in?—-4|/+C 
Inke—2x+C 11. $n? +3z+17/+C 
13+4Inix-—1[+C 15. x+}lnb?+3/+C 
ex+C 19. —e*+C 21. 10,000e%+C 
~1200e°* + C 25. He + C 

—3e-*+C 
feat Glee C 
F(x) = —In|3 — x| + C 





ee 
33. f(x) = h(x), J f(x) dx = g(x) 


F(x) = In3 — In |3 — x} 





f(ve2)ae 99. ser se 
x 


$1030.97 43.n=ne“ 45. 55 
(a) Pe  (b) approx. 7 yrs 

(ap —95e°"" =—(b) ~90-45 

1 = 14.1372 In|t + 20| + 11.6 

(a) 








1= 14.1372 In |t + 20| + 11.6 


(c) They are a good match. 


Answers 


A-59 





53. (a) R = 0.572 93486 + C 
(b) (ec) $24.29 billion 
40 
= ila 14 
= 
Exercise 12.4 (page 900) 


11. 
13. 


15: 
17. 


19. 
21. 
23. 


25. 


Exercise 12.5 


1. 
3. 
5: 
9: 


13. 


17. 


21. 
25. 
29. 


. C(x) = x? + 100x + 200 
« C(x) = 2x? + 2x + 80 
- (a) x = 3 units is optimal level 


5. S550 


(b) P(x) = —4x? + 24x — 200 = (c) loss of $164 


. (a) $3120 (b) 896 
(a) Cx) =2+2+8  (b) $10.50 
(a) and (b) 






R(x) = 4V0.5x+4+2.8x-8 
C(x) = (x + 180)!-95 — 33.365 





hundreds of thousands 


0 
hundreds of thousands 


(c) Maximum profit is $114.743 thousand at x = 200 
thousand units. 


C(y) = 0.4y + 0.6Vy +5 
Cy) = 0.3y + 0.4Vy + 8 
C=2Vy+1+04y+4 
C =0.7y + 0.5e~ + 5.15 
C = 0.85y + 5.15 

2V3y +7 


3 + 4.24 


C =0.8y + 


(page 910) 

4y — dxy’ = 4x? — 2x(2x) = 0M 

2y dx — x dy = 23x? + 1) dx — x(x dx) =2 a“ 
yates HC ay = 2x2 C 
pexre—-xt+C ILysetti=er+2 


2 
y=Ink|- > +5 15. 
1 2 3 
oe tee 
1 inkl=c 
y 

y=Cat 1) 


3yt = 4x3 - 1 


23. 7 -—y'=C 
27. y—Inly + 1] = —je-*# + 


31. 2y = 3x + dy ory = 5 


A-60 Answers 


33. evap S42 35. vy +1 =x 


37. y = Cx* 
39. (a) x = 10,000e°°  (b) $10,618.37; $13,498.59 
(c) 11.55 years 
41. ~84hours 43. ~ 23,100 years 
45. x= 6(1 — e799) 947. x = 20 — 10e 9 
32 


—O.1t 


eg et = 42 - 
49. y (pt ays 51. V = 1.86e 
ke 
53. V= a7 55. t ~ 4.5 hours 


57. (a) E(t) = 0.169% 
(b) The graph is a similar, but smooth, 
‘representation of the given data. 


10 





59. (a) P(t) = 20,000e~ °°" 
(b) P(30) ~ $4463. This result corresponds quite 
well to the graph. 


Chapter 12 Review Exercises (page 914) 


15x7+C 2. 3x82 4+C 

3. ix4* — 3x3 +2x? + 5x +C 
45x — 9 4+x+C 

Sarl) tC VGA — say 
Page Px Sx CBr Dat C 
9. 3 Injxe + 1] +C gaa the 


11. 503-473 +C 12. 3 Inlx3-4/+C 
13. sen-tte 14, 3x? + 3x? — 2x — Infx —1]+C 
15.4e°+C 16. 3/3 -x27+x+C 
17. 5 In[2x3 — 7|+C 18. Se +C 
19. x4/4-—¢e7/3+C 20. te"+!+C 
oe SSA mee 
21. 40(5x8 ze 7p = 21H. 2 1 x EC 
23. fe%®#-—e *®4+C 24. 27/24+ 1+ 1)+C 
25. (a) b0?-19+C 0) oe? -DU+C 
(c) $@2?-18+C 8 (d) 3@?-1)2+C 
26. (a) Ink? 1]+C  (b) GT +€ 
(c) 3V2-1+C @ ille-i1]+c 
27. y = C — 92e- 9 
28. y = 64x + 38x? — 12x37 +C 





29. 
31. 


33. 
34. 
37. 
38. p = 
39. 
40. 
41. 


42. 
44. 
46. 
48. 


(y-3P=4x7+C 30. G~+1%=2Inlr]+C 
2 
e=2 40) 32.y= C4 


30y LL = eS 
2=yty2+4 35.96 36. 472 
400[1 — s(t + 5) + 25/@ +5)*] 
1990.099 — 100,000/(t + 100) 
(a) y= —60e°% + 60 (b) 23% 
R = 800 In@ + 1) 
(a) $1000 (b) Cy) = 3x? + 4x + 1000 
80 units, $440 43. C= V2y+ 16+ 06y +45 
C = 0.8y — 0.05e-” + 7.85 45. W=CL3 
= 10.7 million years 47. x = 360(1 — e7*°) 
x = 600 — 500e~°°!; = 161 min 


Chapter 12 Test (page 916) 


i 
pee 


a 
as 
9: 
11. 
13. 


15. 
16. 


23+ 4x27-Tx+C 2. 4x+2xVxt+ltc 
iar. ne 
In|2x* — 5| 
“gi a Or Gig 10,0002 es 
$e%*-14C 8 e+ 5Inix|-—x+C 
Xx +infe+1|+C 10. 6x? — 1 + Set 
y=xt+2x3+4 12. y=te* +} 
yaa 14, 104,824 

P(x) = 450x — 2x? — 300 


C(y) = 0.78y + VO5y+1+5.6 17. 3323 days 





Exercise 13.1 (page 930) 


Z. 
as 
9: 
11. 
13. 
15. 
25. 


27. 


29. 


7 square units 3. 22 square units 

3 square units 7. 30 square units 

5,10) = 4.08; S,(10) = 5.28 

Both equal 14/3. 

It would lie between S (10) and S,(10). It would 

equal 14/3. 

DS ATA 19, 5 210 23 ees 

3- fat), eee 2n* —-3n+1 
Ey eee 

(a) S= & — 1)/2n aus 9/20 (ec) 99/200 

(d) 999/2000  (e) 3 


nF) (Qn +1) 
oe 6n? 


(b) 77/200 = 0.385 (ce) 6767/20,000 ~ 0.3384 
(d) 667,667/2,000,000 ~ 0.3338 (e)+ 31. % 


33. There are approximately 90 squares under 


So. 


the curve, each representing 1 second by 
Lheoy tmile = 

Pen 3600 “hour 360 

The area under the curve is approximately 

9035 = i mile. 

1550 square feet 





mile. 


Exercise 13.2 (page 940) 


1. 


11. 
19. 
27. 
29. 
ok 


33. 
35. 


Si: 
41. 
43. 
49. 
53. 
So: 


iS 372 5.60 7. 12¥/95 7 9, 08 
7 43. 12,960 15.0 17. 8V3-1\V7 
Soeetdo 213 3 23. be RR 


(a) § In(112/31) = 0.2140853 
(a) } + 3In2 = 3.5794415 
(a) A,C (b)B 

Jp (Qx-42) dx (b) 16/3 
(a) [°,@8+1)dx  (b) 3/4 
39. 4(e-e) 

same absolute values, opposite signs 

6 45. 20,405.39 47. 0.04 cm? 
1222 (approximately) 51. $450,000 
(a) $7007 = (b) $19,649 

(a) y = 0.005963x°-70!215 

(b) 0.15 mile (approximately) 


(b) 0.2140853 
(b) 3.5794415 


Exercise 13.3 (page 952) 


1. 
3 
Ss 
7 
9. 


11. 


13. 
23. 
REE 
35. 


Ste 


39. 


41. 
43. 
45. 


- (a) (-1, 1), (2,4) 


(a) f, (4-x2)dx (b) ¥ 


(a) fP(Wx-(2-xD] de (b) 28.75 


(a) f (4-22) —G°-2)] de @) 131/48 
(b) [2 (+2) — 2) dx 
(c) 9/2 

(a) (0, 0), (3,—7) 

6) fP? (@-2®-@-4nla& 


(a) (—2, —4), (0, 0), (2, 4) 
(b) f°, [G8 — 2x) — 2d + fo [2x — (8 — 20) de] 


(c) & 


(c) : 16 1 37 

2 ois. 2 7 19. 21. : 
4—3in3 25.% 27.6 29.0. 31. -3 
11.83 

1980, 0.351; 1990, 0.377. The difference in incomes 
widened. 


Whites, 0.391; Blacks, 0.439. In 1996, income was 
more equally distributed among whites. 


xy 





= R(x) — C(x)) dx 
average profit yale (RQ) x 
(a) $1402 (db) $535,333.33 
(a) 102.5 units (b) 100 units 


7.40% 47. 147 milligrams 


Answers 


A-61 


Exercise 13.4 (page 964) 


1. 
5. 
is 
9. 
if 


13. 
15. 
17. 
23. 


29. 
35. 


$120,000 3. $346,664 (nearest dollar) 
$506,000 (nearest thousand) 

$18,660 (nearest dollar) 

$82,155 (nearest dollar) 

PV = $265,781 (nearest dollar), FV = $377,161 
(nearest dollar) 

PV = $190,519 (nearest dollar), FV = $347,148 
(nearest dollar) 

Gift shop, $151,024; Video rental, $141,093. 
Gift shop is a better buy. 
$83.33 19. $161.89 
$11.50 25. $204.17 
$17,839.58 
$103.35 


21. (5, 56); $83.33 
27. $2766.67 
31. $133.33 33. $2.50 


Exercise 13.5 (page 970) 


1. 


a 
As 


11, 
aS: 


17. 


21. 
25. 
27. 


29. 
31. 


oS. 
35: 


39. 


41. 


Exercise 13.6 
i 


5; 


11. 


13. 
17. 
21. 


nl(4+ (4-21 +C 


Inf(3 + V10¥2] 5. winw-1)+C 
+4n(j) 9. F log,e + Cor3*7n3+C 
417/24 — 25 In(7 + 24) + 25 In 5] 


— 5)(4w + 5)? 
(6w — 5)(4w + 5)°? 15. i(5” log, ere 
pas 2 
103 — 8) 19, -$ inj VA— Or 


$Inj3x+ V92—-4]+C 23. 1 n(2) 

3 Inf3x+1+ V(3x+1)?+1)/+¢ 
4110109 — V/10 + 9 n(10 + 109) — 
9in(1 + V10)] 

— In|7 — 3x-1+C 

In |2x + V424+7/4+C 
2(eV? — e) = 2.7899 
#[1n(9/5) — 4/9] = .004479 


WH Vir 


stn Cy 


ta 








37. $3391.10 
./2 

(a) C=ixV24+9+4+2In ape 

(b) $314.94 

$3882.9 thousand 


+ 300 








(page 977) 

gxe*—Fe*+C 3. b3iInx—$34+C 
1042 
15 
ae 1S fe) 3 ESD 

=. S eet hie =o )et 
7 In(2x — 3) — gx? — Gx — 3 In(2x — 3) + C 


4 
§(q* — 3)3%(g2+2)+C 15. 282.4 
—e(x7 + 2x +2)+C 19. Bet + 192 


x4 In? x — §xt*Inx +dx4+C 





7 -(1tinx/x+C 91 


A-62 


23. 2(et + 182 (3e°-2) + C 25. 4e° 4+ 
27. (eX + 182+C 29. —Se*+1 31. $2794.46 
33. $34,836.73 35. 0.264 
Exercise 13.7 (page 985) 
11/5 3.2 5. Ile 7. diverges 9. diverges 
11. 10 13. diverges 15. diverges 17. diverges 
19: 0 2105-4 233 1/2) 2s" 5 
27. f- fayde=1 29. c= 1 dtc =) 
33.20 35, area=; 37. ee Ae~" dt = A/r 
39. $2,400,000 41. $700,000 

e 0086 + 0.03b — 1 5 ate 
43. (a) 500 REA FE (b) limit = 2 
45. 0.147 


Answers 


Chapter 13 Review Exercises (page 989) 


+1 

1. 212 2, ee) Sa AT eB | 
614 7. 8, so 9, 10, 
11. -2 12.241n47-} In9 13. 3 
14.1n4+4% 15, * ‘16. yIn2 17. (1-—e7)2 
18. (6 "1/2 (1995/2 es 20.236 --21: + — "22-4 
23. 3xV x -4-2Inlx + VP-4/+C 
2A. Zilog e” 25. 3x°Ax’ — 1) +°C 
26. } In|x| — 3 Inj3x + 2) + C 
27. §x® Inx — $x +C 
28. (—xe~?/2) — (e~#/4) + C 
29. 2xVx+5—$+532+C 30.1 31 @ 
32. -100 33.3 34. -3 35. $28,000 
36. e-?8~ 0.061 37. $1297.44 38. $76.60 
39. (a) (7,6)  (b) $7.33 40. $24.50 
41. $1,621,803 42. (a) $403,609 (b) $602,114 
43. $217.42 44. $86,557.41 

2 28 
45. S++ Ft et 1) + 2000 
46. e~'4 = 0.247 
47. $4000 thousand, or $4 million 
Chapter 13 Test (page 990) 
+1 

. 3.496 (approximately) 2. (a) 5 — = (b) 4 

fo (12 + Ax ~ 3) dx: 72 

-(a)4 (b) 34 (3 In (d) 7 


An Bw 


- (a) 3xe"-— 3e*+C  (b) = in@y- + 


=8 


1S. 


14, 


(a) x(nx) i 4 


_ 73/2 
(b) 2(Ox Ta Ox ea) +C 


135 
. 16.089 
- (a) $4000 = (b)_ $16,000/3 
- (a) $961.18 thousand (b) $655.68 thousand 


(c) $1062.5 thousand 


| L2G. AZ scoatp 





(pee) 






xy 


Before, 0.446; After, 0.19. The change decreases the 
difference in income. 

(a) 567.357 million barrels per year 

(b) 641.589 million barrels per year 


Exercise 14.1 (page 1002) 


1 


25. 


27. 


29. 


31. 


b= 2) 
. 35 In (12) “21. B 
23. 


1. {(, y): x and y are real numbers} 

3. {(x, y): x and y are real numbers and y # 0} 

5. {(a, y): x and y are real numbers and 2x — y # 0} 
7. 
9 
9 


{(P,, P,): P and p, are real numbers and p, = 0} 
13. 2500 15. 36 17. 5 


$6640.23; the amount that results when $2000 is 

invested for 20 years 

500; if the cost of placing an order is $200, the 

number of items ordered is 625, and the weekly 

holding cost per item is $1, then the most economical 

order size is 500. 

Max: S ~ 112.5°F; A ~ 106.3°F 

Min: S ~ 87.4°F; A ~ 77.6°F 

(a) $752.80; when $90,000 is borrowed for 20 years 
at 8%, the monthly payment is $752.80. 

(b) $1622.82; when $160,000 is borrowed for 15 
years at 9%, the monthly payment is $1622.82. 

(a)x=4 (b) y=2 

(ce) » 





SOT S e200 a 25 


35. 


- (a) 37,500 


(b) SO(2K) (2h) = 200 VGN AL = 
2[30 KOE) 
(c) 





10 20 30 40 50 


(b) 5000 


(a) 7200 37. $284,000 


Exercise 14.2 (page 1013) 


a Cares 
1. saan At 10x + 6 ay Oy) 
Sez = Bx Say Sze dx? Hy Ay 

0 

5. — = eid + ayy 2 = 12y(x? + 2y?)? 
Tepe Sy) fae Sy Oy) 

C 

== = 4x + 
9. ae 4y + 20xy ay ee AON 
Ate (tee Ast as) 5 O00 ait = Asti 35° 
ll. 30 = (s* +t”)? ot (s? + t7)? 
13. eee = Ink 

of of 

— = —= 100xe” 17.2 
15. a 100ye” ay x 
OF ee oe) 
23. (a) 0 (b) —2xz +4 «~(C) 2y) (@) -#? 
25: (B) 8%, & 3x, (b), Sx We, 1 ye) t 
27. (a) 2. (b) 0 (ce) 0 = (d) —30y 
29. (a) 2y (b) 2x— 8y (©) 2x-8y (dd) —8& 
31. 0 BA =e 
35. (a) 2 = (bb) HE 37. 2 + 20 
39. (a) 2+ y’eX (bd) we? + 

(c) xyeX +e? = (d) xe” 
41. (a) 1/2? (0 @©O @d2+ I/y? 
43. (a) 24x (b) 24x = (c) 0 
45. (a) For a mortgage of $100,000 and an 8% interest 


rate, the monthly payment is $1289. 

(b) The rate of change of the payment with respect to 
the interest rate is $62.51. That is, if the rate goes 
from 8% to 9% on a $100,000 mortgage, the 
approximate increase in the monthly payment 
is $62.51. 


47. 


49, 
51. 


53. 


55. 


Answers 


A-63 


(a) If the number of items sold per week changes by 
I, the most economical order quantity should 


Oe K 
am \ 2Mh 
(b) If the weekly storage costs change by |, the most 
economical order quantity should decrease. 





also increase. =) 


es KM 

ah oe <0 
(a) 65e7°: Olx (b) 70e~ 9.02» 
(a) 2xy?  (b) 2x*y 
0 
oe = 443: If labor hours are held constant at 1728 
and K changes by $1 (thousand) to $730,000, Q will 
change by about 443 thousand units. se = 37; 


If capital expenditures are held constant at $729,000 
and L changes by 1 hour (to 1729), Q will change by 
about 37; thousand units. 








awe 0.1521 13.87 
jet’ = 007 ees = 

s/s ie €N/5 
ee ~0.20 — 1.85 + 


0.304 — 2.774 = —4.52 
This means that the rate of change of WC with respect 
to sis —4.52 if t = 10°F, s = 25 mph. An increase in 
speed causes a decrease in wind chill temperature. 


Exercise 14.3 (page 1021) 


i 
Se 


9. 
11. 


i: 
15. 
17. 


21. 


Seo. (a)e2 yO (b) 4 + x/50 
(a) 20.18 (b) 70.80 7. (a) 36 
(a) Vy +1 () o/VyY +1 

(a) 1200y/(xy + 1) (b):1200x/(xy + 1) 
(a) Vy/x (b) Vx/y 
(a) In(y + 1I)2Vx) 

z = 1092 (approximately) 19. 


(b) 19 


(b) Vxiy + 1) 
ca 3.6 


yz aaa 


160x7/° 


(eZ = ye 
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23. 
25. 


27. 


29. 


Answers 


(e) Both z, and z, are positive, so increases in both 
capital investment and work-hours result in 
increases in productivity. However, both are 
decreasing, so such increases have a diminishing 
effect on productivity. Also, z, decreases more 
slowly than z,, so that increases in work-hours 
have a more significant impact on productivity 
than do increases in capital investment. 

q, = 188; q, = 270 

any values for p, and p, that satisfy 6p, — 3p, = 100 


and that make q, and q, nonnegative, such as p, = 10, 


P, = 213 

(a) 3) Oy 2 Ke) 6 (a) 
(e) complementary 

(a) -50 (b) 600/(p, + 1)? 


(c) —400/(p, + 4? 


(d) 400/(p, + 4)? (e) competitive 


Exercise 14.4 (page 1032) 


1. 

7. 
11. 
15. 
17. 
19. 
23. 
27. 
29. 
31. 
33. 


max (0,0,9) 3. min(0,0,4) 5. min(1, —2, 0) 
saddle (1, —3,8) 9. saddle (0, 0, 0) 
max(12, 24,456) 13. min(—8, 6, —52) 


saddle (0, 0, 0); min(2, 2, —8) 


}=5.7x-—14 
x= 5000,y=128 21.x=2 y=% 
x=28,y=100 25. x=0,y= 10 


length = 100, width = 100, height = 50 
x=3,y=0 

(a) } = 2547.6x + 44,770 
(a) } = 0.334x + 3.235 


(b) $146,674 
(b) $14.925 


(c) Slope = 0.334 means that hourly earnings change 


at the rate of $0.334 per year. 


Exercise 14.5 (page 1041) 


1. 
T 


13. 
i: 


19. 


18.at (3.3) ~3.. 35: at.(3; 2) © S$. 32'arG, 2) 

—28 at (3,3) 9. $at(—3,-3) 11. 3 atl, 1,1) 
1at(0,1,0) 18 x*x=4,y=1 

x=40,y=2 





(a) x = 400, y = 400 

(b) —\ = 1.6 means that each additional dollar 
spent on production results in approximately 
1.6 additional units produced. 


21. 
23. 
25. 





x = 900, y = 300 
x = $10,003.33, y = $19,996.67 
length = 100 cm, width = 100 cm, height = 50 cm 


0 


Chapter 14 Review Exercises (page 1043) 


1. 
. {(x, y): x and y are real numbers with y = 0 


t7. 
18. 


19. 
20. 
21. 
- Zunits 24. 20 
25. 


el5x2 Gy 


{(x, y): x and y are real numbers and y # 2x} 


and (x, y) # (0, 0)} 
re 4. 896,000 
6. 24y? — 42x32 
f= Say tly, ~ 420 ae 
= a VE Of 2, = 291 OP 
—2yMxy + 1)35z, = —2x/xy + 1)3 
= 2xy'e"'; z, = 3x2yv’e*? 


NX 


x 
x 


NX 


x 


-Z,=yer+ wines = xe +Inx 
i 2, Ys Sg 
- (a) 2y 
. (a) 18xy* — 2/y° 


13,28 ia) s 
(c) 2x-3  (d) 2x -3 
(b) 36x3)2 — 6x2/y4 

(d) 36x2y3 + 4x43 


(b) 0 


(c) 36x2y? + 4x/y3 
(a) 2e” —(b) 4x2y2e” + 2x26)” 

(c) 4xye” (dd) 4xye”. 

(a) -y/Gy +1)*  -) —x/Gy + IP 
(Qh UGy a tt (a) iy ey? 
max(—8, 16, 208) 

saddle(0, 0, 0); min(1, 1, —1) 

80 at (2,8) 22. 11,664 at (6, 3) 


(a) 62.8 km (approximately) 

(b) If the surface temperature is 287 K, the 
Concorde’s altitude is 17.1 km, and the vertical 
temperature gradient is 4.9 K/km, then the width 
of the sonic boom is about 63.3 km. 

0; 

(c) of ~ 1.87 If the surface temperature is 293 K 
and the temperature gradient is 5 K/km, then a 
change of 1 km in the Concorde’s altitude would 
result in a change in the width of the sonic boom 
of about 1.87 km. 

0 

(d) a = —6.28 If the surface temperature is 293 K 
and the Concorde’s altitude is 16.8 km, then a 
change of 1 K/km in the temperature gradient 
would result in a change in the width of the sonic 
boom of about —6.28 km. 


26. 
27. 


(a) 280 ~=(b) 2400/7 
dQ/dK = 81.92; dO/AL = 37.5 


28. (a) -2 (b) —6_— (c) complementary 
29. competitive 30. x = 20, y = 40 

31. x=10,y =4 

32. (a) x = 1000, y = 500 


33. (a) } = 0.127x + 8.926 


(b) —X = 3.17 means that each additional dojlar 
spent on production results in approximately 
3 additional units. 





50x + 50y = 75.000 


(b) $897.926 billion 


34. G = 34,726 — 55.09p 


Chapter 14 Test 
1. 


(page 1046) 


(a) all pairs (x, y) withy<x? (b) 14 


2xeamoehlOyGy +1)? 2, = —18y +1 Oxy. +1)! 


ea=40¥Gy+ ly 2, = —18 > 40x2Gy + 1) 
eae l0Gxys Gy + LP 


3. (0, 2), arelative minimum; (4, —6) and (—4, —6), 


saddle points 


4. (a) $1625 thousand 


(b) 73.11 means that if capital investment increases 
from $10,000 to $11,000, the expected change 
in monthly production value will be $73.11 
thousand, if labor hours remain at 1590. 

(c) 0.56 means that if labor hours increase by 1 to 
1591, the expected change in monthly production 
value will be $0.56 thousand, if capital invest- 
ment remains at $10,000. 


5: 


. Find 


Answers 
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(a) When $94,500 is borrowed for 25 years at 7%, 
the monthly payment is $667.91 

(b) If the percent goes from 7% to 8%, the expected 
change in the monthly payment is $49.76, if the 
loan amount remains at $94,500 for 25 years. 

(c) Negative. If the loan amount remains at $94,500 
and the percent remains at 7%, increasing the 
time to pay off the loan will decrease the monthly 
payment, and vice versa. 


» &xy e242 + 1) 


oa 
dp, 
Both positive means competitive. Both negative 
means complementary. These products are 
complementary. 


0 
and o and compare their signs. 
1 


Se ea 
. x = 200, y = 100 
. (a) } = 573.57x + 7652.05 


(b) $15,682 (nearest dollar) 
(c) No; a child cannot be 35 years old. 
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Index 


Abscissa, 78 
Absolute extrema, 765 
Absolute value, 12, 183 
Acceleration, 710 
Algebraic expressions, 31 
Algebraic fractions, 47 
adding, 50 
complex, 51 
dividing, 48 
LCD for, 49 
multiplying, 48 
reducing, 47 
subtracting, 50 
Amortization, 478 
Amortization schedule, 481 
Annual percentage yield (APY), 446 
Annuities, 456, 467 
certain, 457 
contingent, 457 
deferred, 473 
present value of, 474 
due, 462, 471 
future value of, 458, 463 
ordinary, 458, 467 
present value of, 467 
Antiderivative, 863 
Applications. See also Index of 
Selected Applications on endpapers 
of derivatives, 716, 733, 765, 778, 
838, 845, 1016 
of integrals, 893, 902, 942, 954 
of matrices, 272, 328, 554 
APR, 479 
APY, 446 
Area 
between curves, 942 
and integrals, 937, 938 
under a curve, 922, 937, 938 
Arithmetic sequences, 434 
Asymptotes, 181, 381, 382, 384, 397, 
411, 627, 632, 647, 788 
horizontal, 181, 647, 788 
vertical, 181, 627, 632, 647, 789 
Average cost functions, 768, 949 
minimizing, 768 
Average value of a function, 949 


Back substitution, 120 
Base 


of exponent, 16 

of logarithm, 394 
Bayes’ formula, 533, 535 
Bernoulli trials, 574 
Binomial, 31 

special products, 34 
Binomial distribution, 585, 586 

mean of, 587 

standard deviation of, 587 
Binomial experiments, 574 
Binomial formula, 589 
Binomial probability, 574 
Binomial variable, 586 
Break-even, 126, 170 

point, 126 


Capital value, 978, 980 
Carbon-14 dating, 902, 907 
Chain rule, 694 
Change of base formula, 402, 816 
Closed interval, 11, 315 
Closed Leontief model, 278 
Cobb-Douglas production functions, 
998, 1002, 1018, 1040 

Coefficient, 31 

leading, 31 

matrix, 242 
Combinations, 540, 543, 547 
Common monomial factor, 41 
Competitive market, 720, 771 

taxation in, 850 
Competitive products, 1020 
Complement of set, 5 

of an event, 510 
Complementary products, 1020 
Complex fraction, 51 
Composite functions, 83, 694 
Compound interest, 439 
Concavity, 751 

concave up or down, 751 

relative to second derivative, 752 
Conjugate factors, 43 
Constraints, 305, 313 
Consumer’s surplus, 958 
Consumption function, 898 
Continuous compounding, 393, 395, 

445 

doubling time, 393, 395 

Continuous functions, 642 


and differentiability, 665 
Continuous income streams, 955 
capital value of, 978, 980 
future value of, 957 
present value of, 956 
total income from, 955 
Coordinate axes, 77 
Coordinate planes, 999 
Coordinates, 77 
Cost, 123, 170, 716, 730, 893 
fixed, 124 
joint, 1016 
marginal, 125, 716, 730 
variable, 124 
Cost functions, 124, 170, 716, 730, 
768, 893, 1016 
Critical points, 735, 738, 756, 1024 
Critical values, 735, 738, 756 
Cube root, 22 
Curve fitting to data, 190, 387, 397 
Curve sketching, 734, 751, 788, 790, 
792 


Decay functions, 384, 407 
exponential, 384, 407 
Decay models, 407, 907 
Decision making, 577 
Decreasing functions, 735 
Deferred annuities, 473 
Definite integrals, 921, 932 
applications of, 954 
improper, 978 
Degree of polynomials, 31 
Demand functions, 127, 167, 413, 845, 
850, 918, 958, 961, 1019 
Dependent variable(s), 77, 998 
Derivatives, 623, 656 
Approximate, 663, 711 
Chain Rule, 694 
Coefficient Rule, 674 
Constant Function Rule, 674 
critical points, 735, 738, 756 
definition, 658 
Difference Rule, 675 
of exponential functions, 820 
formulas summary, 766 
higher order, 708, 1011 
implicit, 828 
interpretations of, 664 


[-2 Index 


Derivatives (Cont.) 
of logarithmic functions, 812-818 
numerical, 663, 679, 711 
partial, 1005, i011 
Power Rule, 696 
of powers of x, 672 
Product Rule, 684 
Quotient Rule, 686 
as rates of change, 658, 838 
sign diagrams for, 736, 754 
as slope of a tangent, 661 
Sums Rule, 675 
undefined, 664, 735 
using formulas, 702 
Determinant, 267 
Differentiability and continuity, 665 
Differential equations, 902 
applications of, 907 
first order, 902 
separable, 905 
Differentials, 873 
Discontinuity, 643 
Discrete probability distribution, 577 
Discrete random variable, 577 
Discriminant, 153 
Disjoint sets, 3 
Distribution of means of samples, 620 
mean of, 620 
standard deviation of, 620 
Distributive Law, 10, 31, 33 
Division of polynomials, 36 
Domain 
of a function, 81 
of a relation, 76 
Drugs in an organ, 908 
Duality, 346, 347, 349 
primal problem, 351 


e, 383, 394, 395, 445, 813 
Effective annual rate, 446 
Elasticity of demand, 845 
Elements 
of a matrix, 215 
of a set, 2 
Elimination method 
Gauss-Jordan, 242 
left-to-right, 118 
for systems, 115 
Empirical probability, 504 
Empty set, 2 
Entries of matrix, 215 
Equal sets, 3 
Equations, 66 
conditional, 66 


equivalent, 66 

exponential, 407 

graphing, 78, 91, 102 

identities, 66 

linear in one variable, 66 

of lines, 91, 96-99 

matrix, 258, 263 

members of, 66 

quadratic, 148, 162 

solving linear, 67 

solving quadratic, 148-154 

with a graphing utility, 154 

systems of linear, 111, 242 

technological, 275 

in two variables, 76 
Equilibrium point, 128 
Equilibrium price, 128, 958, 961 
Equilibrium quantity, 128 
Equivalent equations, 66 
Expected value, 577, 579, 983 
Exponent, 16 

negative, 17 

positive integer, 17 

rational, 24 

tules, 18 

zero, 17 
Exponential decay, 384, 407 
Exponential functions, 380 

applications of, 407 

decay, 384, 407 

derivatives, 820 

graphs of, 380 

growth, 381, 410 

integrals of, 884 

modeling with, 387, 413 
Exponential growth, 381, 410 


Factorials, 541 
Factoring, 41 
into binomials, 42 
common monomial, 41 
completely, 44 
by grouping, 41 
to solve quadratic equations, 148 
special formulas, 43 
trinomial, 42 
Feasible region, 313 
Finite set, 2 
First degree equations. See Linear 
equations 
First derivative test, 738 
FOIL method, 34 
Fractional exponents, 24 
Fractions. See Algebraic fractions 


Frequency histograms, 592 
Frequency tables, 592 
Functional notation, 80 
Functions, 75, 76 
absolute extrema for, 765 
absolute value, 183 
with asymptotes, 788-792 
Cobb-Douglas production, 998, 
1002, 1018, 1040 
composite, 83, 694 
constant, 176, 674 
consumption, 898 
continuous, 642 
cost, 124, 170, 716, 730, 768, 893, 
1016 
cubic (degree 3), 179, 193 
decreasing, 662, 735 
demand, 127, 167, 413, 845, 850, 
918, 958, 961, 1019 
domain of, 81, 998 
exponential, 380, 820, 886 
decay, 384, 407 
growth, 381, 410 
graphing, 78, 91, 159-162, 176-185, 
380, 382, 384, 394, 397, 734, 751, 
788, 790 
growth and decay, 381, 382, 384, 
407, 410 
identity, 176 
implicit, 829 
increasing, 662, 734 
inverse, 398 
linear, 91, 178, 190 
logarithmic, 393, 812, 883 
marginal cost, 125, 716, 730, 893, 
1016 
marginal profit, 125, 719, 769 
marginal revenue, 125, 659, 678, 
688, 705, 718, 730, 766, 868, 879, 
895 
modeling 
exponentials, 387, 413 
logarithmic, 397 
normal distribution, 604 
objective, 313 
operations with, 83 
piecewise-defined, 183, 633, 645, 
651 
polynomial, 176, 178, 628, 632, 643, 
651 
power, 176, 196 
probability density, 939, 982, 983 
production, 1017 
profit, 123, 172, 719, 730, 769, 893 


Functions (Cont.) 

quadratic, 158-162, 178, 194 

range of, 81 

rational, 176, 178, 180, 628, 632, 
643, 651, 789 

real, 81 

revenue, 124, 170, 718, 766, 848, 
868, 895 

root, 176 

sequence, 433, 450 

special, 176 

supply, 127, 167, 850, 918, 958, 961 

of three or more variables, 1010 

of two or more variables, 998 

vertical line test for, 79 

Fundamental counting principle, 540 

Fundamental Theorem of Calculus, 934 


Future value, 431 


of an annuity, 456, 463 
of a continuous income stream, 957 
of an investment, 439 
continuous compounding, 445 
doubling time, 393, 395 
periodic compounding, 441 


Gauss-Jordan elimination, 242, 244 
Geometric sequences, 450 

Gini coefficient of income, 943, 948 
Gompertz curves, 411 

Graphing, 78, 91, 102, 176-185 


with asymptotes, 181, 788 

basic functions, 177 

of exponential functions, 380, 382, 
384 

of linear functions, 91 

of linear inequalities, 299, 305 

of logarithmic functions, 394, 397 

point plotting method, 78 

of polynomials, 179 

of quadratic functions, 159-162, 178 

of rational functions, 180, 181, 789 

shifts of graphs, 178 

to solve linear programming, 313, 
316 

to solve systems, 112 

systems of inequalities, 305 

using derivatives, 734, 751, 788, 790 

Graphing utilities, 102 

curve fitting with, 190 

guidelines for using, 104 

and matrices, 218 
solving systems, 252 

numerical derivative, 663, 679, 711 

pixel, 102 


range of, 103 
scatter plots, 192 
to solve quadratic equations, 154 
viewing window, 102 
Growth functions, 381, 410 
Guidelines for solving stated problems, 
70 


Half-open interval, 11, 301 
Half-plane, 305 
Histogram, 578, 592 

frequency, 592 

probability density, 578 
Horizontal point of inflection, 740 
Hypothesis testing, 620 


Identities, 66 
Identity matrix, 233 
Implicit derivatives, 828 
Increasing functions, 734, 735 
Independent variables, 77, 184, 998 
Index of a radical, 22 
Indifference curves, 1001 
Inequalities, 11, 298, 305 
compound, 301 
graph of, 299 
in one variable, 298 
properties of, 299 
in two variables, 305 
Infinite set, 2 
Inflection, point of, 740, 751, 753 
Input-output models, 272 
Instantaneous rate of change, 658, 664 
Insurance, 577, 580 
Integral exponents, 16 
Integrals, 864 
definite, 921, 930 
improper, 978 
indefinite, 864 
Integration, 866 
areas using, 937, 938, 942 
of exponentials, 886 
by parts, 971 
Power Rule for, 873 
Powers of x Rule, 866 
properties, 935, 936 
resulting in logarithms, 883 
using tables, 966 
Intercepts, 91 
Interest, 430 
compound, 441 
simple, 430 
Intersection of sets, 3 
of events, 509 


Index 1-3 


Intervals, 11, 301 
Inventory cost models, 782 
Inverse functions, 398 
Inverse matrices, 258 


Joint cost, 1016 
Keynesian analysis, 898 


Lagrange multipliers, 1035 
Law of Demand, 127 
Law of Supply, 127 
Least common denominator, 49 
Least squares. See Linear regression 
Left-to-right elimination method, 118 
Leontief input-output models, 272 
closed, 278 
open, 275 
Like terms, 31 
Limits, 624 
definition, 626 
from graphs, 625 
indeterminate form 0/0, 629, 632 
infinite, 627 
at infinity, 642, 648 


of piecewise functions, 633, 643 

of polynomials, 625, 643, 651 

properties of, 628 

of rational functions, 628, 632, 643, 
651 


Linear equations, 66, 91 
general form of, 96 
graphing, 91, 96, 98 
in one variable, 66 
point-slope form of, 96 
slope-intercept form of, 98 
solution, 67 
systems of, 111, 242 
in two variables, 91, 96, 111 
writing, 96-99 
Linear inequalities in one variable, 298 
graphs of, 299 
properties, 299 
Linear inequalities in two variables, 305 
graphs of, 305 
systems of, 306 
Linear programming, 313 
graphical solutions, 313, 316 
simplex method, maximization, 328, 
333, 346, 357 
simplex method, minimization, 346, 
348, 357 
simplex method, mixed constraints, 
356 


1-4 Index 


Linear regression, 190, 1028 
equation, 1030 
Lines, 91, 96 
equations of, 96-99 
graphing, 91, 124 
parallel, 95 
perpendicular, 95 
points of intersection, 112 
regression, 1029 
slope of, 93 
tangent, 661, 677 
Loans, 431, 478 
installment, 478 
unpaid balance of, 482 
Logarithmic equations 
exponential form, 393 
logarithmic form, 393 
Logarithmic functions, 393, 812 
applications of, 397, 403, 407 
derivatives of, 812-818 
graphs of, 394, 397 
integrals involving, 883 
modeling with, 397 
properties of, 398-401, 813 
Logarithms, 393 
change of base formula, 402, 816 
common, 395, 812 
natural, 395, 812 
Logistic curves, 416 
Lorenz curves, 942, 948 


Marginal cost, 125, 716, 730, 893, 
1016 
Marginal demand, 1020 
Marginal productivity, 1017 
of money, 1041 
Marginal profit, 125, 719, 769 
Marginal propensity to consume, 898 
Marginal propensity to save, 899 
Marginal return to sales, 729 
Marginal revenue, 125, 659, 678, 688, 
705, 718, 730, 766, 868, 879, 895 
Marginal utility, 1015 
Market analysis, 127, 167 
Market equilibrium, 128, 167, 850, 
958, 961 
with taxation, 130 
Markov chains, 554 
initial probability vector for, 555 
steady state vector for, 557 
transition matrix for, 554, 557 
Mathematical model, 192 
Mathematical modeling. See Models 
Matrices, 214 


augmented, 242 
coefficient, 242 
column matrix, 216 
determinants of, 267 
difference, 218 
elements, 215 
entries, 215 
equality of, 216 
equivalent, 243 
and graphing calculators, 218 
gross production, 274 
identity, 233 
inverse of, 258 
Leontief, 273 
multiplication of, 227 
negative, 218 
order of, 215 
product of two, 231 
reducing, 243 
row matrix, 216 
row operations, 243 
scalar multiplication, 228 
simplex, 330 
solution of systems of equations 
with, 242 
square matrix, 215 
sum of, 217 
commutative law, 220 
technology, 273 
transition, 554 
regular, 557 
transpose of, 217, 348 
zero, 216 
Matrix equation, 263 
Maxima and minima, 170, 730, 734, 
736, 756, 765, 778, 1024, 1035 
absolute, 765 
applications, 170, 765, 778, 851 
first derivative test, 738 
of functions of several variables, 
1024, 1035 
for parabolas, 159, 160, 171, 172 
second derivative test, 756 
subject to constraints, 1035 
test for, 738, 756, 1025 
Maximizing profit, 172, 730, 769, 895, 
1028 
Maximizing revenue, 171, 766 
Mean, 579, 587, 593, 595, 605, 983 
Median, 593, 594 
Members 
of an equation, 66 
of a set, 2 
Minima. See Maxima and minima 


Minimizing average cost, 768 
Mode, 593 
Models and modeling 
exponentials, 387, 413 
fitting curves to data, 190 
procedure, 193 
growth and decay, 407, 410 
linear, 190, 191, 1028 
logarithmic, 397 
scatter plots, 192 
Monomials, 31 G 


National consumption, 898 

Natural number, 2, 10 

Negative exponents, 17 

Normal curve, 604, 939 

Normal distribution, 604 
standard, 606, 983 

nth root, 22 

Null set, 2 


Objective function, 313 
Odds of an event, 502, 503 
Open interval, 11, 301 
Open Leontief model, 275 
Operations 
with algebraic expressions, 31 
with functions, 83 
with signed numbers, 13 
Ordered pairs, 76, 78 
first component, 78 
second component, 78 
Order of a matrix, 215 
Order of operations, 13 
Ordinary annuity, 456, 467 
future value of, 458 
payment into (sinking fund), 461 
present value of, 467 
Ordinate, 78 
Origin, 78 


Parabolas, 158 
vertex of, 159, 160 
Paraboloid, 1000 ~ 
Parallel lines, 95 
Partial derivatives, 1005 
higher-order partial, 1011 
second partial, 1011 
Permutations, 540, 542, 547 
Perpendicular lines, 95 
Perpetuity, 653, 981 
Pivot, 330 
Pixel, 102 
Point of diminishing returns, 754 


Point of inflection, 740, 751, 753 
horizontal, 740 
Point plotting method, 78 
Polynomial functions, 176, 178, 628, 
643, 651 
Polynomials, 31 
degree of, 31 
division of, 36 
multiplication of, 33, 34 
Positive integer exponents, 17 
Power functions, 176 
Power Rule 
for differentiation, 696 
for integration, 873 
Present value, 431, 467-474 
of a continuous income stream, 956 
Principal root, 22, 23 
Principle of duality, 349 
primal problem, 351 
Probability, 498, 509, 554, 571 
Bayes’ formula, 533, 535 
and trees, 535 
binomial distribution, 585, 586 
binomial experiments, 572, 574 
of complement of an event, 510 
conditional, 518, 520, 530, 535 
and counting, 547 
density histogram, 578 
distributions 
binomial, 585, 586 
discrete, 577, 578 
normal, 604 
empirical, 504 
formulas summary, 537 
of independent events, 523 
of intersections of events, 510, 518 
measure, 499 
of mutually exclusive events, 514 
normal distribution, 604 
and odds, 503 
one-trial experiments, 509 
product rule for, 518, 521, 523 
sample space, 499 
of a single event, 498, 500 
transition, 554 
trees, 530, 532, 535 
of unions of events, 512 
vector, 555, 557 
Probability density function, 939, 982 
Probability tree, 530, 532, 535 
Producer’s surplus, 961 
Production functions, 1017 
Profit functions, 123, 172, 719, 769, 
893 


Profit maximization, 172, 769, 895 
Properties of real numbers, 10 


Quadrants, 78 
Quadratic discriminant, 153 
Quadratic equations, 148-154 
Quadratic formula, 152 
Quadratic functions, 158-162, 178 
graphs of, 159-162, 178 
zeros of, 162 
Quadratic polynomials, 44, 178 


Radicals, 22 
index of, 22 
operations with, 25 
radicand of, 22 
rules for, 25 
Random events, 498 
Random variable, 577, 983 
Range 
of a function, 81 
of a graphing utility, 103 
of a relation, 76 
Range of a set of numbers, 597 
Rates of change, 656, 838 
Rational exponents, 22, 24 
Rational function, 176, 178, 180, 628, 
632, 643, 651, 789 
Rationalizing 
denominator, 27, 52 
numerator, 28 
Real function, 81 
Real number, 9 
line, 9 
operations with, 13 
order of operations, 13 
properties of, 10 
subsets of, 10 
Rectangular coordinates, 78 
Related rates, 838 
Relations, 76 
with sets, 3 
Relative maxima and minima. See 
Maxima and minima 
Revenue functions, 124, 170, 659, 678, 
688, 705, 718, 730, 766, 848, 868, 
879, 895 
maximizing, 171, 766 
Richter scale, 403 
Riemann sum, 933 
Root function, 176 
Rules of exponents, 18 


Saddle points, 1026 


Index 1-5 


Sample space, 499 
equiprobable, 499 
Savings, 898 
Scatter plots, 192 
Second derivative, 708, 1011 
concavity, 752 
sign diagram for, 754 
test for maxima and minima, 756 
test for point of inflection, 753 
Sequence function, 433 
Sequences, 433 
arithmetic, 434 
Fibonacci, 438 
geometric, 450 
nth term of 
arithmetic, 434 
geometric, 450 
sum of first n terms 
arithmetic, 435 
geometric, 451 
Set, 2 
complement, 5 
description, 2 
difference, 7 
disjoint, 3 
elements, 2 
empty, 2 
equal, 3 
finite, 2 
infinite, 2 
intersection, 3 
members, 2 
null, 2 
relations with, 3 
subset, 3 
union, 4 
universal, 3 
Venn diagrams of, 3 
Shadow prices, 352, 374 
Sigma notation, 925 
formulas for, 926 
Sign diagrams, 736, 754 
Signed numbers, operations with, 13 
Simple interest, 430 
Simplex method for linear program- 
ming 
dual problem, 347 
maximization, 328 
minimization, 346 
mixed constraints, 356 
summary, 360 
nonunique solutions, 339 
procedure, 333 
tasks, 333 


1-6 Index 


Sinking funds, 460 
Slack variables, 329 
Slope 
of a line, 93 
of parallel lines, 95 
of perpendicular lines, 95 
of a tangent, 661 
Solution of equations, 66 
differential, 903 
exponential, 407 
linear, 67 
quadratic, 148-152 
Solution of systems of equations, 111, 
128, 167, 242 
with nonunique solutions, 248 
with unique solutions, 111, 128, 242 
using inverse matrices, 263 
using matrices, 242 
Solution set, 66 
Special binomial products, 34 
Special factorizations, 43, 46 
Spreadsheets, 37 
Square root, 22, 26 
Standard deviation, 581, 587, 598, 606 
Standard normal distribution, 606, 983 
Standard viewing rectangle, 102 
Stated problems, guidelines for solv- 
ing, 70 
Statistical test, 620 
Statistics, 591 
descriptive, 591 
population, 592 
sample, 592 
Subset, 3 
of the real numbers, 10 
Substitution method for systems, 114 
Summation notation, 925 
formulas, 926 
Supply functions, 127, 167, 850, 918, 
958, 961 
Symmetry of a graph, 159 
axis of, 159 
Systems of linear equations, 111, 242 
dependent, 112, 116, 250 
equivalent, 113 
inconsistent, 112, 116, 251 
simultaneous solutions, 112 
solution, 112 
by addition or subtraction, 115 
by elimination, 115, 242 
by graphing, 112 
lead variable, 120, 250 
by substitution, 114 
using inverse matrices, 263 


in three variables, 118 
with unique solutions, 242 
Systems of linear inequalities, 306 


Zero exponent. 17 
Zeros of a function, 107, 154, 162 
Zero product property, 148 


Tangent to curve, 656, 661 
slope of, 661 
Taxation, 130, 850 
Technological equation, 275 
Technology matrix, 273 
Term, 31 
of a sequence, 433 
Theory of the firm, 123 
Three-dimensional coordinate space, 
999 
Three equations in three variables, 118 
solution of, 118 
Transpose of a matrix, 217, 348 
Trinomials, 31 
factorization into binomials, 42 


Union of sets, 4 
of events, 512 
Universal set, 3 
Unknown, 66 
Utility functions, 1001, 1015, 1035, 
1039 
marginal, 1015 
maximizing, 1039 


Variable, 31, 66, 998 
basic, 333 
binomial, 586 
dependent, 77, 184, 998 
independent, 77, 184, 998 
lead, 120 
non basic, 332 
random, 577 
slack, 329 
Variance, 581, 598 
Vector, 216 
probability, 555, 557 
steady-state, 557 
Velocity, 658, 710 
Venn diagrams, 3 
Vertex of a parabola, 159, 160 
Vertical line test, 79 
Viewing window or rectangle of a 
graphing utility, 102 


x-intercepts, 91, 106, 154, 162 
y-intercepts, 91 


z-scores, 606, 608 
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Chapter 1 “The Dow Jones Averages” chart: Republished by permission of Dow Jones, 
Inc. via Copyright Clearance Center, Inc. (c) Dow Jones and Company, Inc. Al! Rights 
Reserved Worldwide. “Dow Jones Activity: AP/Wide World Photos. Chapter 2 “U.S. 
Trade Deficit” chart: Republished by permission of Dow Jones, Inc. via Copyright 
Clearance Center, Inc. (c) Dow Jones and Company, Inc. All Rights Reserved Worldwide. 
“E-mail Usage Chart”: Newsweek (c) January 26, 1998 Newsweek, Inc. All rights 
reserved. Reprinted by permission. Chapter 3 “Tardiness” and “Time” charts: Adapted 
from Bobrowki, P.M. and P.S. Part, “An evaluation of labor assignment rules,” Journal of 
Operations Management, Vol. II Sept., 1993. Chapter 5 “Price per share 1978-1993” 
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Rights Reserved Worldwide. “Dow Jones Closing Averages” and “Dow Jones Activity on 
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Blood types, 9, 507, 528, 564 

Body substances, 700 

Body-heat loss, 89, 139, 700 

Botany, 122 

Breast cancer, 507, 516 

Cancer research, 590 

Cancer testing, 518, 615 

Carbon-14 dating, 902, 907 

Cell growth, 844 

Cholesterol and heart disease, 101 
Cigarette use, 73, 100 

Color blindness, 564 

Crop yield, 165 

Death rates, 224, 241 

Decibel readings, 405, 819, 826 
Deforestation. 406 

Diagnostics, 346, 535 

Disease control, 837 

Dog breeds, 223 

Drug reaction, 684, 688, 691 

Drug sensitivity, 165, 805 

Drugs in the bloodstream, 389, 416, 826, 891, 932, 954 
Drugs in an organ, 908, 911, 915 

~ Ecology, 290, 857 

Efficiency in a muscle, 89 
Endangered species, 223, 692 
Epidemics, 1005 

Evaporation, 856 

Fish growth, 90, 139, 418, 612 

Fossil dating, 915 

Fossil-fuel emissions, 912 

Genetics, 507, 508, 539, 562, 576, 591, 615 
Growth statistics, 612 

Health care, 22, 166, 590, 893 

Health statistics, 73, 303, 304 

Heart disease risk, 138 

Heat indices, 74, 100, 303, 670 
Height-weight relationships, 292, 302 
HIV infections, 420, 670 

Industrial waste, 613 

Insect behavior, 74, 74 

Insect control, 837 

Killer bees, 671, 679 

Laboratory environments, 345 
Lactose intolerance, 507, 528, 539, 566 
Learning rates, 110 

Learning receptivity, 670 

Life expectancy, 195, 225, 397, 406, 812, 815, 892 
Mating cells, 612 

Medical research, 620 

Medication, 40, 117, 122, 271, 492, 750, 785 
Molecules, 546 

Nerve response, 692 

Night blindness, 804 


Nutrition, 60, 122, 123, 225, 240, 255, 256, 257, 271, 289, 
304, 312, 325, 326, 327, 346, 351, 355, 356, 372, 1033 

Oxygen, 763, 915 

Pesticide, 1005, 1015 

PH levels, 405, 819 

Photosynthesis, 139, 166, 205, 713, 805 

Poiseuille’s law, 763, 838, 839 

Pollution, 74, 101, 165, 224, 418, 572, 574, 613, 624, 632, 
754, 842, 871, 932 

Population growth, 30, 240, 390, 410, 415, 416, 423, 455, 699 

Pregnancy test, 539 

Radioactive decay, 407, 415, 826, 837, 856, 891, 911, 916 

Radioactive half-life, 30, 415, 911, 916 

Radioactive waste, 986 

Reaction time, 613, 785 

Reaction to medication, 46, 804 

Reynolds number, 819 

Richter scale, 30, 403, 405, 819, 826 

Sensitivity to medication, 46, 713 

Sound intensity, 30 

Spread of disease, 416, 826, 966, 969 

Stimulus-response, 165, 700, 871 

Temperature-humidity index, 837, 1003 

Tumor growth, 843, 911 

Velocity of air in trachea, 786 

Velocity of blood, 154, 165, 941 

Water purification, 366, 844, 915 

Wetlands, 59, 857 

Wildlife management, 75 

Wind-chill, 89, 156, 211, 304, 682, 692, 799, 1004, 1015 


Social Science 

Alcoholism, 539 

Area and popuiation 

Attendance patterns, 272, 881 

Birth dates, 

Candidate recognition, 692, 786 
Catholic priests, 201 

Charitable contributions, 561 

Church attendance, 201, 561 

Cognitive complexity, 517 

College enrollments, 9 

Cost-benefit, 105, 110, 111 

Course grades, 73, 138, 819 

Child rearing, 1046 

Crime, 529, 819, 892 

Death penalty, 547, 550, 601, 602 
Demographics, 561, 576, 764, 882 
Diversity, 552, 553, 566 

Drinking age, 517, 539, 540 

Drug usage, 110, 157, 200, 204, 507, 516, 745 
Earnings and gender, 101, 110, 111, 199 
Earnings and minorities, 110 

Education, 508, 517, 528, 539, 551, 558, 891 
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Consumer’s surplus, 954, 958, 965, 977, 990, 991 

Continuous income streams, 932, 938, 941, 954, 955, 964, 
975, 989, 990, 991 

Demand, 127, 133, 140, 141, 167, 173, 189, 204, 207, 413, 
414, 416, 418, 653, 682, 698, 700, 707, 727, 818, 828, 
834, 837, 843, 858, 918, 954, 1019, 1045 

Dow-Jones average, 7, 21, 89, 641, 776 

Economy models, 273, 282, 289, 291 

Elasticity of demand, 845, 853, 857 

Gini coefficient of income, 942, 948, 977, 953 

Gold reserves, 603, 604 

Gompertz curves, 911 

Gross national product, 765 

Income distribution, 942, 948, 977, 953 

Indifference curves, 1001 

Inflation, 384, 387, 417, 455, 683, 702, 764, 856, 859, 883, 
887, 913 

Lorenz curves, 942 

Leontief input-output models, 273, 282, 289, 291 

Marginal demand, 1020, 1023, 1044, 1045 

Marginal productivity, 1017, 1022 

Marginal return on sales, 729 

Marginal utility, 1015 

Market equilibrium, 127, 133, 140, 141, 167, 173, 204, 207 

Market equilibrium after taxes, 130, 135 

Monopolist market, 770 

National consumption, 707, 898, 901, 915 

National debt, 21, 207, 390, 417, 426, 655, 700, 806, 827, 
858, 882 

Producer’s surplus, 954, 961, 965, 977, 990, 991 

Purchasing power, 384, 387, 417, 827 

Social security benefits, 422, 692, 827 

Supply, 127, 133, 140, 141, 167, 173, 204, 207, 416, 727, 818, 
843, 918, 1045 

Taxation, 291, 292, 640, 850, 854 

Trade deficit, 166, 776 

Utility functions, 1001, 1004, 1015, 1035, 1039, 1041, 1042 


Finance 

Amortization, 478, 485, 490, 491, 1003, 1004, 1046 

Annuities, 456, 464, 475, 490, 491 

Annuities due, 462, 466, 471, 477, 490, 491, 653 

APR, 446, 489 

ATM transactions, 75, 81, 100, 551 

Automobile prices, 8 

Budgeting, 585 

Capital value, 603, 978, 980, 986, 990, 991 

Compound interest, 21, 37, 389, 391, 393, 395, 417, 421, 439, 
452, 489, 891, 910 

Consumer debt, 684, 714, 872 

Consumer expenditure, 47, 785 

Credit card PINs, 518, 524, 551 

Credit cards, 522, 554 

Debt refinancing, 88 


Deferred annuities, 473, 477, 490, 491 

Depreciation, 92, 100, 101, 455, 941, 942 

Dividends, 391 

Divorce settlements, 490 

Earnings, 15, 238, 438, 439, 489, 597, 602, 749, 1034 

Future value of investments, 37, 431, 437, 439, 453, 456, 489 
820, 822, 825, 856, 989, 1003 

Future value of annuities, 58, 464 

Income levels, 565, 942, 948, 953, 977 

Investing, 21, 22, 40, 71, 74, 100, 111, 116, 122, 139, 142, 
256, 257, 271, 288, 289, 291, 382, 418, 420, 430, 430, 
437, 439, 452, 431, 464, 471, 473, 475, 489, 700, 818, 
820, 954, 993 

Loans, 58, 122, 138, 236, 238, 239, 256, 432, 437, 455, 476, 
485, 493 

Mortgages, 88, 138, 236, 1014 

Mutual funds, 417, 420, 670, 912 

Net worth, 616 

Perpetuities, 653, 981 

Present value, 21, 431, 453, 489 

Present value of annuities, 467, 472, 474, 475 

Present value of an investment, 453, 467, 472 

Real estate, 122, 495, 602 

Retirement planning, 101, 1034 

Savings, 764, 872 

Simple interest, 46, 403, 437, 489, 491 

Sinking funds, 460, 464, 490, 491 

Stock market, 5, 191, 420, 423, 432, 565, 641 

Taxes, 16, 41, 74, 77, 100, 135, 189, 200, 303, 421, 640, 642, 
646, 654, 857, 858, 1045 

Tuition, 1034 

Utility costs, 16, 41, 101, 184, 188, 189, 200, 205, 391, 640, 
654, 665, 828, 1044, 1045, 1046 

Venture capital, 266 


” 


Life Science 

Adrenaline, 653, 692 

Age-sleep relationship, 101 

AIDS, 205, 455, 966, 969 

Algorithmic relationships, 292, 302, 683, 695, 843, 844, 910, 
915 

Animal relocation, 583 

Bacteria growth, 122, 272, 380, 389, 455, 911, 915 

Barometric pressure, 800 

Beach re-nourishment, 206 

Bee ancestry, 272, 438 

Bimolecular chemical reactions, 910 

Biology, 122, 576 

Birth control, 529, 585, 588, 617 

Birth defects, 572, 574 

Birth weights, 603 

Births, 509, 529 

Blood flow, 843 

Blood pressure, 407, 612, 826, 891 
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